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Preface

This is the fifth and final volume of the Handbook of Differential Equations, dedicated
to Evolutionary Equations. The objective of the series of five volumes was to present a
panorama of this amazingly complex and rapidly developing branch of mathematics, and
to illustrate some of its applications. In retrospect, the Editors believe that this goal has
been achieved.

The present volume follows the tradition set by its predecessors, in collecting
contributions that vary in style, mathematical methodology and target of applications, as
this is a reflection of the nature of the area of evolutionary partial differential equations.
Thus,

Chapter 1, by D. Bresch, provides a thorough discussion of the theory of so-called
shallow-water equations, which model water waves in rivers, lakes and oceans. It addresses
the issues of modeling, analysis and applications.

The following chapter, by D. Hilhorst, M. Mimura and H. Ninomiya, examines singular
limits of reaction-diffusion systems, where the reaction is fast compared to the other
processes. Applications range from the theory of the evolution of certain biological
processes to the phenomena of Turing and cross-diffusion instability.

Chapter 3, by G. Métivier, provides a detailed study of a number of fascinating problems
arising in nonlinear optics, at the high frequency and high intensity regime. Geometric and
diffractive optics, and wave interactions are discussed.

Chapter 4, by R. Racke, addresses the issues of existence, blow-up and asymptotic
stability of solutions to the equations of linear and nonlinear thermoelasticity, both in their
classical form and in their formulation to exhibit “second sound”.

The final chapter, by S. Vessela, discusses the important questions of unique spacelike
continuation and backward uniqueness for linear second-order parabolic equations.

We are indebted to the authors for their valuable contributions, to the referees for their
helpful comments, and to the editors and staff of Elsevier for their assistance.

Constantine Dafermos
Milan Pokorny
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CHAPTER 1

Shallow-Water Equations and Related Topics

Didier Bresch
UMR 5127 CNRS, LAMA, Université de Savoie, 73376 Le Bourget-du-Lac, France

Contents
1. Preface . . . . . . . e 3
2. Introduction . . . . ... 4
3. Afriction shallow-water system . . . . . . . .. ...l 5
3.1. Conservation of potential vorticity . . . . . . . .. ... . 5
3.2. The inviscid shallow-water equations . . . . . . . . . . . . . L 7
3.3, LERAY SOIULIONS . . . . . o o e e e 11
3.3.1. A new mathematical entropy: The BDentropy . . . . . ... ... ... ... ....... 12
3.3.2. Weak solutions withdragterms . . . . . . . . . ... .. ... 16
3.3.3. Forgetting drag terms — Stability . . . . . .. ... .. ... L Lo Lo 19
33.4. Boundeddomains . . . . . ... ... 21
34, Strong sOlUtions . . . . ..o e 23
3.5. Other viscous terms in the literature . . . . . . . . . ... Lo 23
3.6. Low Froude number limits . . . . . . .. ... .. ... 25
3.6.1. The quasi-geostrophicmodel . . . . . . ... ... ... .o 25
3.6.2. Thelake equations . . . . . . . . . . . i e 34
3.7. An interesting open problem: Open sea boundary conditions . . . . . ... ... .. ... .... 41
3.8. Multi-level and multi-layers models . . . . . . ... ... Lo o L 43
3.9. Friction shallow-water equations derivation . . . . . . .. ... ... ... . ... 44
3.9.1. Formalderivation . . . . . . . . . . . . . e 44
3.10. Oscillating topography . . . . . . . . ... 58
3.10.1. Oscillating topography inside PDEs . . . . . . . ... ... ... ... . ... . ... . 58
3.10.2. High-oscillations through the domain . . . . . . . ... .. ... ... ... ........ 63
3.10.3. Wall laws and oceanography . . . . . . .. ... ... ... ..o 76
4. No-slip shallow-water equations . . . . . . . . . . . v 78
4.1. Scaling the incompressible Navier—Stokes system . . . . . . . ... ... ... ... ... .... 81
4.2. Asymptotic expansion of solutions . . . . . .. ... Lo L L 83
4.3. Theshallow-watermodel . . . . .. ... ... ... ... 85

HANDBOOK OF DIFFERENTIAL EQUATIONS
Evolutionary Equations, Volume 5

Edited by C.M. Dafermos and M. Pokorny

© 2009 Elsevier B.V. All rights reserved

DOI: 10.1016/S1874-5717(08)00208-9



2 D. Bresch

5. Coupling models — Some comments . . . . . . . . . . ... e e 90
S5.1. Multi-fluidmodels . . . . ... 90
5.2. Pollutant propagationmodels . . . . . . . ... L e 94
5.3. Sedimentation . . . . . ... e e e e e 97

Acknowledgments . . . ... 98

References . . . . . . . . . . e 98

Abstract

These notes are devoted to the study of some problems related to shallow-water equations. In
particular, we will review results from derivations of shallow-water systems which depend on a-
priori conditions, the compressible-incompressible limit around a constant or inconstant height
profile (quasi-geostrophic and lake equations), oscillating topography and boundary effects,
variable depth vanishing on the shore, open boundary conditions, coupling models such as
pollutants, sedimentation, multiphasic models.

Keywords: Shallow water, quasi-geostrophic equations, lake equations, oscillating topography,
viscous parametrization, boundary effects, degenerate systems, singular perturbations, coupling
models
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1. Preface

These notes originate from lectures given during a Summer-School organized by Professor
Eric LOMBARDI through the Groupement de Recherche: Equations d’Amplitudes et
Propriétés Qualitatives in Roscoff 2004 (FRANCE) and during a post-graduate course
given at the Institute of Mathematical Sciences (HONG-KONG) in November 2006 at the
invitation of Professor ZHOUPING XIN. Their main objective is to present, at the level
of beginners, an introduction to some problems related to shallow-water type equations
coming from Navier—Stokes equations with free surface. In the author’s opinion, shallow-
water equations are not well understood from the modeling, numerical and mathematical
points of view. The reason for this is not because shallow-water approximations are
hard to find but rather because it is pretty easy to find a great many different ones. The
various mathematical results and properties differ from one another, and the choice of one
approximation in preference to another may depend on the problems that are to be treated.
As an illustration, we will mention in the introduction two-different kinds of shallow-
water system which depend on the boundary conditions assumed on the bottom with
regard to Navier—Stokes equations with free surface. As a sequel to this, we will focus on
these two approximations. We will present some structural properties, well-posed results,
asymptotic analysis and open problems. We will also discuss miscellaneous possible
extensions/questions such as: Time dependency of bottom, propagation of pollutants,
multiphasic flows. We remark that it is impossible to be exhaustive when talking about
shallow-water systems and, for instance, will not discuss water-waves and non-rotational
flows even if really important results have been recently obtained on such topics. We also
refer readers to [25], [27] and [28] and the book [165] with references cited-therein for
non-viscous shallow-water type models.

It is a pleasure for me to thank Professors Constantine DAFERMOS and Milan
POKORNY for their suggestions to write up these notes. I also warmly thank
close collaborators and friends namely: L. CHUPIN, T. COLIN, B. DESJARDINS,
E. FERNANDEZ-NIETO, D. GERARD-VARET, J.-M. GHIDAGLIA, M. GISCLON,
E. GRENIER, F. GUILLEN-GONZALEZ, R. KLEIN, J. LEMOINE, G. METIVIER,
V. MILISIC, P. NOBLE, J. SIMON, M.A. RODRIGUEZ-BELLIDO. I have not forgotten
the PDEs team in Chambéry (UMR CNRS 5127/Université de Savoie) namely
C. BOURDARIAS, D. BUCUR, D. DUTYKH, S. GERBI, E. OUDET, C. ROBERT and
P. VIGNEAUX with whom several mathematical studies are still in progress. Research by
the author on the subjects which are presented here was supported by the région Rhone-
Alpes in 2004 and by the French Ministry through the ACI: “Analyse mathématique des
paramétrisations en océanographie” from 2004 to 2007 (thanks to the LJK and LAMA
Secretaries: JUANA, CATHY, CLAUDINE, HELENE, NADINE). I also wish to thank the
MOISE INRIA Project in Grenoble managed by Eric BLAYO.

Dedication. This review paper is dedicated to the memory of Professor Alexander
V. KAZHIKHOV, one of the most inventive applied mathematician in compressible fluid
mechanics. I also dedicate this chapter to my father Georges BRESCH and to my wife
Catherine BRESCH-BAUTHIER.
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2. Introduction

The shallow-water equations, generally, model free surface flow for a fluid under the
influence of gravity in the case where the vertical scale is assumed to be much smaller
than the horizontal scale. They can be derived from the depth-averaged incompressible
Navier—Stokes equations and express conservation of mass and momentum. The shallow-
water equations have applications to a wide range of phenomena other than water waves,
e.g. avalanches and atmosphere flow. In the case of free surface flow when the shallow-
water approximation is not valid, it is common to model the surface waves using several
layers of shallow-water equations coupled via the pressure, see for instance [120], [121]
and [159].

Viscous shallow-water type equations have attracted quite a lot of attention in recent
years. The aim of this paper is to discuss several problems related to general forms of
various shallow-water type equations coming from Navier—Stokes equations with free
surface. Note that many other regimes can be investigated including for instance strong
dispersive effects, see [7], however these will not be considered here.

For the reader’s convenience, let us mention in this introduction two different shallow-
water type systems mainly derived from two different bottom boundary condition choices
for Navier—Stokes equations with free surface: friction boundary conditions and no-slip
boundary conditions.

Friction boundary conditions. Let Q2 be a two-dimensional space domain that will be
defined later. A friction shallow-water system, with flat bottom topography, is written in €2
(see for instance J.-F. GERBEAU and B. PERTHAME [96], F. MARCHE [127]) as follows

dh + div(hv) = 0,

0,(hv) 4+ diviho ® v) = —h 2 _
 (hv) + div(hv v__FrZ_ o )

2 2
+ —div(hD(v)) + — V (hdivv) — We hVAh + D
Re Re

where /1 denotes the height of the free surface, v the vertical average of the horizontal
velocity component of the fluid and f a function which depends on the latitude y in
order to describe the variability of the Coriolis force. In the second equation, L denotes
a rotation of %, namely Gl = (—G»2,G1) when G = (G, G2). The space variable is
denoted x = (x, y) € Q, the gradient operator V = (9y, dy) and the Laplacian operator
A= 8% + 83,. The dimensionless numbers Ro, Re, Fr, We denote the Rossby number, the
Reynolds number, the Froude number and the Weber number, respectively. Damping terms
D coming from friction may also be included. We will discuss this point in Section 3 and
also the Coriolis force assumption. In 1871, Saint-Venant wrote in a note, see [76], about
a system which describes the flow of a river and corresponds to the inviscid shallow-water
model written in System (7) neglecting the Coriolis force.

Equations (1), respectively, express the conservation of mass and momentum energy.
System (1) is supplemented with initial conditions

hli=o0 = ho, (hv)|i=0 =qo in 2. (@)
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The functions hg, qo, are assumed to satisfy

2
ho>0 ae.on$, and %zl =0 ae.on{x € Q/ho(x) =0} 3)

0

The formal derivation of such systems from the Navier—Stokes equations with free
boundary may be found in [127], generalizing a paper by J.-F. GERBEAU and B.
PERTHAME, see [96]. Such formal derivations will be discussed in Section 3.9.

No-slip boundary conditions. Let 2 be a periodic box in two-dimensional space. Let us
consider a thin, free surface, liquid down an inclined plane with a slope angle 8. Assuming
no-slip boundary conditions on the bottom, we can prove, following word for word the
interesting paper written by J.-P. VILA see [158], that a non-slip shallow-water system in
Q2 is given by:

dh + div(hv) = 0,

6 h? (25)%
0; (hv) 4 div <§hv ® v) +V & ﬂfﬁ)

Re 75 4)

—e*Weh VAh = b 2sh — v
cRe h

where i denotes the height of the free surface, v is the vertical average of the horizontal
velocity component of the fluid. The other quantities c, s, We, €, Re are, respectively, cos 6,
sin @, the Weber coefficient (linked to surface tension), the aspect ratio of the domain and
the Reynolds number. System (4) is also supplemented with initial conditions

hli=o = ho, (hv)li=0 =qo in 2. ®)

The functions hg, g, are also assumed to satisfy

2
ho >0 ae.on$, and |th =0 ae.on{x € Q/ho(x) =0}. (6)

0

In this chapter, we will focus on the two kinds of shallow-water systems already defined,
namely (1) and (4) in different horizontal domains €2. We will try as much as possible to
consider the validity of the formal asymptotic, some mathematical properties and we will
also discuss several deduced or related models.

3. A friction shallow-water system
3.1. Conservation of potential vorticity

The inviscid case. The inviscid shallow-water equations coincide with the Euler equations
of gas dynamics in the case of isentropic gas flow with a power pressure law
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p(p) = p¥ /2Fr® with y = 2. Adding Coriolis force, it reads

drh + div(hv) =0,
fv )

0;(hv) + div(hv ® v) + h =0.
Ro

Thus the 2 x 2 shallow-water equations often serve as a simpler test compared with the
full 3 x 3 system of the Euler system. As a consequence we can expect all the difficulties
of hyperbolic systems in classical mechanics: namely linear dispersive waves for small
amplitudes, rarefaction, shock waves for a nonlinear regime.

Potential vorticity equation. For the two-dimensional inviscid shallow-water equations, the
vorticity w is a scalar, defined as

w = 8xv2 - 3yv1.

To derive an evolution equation for w, we take the curl of the momentum equation (7) »
divided by £, and we get

ot
0 =curl <8,v+von+f—)
Ro

0
=odw+v-Vo+ a)—i—i divv—i—vzy—f.
Ro Ro

We can eliminate the term involving div v by multiplying the previous vorticity equation
by h and the conservation of mass equation (7)1 by w + f/Ro and subtracting them. This

yields
h<8,(w+%>+v-v<w+%>> (a)+Ri>(3th+v Vh) =0.

Therefore we get

a,(h>+ v(h)zo, wR_a)+Rio ®)
where wg is the relative vorticity. This equation means that the ratio of wg and the effective
depth £ is conserved along the particle trajectories of the flow. This constraint is called the
potential vorticity, namely wp = wpg/h. It provides a powerful constraint in large-scale
motions of the atmosphere. If w4 f/Ro is constant initially, the only way that it can remain
constant at a latter time is if £ itself is constant. In general, the conservation of potential
vorticity tells us that if A increases then w + f/Ro must increase, and conversely, if &
decreases, then w + f/Ro must also decrease. We refer the reader to the introductory book
written by A. MAJDA for more information on the inviscid rotating shallow-water system,
see [125]. Mathematically speaking, multiplying (8) by wg = ® + f/Ro and using the
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conservation of mass equation (7)1 we have the following conservation equality

g/h‘(ww/Ro)
dr Jqo h

2
=0.

The viscous case. Let us now consider System (1) with 4 assumed to be constant equal
tol, D = 0and f(y) = By with § a constant. We obtain a divergence free velocity
field v, namely divv = 0. Then there exists a stream function W, such that v = viv =
(—0yW, 0y ¥). A system with the relative vorticity w + f and the stream function W is
easily written. It reads

8z(w+f)+v~V(w+f)—RieA(w+f)=0,

—AV = o, v=VIiu,

The reader interested by such cases is referred to [126].
When & is not constant, even when it does not depend on time, there are no simple
equations for wg or wp. The term

1 I(2 div(hD 2 V (hdi
cur <Z <R_e iv(hD(v)) + Re (hdiv U)))

gives cross terms and readers are referred to [111,106] for relevant calculations.

As a consequence, even in the case where 4 is a given function b, depending only on x,
we are not able to get global existence and uniqueness of a strong solution for this viscous
model if we allow b to vanish on the shore. The lack of an equation for the vorticity also
induces problems in the proof of convergence from the viscous case to the inviscid case
when the Reynolds number tends to infinity when b degenerates close to the shore. This
is an interesting mathematical open problem. For the non-degenerate case, the reader is
referred to [106].

Other interesting questions are to analyse the domain of validity of viscous shallow-
water equations in a bounded domain, and to determine relevant boundary conditions when
h vanishes on the shore. Such a study has been done in the recent paper [39] when the shore
is fixed.

3.2. The inviscid shallow-water equations

Inviscid shallow-water equations are not the topic of this Handbook. We refer the interested
reader to [165,129,19,139]. We will only give some important properties for the sake of
completeness.

(a) Discontinuous shock waves. Note that the inviscid shallow-water system is degenerate
close to a vacuum. Sometimes, in one-dimensional space, authors portray an inviscid
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shallow-water system by the momentum equation divided by %, namely the following
system

0th + 9 (hv) =0,

1 )
0;V + vy v + ﬁaxh =0

with a Froude number defined by Fr = vchar/~/ g/ char With vehar @ characteristic velocity,
hchar @ characteristic height and g the gravity constant. Considering discontinuous shock
waves, this system becomes

WU + A(U)OU =0

with U = (ﬁ) and A(U) = (l/;rz ﬁ) and the eigenvalues of A(U) is given by

1
At ZUﬂ:—«/E.
Fr

When Fr < 1 the flow is subcritical (fluvial) and subsonic and when Fr > 1 it corresponds
to a super-critical (torrential) and supersonic regime.
Shock waves are discontinuous solutions of hyperbolic systems

ooU+0,F(U)=0
where

U, forx <ot,

U, forx > ot 10)

U(t,x) = {
with the shock speed o characterized by the Rankine-Hugoniot condition
olUy— U l=[FU) — FU)I

In order to select a solution, one has to add an entropy condition corresponding to the
energy dissipated by shocks and characterized by the following inequality

¥SWU) +dn>(U) <0

for convex entropy, namely

1 1 h?
S(U) = —hv* + —h?, S(y=|SW)+g— |v.
) =3 2 n”(U) ) 8o R

The proof of existence follows DIPERNA analysis (1983) (see [80]) and is related to
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compensated compactness. It corresponds to the manipulation of two kinds of entropy

1 1 1, 1,
Sstrong = EU + ﬁh’ Sweak = Ehv + ﬁh .
If we consider the inviscid shallow-water system without division by #, the velocity field
is not defined when & vanishes. Only one entropy is available

[ L)
Sweak = Ehv + ﬁh
and its existence is not easy to prove. Global existence of an entropy solution in one
dimension of System (9) is referred to by P.-L. LIONS, B. PERTHAME, P. E. SOUGANIDIS
(1993), see [116]. Such existence follows from a regularization and limit process, Re tends
to +00, in the following system

1
dh + 3, (hv) = —32h,

2Re 1 2 1 2 (11)
3;(hv) + 8, (hv?) + Eaxh = o ().

Note that such a regularized model has, a priori no physical meaning. It could be an
interesting open problem to justify a limit process on the following system

dh + 3y (hv) = 0,

1 4
3 (hv) + 3, (hv?) + ﬁaxhz = o) + We hdlh

12)

when We tends to zero and Re tends to +oo. This system corresponds to the viscous system
with surface tension obtained in [96] (see also the nice paper [143]).

(b) Klein-Gordon and linear shallow-water equations. Let us consider the following
inviscid shallow-water system linearized around the basic state (H, 0) where H is a given
constant

oh + Hdivv =0,

oo+ — Vh+fvL 0 (13)
v+ — — =0.
! Fr? Ro

Differentiating with respect to time, the mass equation gives
32h = —Hdivo,v

and therefore
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Then we use the fact that div vt = rotv = w to get
2h=HrZ + L yan
e Ro  Fr? '
Since
8[(1) = iat}l
H

then

1 2
02(3,h) = — HA(3,h) — — ,h.
PO = - HA@) = oo

Thus 9,4 satisfies a Klein—-Gordon type equation. Using this information, it could be
interesting to see if it is possible to get optimal lower bound dependency with respect
to Coriolis and Froude numbers for the existence time corresponding to the inviscid
rotating shallow-water equations. See, for instance, related works by J-M DELORT [74]
on Klein—Gordon equations.

(c) Primitive equations and shallow-water system. This part is written in order to show why
shallow-water systems could be of particular interest to oceanographers. The primitive
equations of the ocean (PEs) are one of the basic set of equations in oceanography,
see for instance [119,153]. They are obtained using the hydrostatic approximation and
Boussinesq approximations and scaling analysis in the 3D Navier—Stokes equations. The
linear primitive equations are

ot
atv"’_f_—i_vxp:O,
Ro
d:p =10, (14)
divy yv + 0w =0,
30 + N*w =0,
where u = (v, w) is the flow velocity with v = (v, v2), p the pressure and 6 the

buoyancy (sometimes referred to as the temperature), N is the Brunt-Viisild frequency.
Let us separate the variables as follows

(u, p) = (ux,y. 1), p(x,y,1))M(2). (15)
Therefore

0=px,y,OM (@), w=-N4pM.
We insert in the incompressible condition (14)3, it gives

dyvy 4+ dyva = dpN M~ 'M".
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Due to (14) 1 and Expression (15), the right-hand side in the previous equation has to be
independent of z, then there exists a constant ¢, such that

N72M'M" =cy.

Assuming an initial condition ¢; < 0, then there exists m such that ¢; = —m? and we can
rewrite the velocity equations

S fur
8tv1 —R—Oz—ax[), 8;02+R_0=_8yp,
and
1
p+ W(axvl + dyv2) = 0.

For m # 0, we get the shallow-water equation linearized around H = 1/m?. Note that such
decomposition is helpful for numerical purposes when considering the Primitive equations.

3.3. LERAY solutions

In this subsection, we will assume the domain 2 to be a periodic box in a two or three
dimensional space (results may be obtained in the whole space or bounded domain cases).
In his famous 1934 Acta Mathematica paper “Sur le mouvement d’un fluide visqueux
emplissant 1’espace”, see [109], J. LERAY introduces the notion of a weak solution
(nowadays also referred to as a LERAY solution) for incompressible flows and proves
the global in time existence of such solutions in dimension d = 2 or 3, and global
regularity and uniqueness in dimension d = 2. A somewhat simplified compressible
case was considered by P-L LIONS in the 1990’s, decoupling the internal energy equation
from the mass and conservation of momentum equations, see [115] and references cited
therein. Assuming barotropic pressure laws (temperature independent equations of state)
and constant viscosities, i = cst, A = cst, he proved the global existence of weak solutions
in the spirit of Jean Leray’s work on the following system
{8”0 + div(pu) =0, (16)

0 (pu) +div(pu @ u) — Vp(p) + pAu + (A + p)Vdivu = 0.

Roughly speaking, the construction of weak solutions is based upon estimates induced by
the physical energy of the system, supplemented by more subtle bounds on the effective
flux, F = p — (A + 2p)div u, that allow control of density oscillations. This result mainly
concerns the case p(p) = ap? with

3 9
Yy >, Wherey0=§ifd=2, y0=§ifd=3.
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Note that this result has been extended by E. FEIREISL et al. [87] to the case

v = 2
in [87] using oscillating defect measures on density sequences associated with suitable
approximate solutions. Such an idea was first introduced in the spherical symmetric case
by S. JIANG and P. ZHANG, see [105]. Let us remark here that System (1) is not of the
form (16) since it concerns density dependent viscosities, A and p, and the mathematical
tools developed by P.-L. LIONS and E. FEIREISL do not seem to be efficient to cover
this case. The first mathematical results have been developed in [37] by using a new
mathematical entropy that was introduced by the authors in [43]. It gives an answer related
to the following shallow-water type system

orh + div(hv) =0,

V(h —b) N fot
) Fr? Ro
+ 2o div(D) — We hV AR +D

(V]

ot (hv) + div(hv @ v) = —h (17)

which include some drag terms D. The following section gives a generalization of the
mathematical entropy discovered for the first time with u(p) = p and A(p) = 0 in [43].

3.3.1. A new mathematical entropy: The BD entropy =~ We introduce in this section a
new mathematical entropy that has been recently discovered, in its general form, in [36]
for more general compressible flows, namely the Korteweg system. The domain 2 being
considered is either a periodic domain or the whole space. If the capillarity coefficient o
is taken equal to O in [36], namely the Weber number is equal to 0, the considered system
may be written in the following form

9 p + div(pu) = 0,
0 (pu) + div(pu & u) (18)
= —Vp(p) + 2div(u(p) D)) + V(A(p)div u).

The energy identity for such a system is

33 [+ 27on + [ w@ID@P + apldivai =0
2dt Q Q
where 7 is the potential given by m(p) = p fﬁp p(s) /szds with o a constant reference
density.

In [36], a new mathematical entropy has been discovered that helps to get a lot of
mathematical results about compressible flows with density dependent viscosities. Namely
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if A(p) = 2(u'(0)p — p(p)), then the following equality holds

15/“ +2Vo(p)|* + 27 (p))
2dt9pu @(p 7(p

+f MIVpler/ plA@W)* =0
Q 1Y Q

where A(u) = (Vu—"Vu)/2 and p¢’(p) = u'(p). For the reader’s convenience, we
recall here the alternate proof given in [33].

Proof of the new mathematical entropy identity. Using the mass equation we know that
for all smooth function &(-)

% VE(P) +u - VVE(P) + Vu - VE(p) + V(p&'(p)divu) = 0.
Thus, using once more the mass equation, we see that v = V&(p) satisfies:

3 (pv) + div(pu ® v) + pVu - VE(p) + pV(p& (p)divu) =0
which gives, using the momentum equation on u,

9 (p(u +v)) +div(ou ® (u + v)) — 2div(u(p) D(u)) — V(A (p)div u)
+Vp(p) + pVu - VE(p) + pV (p€' (p)divu) = 0.

Next we write the diffusion term as follows:

—2div(u(p) D)) = —2div(nA(u)) — 2Vu - Vi
—2V(udivu) + 2V udivu

where A(u) = (Vu —' Vu) /2. Therefore, the equation for u + v reads

0 (p(u +v)) +div(pu ® (u + v)) — 2div(u(p) A(u))
=21/ (p)Vu - Vp =2V (u(p)divu) + 21’ (p)V pdivu + V p(p)
— V(M(p)divu) 4+ p&'(0)Vu - Vp
+V(p°€ (p)divu) — p&'(p)Vpdivu = 0.

This equation may be simplified to give

3 (p(u + ) + div(pu ® (u + v)) — 2div((p) A)) + V p(p)
+V((p%E' (p) — 21(p) — A(p))divu) + (0&"(0) — 214/ (0))Vu - Vo
+ Q2u'(p) — p&'(p))Vp divu = 0.
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If we choose & such that 2/ (p) = &' (p)p, then A(p) = &’(p)p? —2u(p) and the last three
terms cancel, implying:

9 (p(u +v)) +div(pu ® (u +v)) — div(u(p)Au)) + Vp(p) = 0.

Multiplying this equation by (z + v) and the mass equation by |« + v|?>/2 and adding, we
easily get the new mathematical entropy equality. We just have to observe that

/Q div(u(p)A@W) - v = 0

since v is a gradient. Using the continuity equation and the relation p(p) = px’(0) —7 (),
the term V p(p) gives

f Vp(o) - (u+ ) =/ PV (0) - u + VP
Q Q

/ P (o) (p)
Q p

/ P (o) (p)
Q p

7(p) + |Vol?

Zd_tQ

where T (p) = p fﬁp p(s)/ s2ds with p a constant reference density.
We remark that the mathematical entropy estimate gives extra information on p, namely

W (p)Vp//p € L0, T; L*(R)

assuming i’ (o) V po/ /P, € L*(R) initially.

Such information is crucial if we want to look at viscous compressible flows with
density dependent viscosities and may help in various cases. Recent applications of
such information have been given. For instance, in [131], A. MELLET and A. VASSEUR
study the stability of isentropic compressible Navier—Stokes equations with the barotropic
pressure law p(p) = ap? with y > 1 and a a given positive constant in dimensiond = 1,2
and 3. This result is particularly interesting, recalling that in constant case viscosities,
E. FEIREISL’s result covers the range y > d/2.

An other interesting result concerns the full compressible Navier—Stokes equations
which are equations for heat conducting flows. Existence of global weak solutions has been
recently obtained in [35] assuming the perfect gas law except close to a vacuum where cold
pressure is used to get compactness on the temperature. This completes the result obtained
by E. FEIREISL in [85] where the temperature satisfies an inequality instead of an equality
in the distribution space D" and where the perfect gas law does not satisfies the assumption
even far from a vacuum. Note the two results do not cover the same range of viscosities.
Something more has to be understood.

‘We remark that the relation between A and u

Ap) =2 (p)p — n(p)) (19)
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and the conditions

u(p) = c, Ap) +2u(p)/d = 0

can not be fulfilled simultaneously. Indeed, the viscosity u has to vanish close to a vacuum.
In [103], D HOFF and D SERRE prove, in the one-dimensional case, that only viscosities
that vanish with density may prevent failure of continuous dependence on initial data
for the Navier—Stokes equations of compressible flow. Our relation between A and u
struggles to achieve such degenerate viscosities. We refer the reader to [131] for some
interesting mathematical comments on the relation imposed between XA and . We also refer
the readers to [30], a Handbook concerning the compressible Navier—Stokes equations:
BRESCH-DESJARDINS, DANCHIN, FEIREISL, HOFF, KAZHIKHOV-VAIGANT, LIONS,
MATSUMURA-NISHIDA, XIN results will be discussed.
Remark on the viscous shallow-water equations. We stress that, in the equation written
at the beginning of this paper, the viscous term does not satisfy the conditions imposed
above. Indeed, we have ((p) = p but A # 0. As a consequence, the usual viscous friction
shallow-water equations are far from being solved for weak solutions except in 1D where
—2vdiv(hD(v)) — 2vV (hdivv) = —4vd,(hd,v). Note that in some of the literature 4v is
called the Trouton viscosity, see [96].
Equations with capillarity. Capillarity can be taken into account, as shown in [36], by
introducing a term of the form —pV (G’ (p) AG(p)). It suffices to choose a viscosity equal
to w(p) = G(p). This gives the extra mathematical entropy
/ /
édi / (plu +2V9(0)|* +27(p)) +/ POLR) 1,2
tJo Q o

+We/Qu/(p)|Au(p)|2+/Q,0|A(u)|2=0

where A(u) = (Vu—"'Vu)/2 and p¢’'(p) = u'(p). Applications of such mathematical
entropy will be provided in [42], to approximations of hydrodynamics. Note that for the
shallow-water system, we find the usual surface tension term 2V Ah.

The temperature dependent case. For the full compressible Navier—Stokes equation, the
mathematical energy equality reads

1d .
33 [P+ xon+ [ ueipwi+ [ a@idvat = [ vp-u.
2dt Jg Q Q Q
and the new mathematical entropy equality reads
s | (lutvl"+7()+ | w@IAWI"= | Vp-(u+v)
2dt Q Q Q

where A(u) = (Vu —' Vu)/2. To close the estimate, it is sufficient to prove that the extra
terms fg Vp-uand fQ Vp - (u + v) can be controlled by the terms on the left-hand side.
This has been done in [34,35], implying the global existence of weak solutions for the full
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compressible Navier—Stokes equations with pressure laws, including a cold pressure part
to control density close to a vacuum. The new mathematical entropy helps to control the
density far from a vacuum.

3.3.2. Weak solutions with drag terms ~ When drag terms such as D = rov + rih|v|v are
present, the existence of global weak solutions for System (17) is proved in [37] without
the capillarity term (We = 0, r; > 0 and ro > 0). The initial data are taken in such a way
that

g0

2 1901~ 1
ho € LA(), o © LY(Q), 0,
VVho € (LA(Q))%, —rolog_ho € L'(R)

where go = 0 on ki '({0}) and log_ g = log min(g, 1).
More precisely, they give the following result

THEOREM 3.1. Let Q be a two-dimensional periodic box. Let qo, ho satisfy (3) and

(20) and assume that ri > 0 and ro > 0. Then, there exists a global weak solution of
(5) and (17).

Idea of the proof. Drag terms are helpful from a mathematical viewpoint since they give
extra information on u and enable the proof of stability results. In [37], the authors use
Fourier projector properties to prove the compactness. For the reader’s convenience we
give here the main idea and in the next section we will give a simpler proof based on the
one developed in [131]. More precisely for any k € N, the kth Fourier projector Py is
defined on L2(S2) as follows: If > <72 Ce exp(if - x) denotes the Fourier decomposition of
f € L*(R), then Py f is given as the low frequency part of it, stk ceexp(if - x). The
following classical estimate will be useful in what follows

C
If = Piflle < p=r IV fller@  forall p e (1,2).

As a matter of fact, introducing 8 € C*°(R) such that0 < 8 < 1, 8(s) = 0 for s < 1 and
B(s) = 1 for s > 2, we obtain the following estimate, denoting By (-) = B(-/«) for any
positive number o

IV hAnuy — Pk(v hnun)”LZ(o,T;(LZ(Q))Z)

C
= C«/&”“n”LZ(O,T;(LZ(Q))Z) + _k273 IV Ba (hn)v/ hntin ||L2(()7T;(L6/5(Q))2)~ 2D
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Note that the gradient can be estimated by

IV Ba(hy) hnun||L2(0,T;(L5/5(Q))2)
< CllBa ) B Vitn | 1200 71220

13 2/3

+ ||hn/ ”n||L3(O,T;(L3(S2)2))||Vﬁ’1||Lw(O’T§(L2(Q)2)) X ||2ﬂ¢;(h")h"/

-1/3
+ Ba(hdhy w0, 1: 1002 - (22)
Thus the left-hand side may be estimated by

Cy
C\/a-i-m

where the two above constants do not depend on n. It means that the high frequency
of «/hnu, is arbitrarily small in L2(0, T; (L%(2))?) uniformly in n for a large enough
wave number k. It remains to consider the convergence of the product Pi(/hnuy) -
hyuy, for a given k € N. Again, using a cutoff function such as B, together with
the uniform L2(0, T; (L*(2))%) estimate on u,, we only have to consider the weak
limit of Py (v hnpitn)hpity. Finally, observing that the momentum equation yields uniform
L%(0, T; (H’S(Q))z) bounds on 9;(h,u,) for a large enough s, we deduce the strong
L0, T; (L*(2))?) convergence of /T, iy, to Vhu.

REMARK. The authors mentioned that in 1D, r; may be taken equal to 0. Indeed, their
proof is based on the fact that they are able to neglect the high frequency part of /Z,u;,
uniformly in #. In one dimension, we can write 3y (x/Tintty) = A/ Oxlty, + ity 0y +/h,, Which
means that 8, (v/hi,u,,) is uniformly bounded in L2(0, T; (L%(2))?). Sobolev embeddings
in dimension one then allow us to prove this crucial cutoff estimate.

Important Remark. We will see in the next section, a very nice idea due to A. MELLET and
A. VASSEUR allowing us to ignore drag terms in the stability process. However, this idea
does not seem to be compatible with the approximate solutions constructed in [38]. Without
drag terms, building an adequate approximate scheme is an important open problem in
dimensions greater than 2. Anyone who succeeds in defining such a regularized system
will be the first to find the global existence of a weak solution result for barotropic
Navier-Stokes equations with p(p) = ap? where y > 1 in a dimension space that could
be equal to 3.

Approximate scheme. An approximate solutions construction for some degenerate
compressible systems has been given in [38]. For the friction shallow-water system, it
is based on the following regularized system

Othe y + div(he yue ) =0,
8y (hegte.n) + div(hoyits.y ® tte.n) — VAiV(hoy Vite ) + hen Ve
= ehe y VA* h, 4 eVioghe , — nA%ug,.
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Using this system, the height remains far from zero and the velocity may be regular enough.
It remains then first to let  go to zero while keeping ¢ fixed and then let € go to zero using
the stability procedure.

For the reader’s convenience, let us provide the corresponding energy equality and BD
entropy for such a regularized system in order to see the dependency of the coefficients

g, n:
Energy equality. The energy identity for such a regularized system is

2%k+1
2dt/(hsnluanl + |he y] )+2dt/|V hey

+s—floghg,,,+2f he.n| D (ue )| +f Nl Autg > =0
dr Jqo Q Q

BD mathematical entropy. The BD mathematical entropy reads

2dt/<hsn|ugn+2v10ghsn|

+lhe | )+2/ |Vhs,n|2+2f Be gl Alue )|
Q Q
+25/ |v1ogh€,,7|2+g/ A 2
Q Q
_ / Atz - VAlog he, (23)
Q

where A(ug ) = (Vug, —' Vug ,)/2. Let us observe that the energy estimate allows us to
prove that for given ¢ > 0, h, ; is bounded and bounded away from zero uniformly in 7.
On the other hand

AVh  2(Vh-V)Vh Ath+2|Vh|2Vh
h h? h? o

VAlogh =

Thus

n ‘/ Aug - VAloghe y
Q

3 _ 3
= VAUl 2 (14 Theglls)’ (14 105 )

using the following lemma based on Sobolev embedding inequalities

LEMMA 3.2. Letn € N and o > n+d/2. There exists C > 0 such that for allh € H° (2)
such that h=' € L"t1(Q), one has

vl 14 [n~! N "
l Iz = C(L+ A" g () (14 11kl ge )" -
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This result allows us to control the right-hand side in (23) uniformly, with respect to 7,
when ¢ is fixed.

3.3.3. Forgetting drag terms — Stability ~A. MELLET and A. VASSEUR, in the beautiful
paper [131], show how to ignore the drag terms for the shallow-water equations without
capillary terms. This is useful for the mathematical analysis to get stability results. Indeed,
controlling V,/p implies further information on u assuming this regularity initially. Note
that their analysis works for the general barotropic compressible system (18) with the
viscosities relation (15). It concerns the whole space & = R? and periodic box cases
Q = T¢ (d = 1,2,3). More precisely, multiplying the momentum equation (18), by
(1 4+ In(1 + |u|*))u, using the mass equation (18) and assuming that

1+ |ugl?
/po%ln(l uol?) dx < C,

one proves that p(1 + |u|2) In(1 + |u|2) e L™, T; LY(Q)) using the estimates given by
the new mathematical entropy. This new piece of information is sufficient to pass to the
limit in the nonlinear term without the help of drag terms. Note that such a technique holds
for general p and X and satisfies the relation needed for the new mathematical entropy.

For the reader’s convenience, let us give in the following the nice estimate due to A.
MELLET and A. VASSEUR and the strong convergence of ,/p,u,: key tools in the stability
proof.

A new estimate based on the BD entropy. Multiply the momentum equation (18), by
(14+In(1+ ||?))u and the mass equation (18); by In(1 + |u|*)(1 4+ |u|*)/2, sum the results
and integrate over Q. If dA + 24 > vu where d is the space dimension, we easily get the
following estimate

—— p<1+|u|2)ln(1+|u|2)+v/ (o In(l + |ul*)|D )|
2 dt Q Q

<- an +1In(1+ u*)u - Vo¥ +c /Q ()| Vul*.
The first term in right-hand side is controlled; integrating by parts, using the fact that
(divu)® < d|D@)?
and by the Cauchy—Schwartz inequality, we get
a7 < [ uiva?

v 2 2 2 p
+—f w()(1 4+ 1In(1 + |u|)|D(u)| +cf(2+ln(1+|u| )——.
2 Jq Q wn(p)
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Then we remark that

2y

/(2+ln(l L=

Q n(p)
@-8)/2

2/(2-8)

2y—8/2 8/2

EC/ st (/p(2+1n<1+|u|2>>2/5) .
o\ wu(p) Q

We then finally deduce the following inequality

1d
2dr Jq

p2r=82\ 7Y
sc/u(p)IVu|2+c /
Q o\

8/2
x (/ p(2+1In(1 + |u|2))2/5>
Q

p(1+ [u)?) In(1 + |u|2)+§/gu(p(1+ln(l+ u|*)) D)

2-8)/2

(24)

Since u(p)|Vu|? is controlled using the BD entropy, plul? and p are bounded in
L>®(0, T; L'(R)), this controlled the first and third terms in the right-hand side. Now
using the hypothesis on w(p) and information on p obtained through the BD entropy,

the second term is controlled when § is small enough and there is some restriction on y in

3D: 2y — 1 < 5y/3).

Idea of the stability proof. The stability proof is based on the strong convergence of

P, ttn in L*(0, T3 (L*(R))). Thus, we look at

T T
/ / |Vpnun _\/5’/”25/ [ |Vpnun1|un|§M_\//_)ullu\fM|2
0 Q 0 Q
T
+2/ / |'\/ pn|un1|un|2M|2
0 Ja
r 2
+2/ / |Voulju=ml"
0 Q
It is obvious that /0,4, 1}4,]<s is bounded uniformly in L*°(0, T’; Lz(Q)), SO
N Prttn L, |<m — +/puljy <y almost everywhere.

gives the convergence of the first integral

T
/ / |/ Prttn Ly <t — /Pt )< | dx dt — 0.
0o Ja
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Finally, we write

T T
1
P 1 Zdxdt < ————— 2] 1+ 2y dx dt
\/0 /Szl n|un |”n|2M| * - ln(l MZ)\/(\) \/\Qpnun n( |un| )

and

T 1 T
1 Zqxdt < ————— ZIn(1 2y dx dt.
/0 fglﬁlu ui=m|”dx dr < 1n(1+M2)/0 /qu n(l + u]%)

Putting together the three previous estimates, we deduce

T
lim sup / /|4/,0nun—\/ﬁu|2dxdt<
0 Q

c
aop = In(1 + M2)

for all M > 0 and the lemma follows by taking M — +o0.

REMARK. The problem is now to build regular approximate solutions that satisfy the
energy estimate, the new mathematical entropy and the estimate on p (14 |u|?) In(1+|u|?).
This is an open problem in dimension space greater than 2 without symmetry assumptions.
In dimension space equal to one or assuming some space symmetry, construction of
approximate solutions has been realized in [132,113,100].

REMARK. We note that the addition of the drag hlu|u gives the bound hy,|u,|>
which belongs to LY0, T: LY ()), therefore the strong convergence of /A u, in
L%(0, T; (L?*(2))?) may be obtained, as previously, by replacing the extra regularity
established in Mellet-Vasseur’s paper by this regularity.

REMARK. Navier-Stokes systems for compressible fluids with density dependent
viscosities are considered in [113]. As mentioned in this Handbook, these equations, in
particular, include the shallow-water system formally derived from the Navier—Stokes
system with free surface and friction bottom conditions (friction shallow-water model).
In this paper, it is shown that for any global entropy weak solution, any (possible existing)
vacuum state must vanish within finite time. The velocity (even if regular enough and
well defined) blows up in finite time as the vacuum states vanish. Furthermore, after the
vanishing of vacuum states, the global entropy weak solution becomes a strong solution and
tends to the non-vacuum equilibrium state exponentially in time. This last result allows, by
the use of the BD entropy equality, to recover the asymptotic stability of steady states
established in [124] using the associated Green function.

3.3.4. Bounded domains 1In [39], the authors have considered the bounded domain case
in two or three dimensions in space and barotropic compressible Navier—Stokes equations
with turbulent terms. Namely, the following system

9;p + div(pu) = 0,
3, (pu) + div(pu ® u) (25)
= =V p(p) + 2div(u(p) D)) + V(A(p)divu) — riplulu
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with the viscosities relation (19). For the sake of simplicity, we present here the case
uw(p) = p and A(p) = 0. In this case, the boundary conditions are either the Dirichlet
boundary condition

pu=0 ono,
on the momentum, or Navier’s condition of the type
pu-n=>0, p(Du)n); = —apu;, onaQ

where o is a positive constant and n the outward unit normal. We recall that the
previous condition is a friction condition, showing that the shear force at the boundary
is proportional to the tangential velocity. It is widely used in the simulation of geophysical
flows, and similar wall laws may be justified in the framework of rough boundaries. In order
to preserve the BD entropy, an additional boundary condition on the density is involved,
namely that

Vpxn=0

where - X - is the vectorial product and 7 is the exterior unit normal. This condition indicates
that the density should be constant on each connected component of the boundary. Note
that System (25) is degenerate which means the viscosity vanishes when the density tends
to 0. Boundary conditions on pu and Vp are well defined using that

pu = /p(/pu) € L0, T; (L'(Q))),
V(pu) = /p(/pVu) + V/p ® (/pu) € L*©0, T; (L' (@),
pViogp e L=, T; (L' ()%, curl(pVlog p) = 0.

Concerning the Navier-type condition, we use the following proposition.

PROPOSITION 3.3. Letu € C°°(§)d with d = 2, 3, satisfying u - n = 0. Then

1 /ou 1
(DWn), = 5 <£) — EK(X)Mr

where k is the scalar curvature for d = 2, the Weingarten endomorphism of 92 for d = 3.

Next, we can derive the two estimates needed in the stability proof:

e The classical energy estimate on 7 (p) and plul?

e The BD entropy estimate on p|u + V log pl2.

In the Navier-type boundary case, a classical Gronwall lemma helps to get the
appropriate control on plu + V log p|%.
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3.4. Strong solutions

There are several results proving the local existence of a strong solution for shallow-water
equations written as follows

0;(hv) + div(hv ® v) — vdiv(hVv) + hVh = 0. (26)

{B,h + div(hv) =0,
Following the energy method of A. MATSUMURA and T. NISHIDA, see [130], it is natural
to show the global (in time) existence of classical solutions to viscous shallow-water
equations. The external force field and the initial data are assumed to be small in a suitable
space. Such a result has been proved in [108], [59]. In [151] and [152], a global existence
and uniqueness theorem of strong solutions for the initial-value problem for the viscous
shallow-water equations is established for small initial data with no forcing. Polynomial
L? and decay rates are established and the solution is shown to be classical for f > 0.

More recently, in [160], the Cauchy problem for viscous shallow-water equations is
studied. The authors’ work in the Sobolev spaces of index s > 2 to obtain local solutions
for any initial data, and global solutions for small initial data. To this purpose, they made
use of the Littlewood—Paley decomposition. The result reads

THEOREM 3.4. Let s > 0, ug, ho —ho € H*72(R?), |lho — ho|| jys+2 < ho where (ho, uo)
are the initial data and hq the equilibrium height. Then there exists a positive time T, a
unique solution (u, h) of the Cauchy problem (26), such that

u,h—ho € L0, T; H*(R?),  Vu e L*0, T; H** (R?)).

Furthermore, there exists a constant ¢ such that if ||hg — h_ollHJ+2(Rz) + luoll gs+2g2y < ¢
then we can choose T = +00.

Nothing has been done, yet, using the new mathematical entropy to obtain better results
such as the local existence of a strong solution with initial data including a vacuum. Note
that such a solution is important from a physical point of view: a burst dam situation for
instance. And also note that recently, B. HASPOT in [102], has proved a result in critical
spaces which improves the previous theorem.

3.5. Other viscous terms in the literature

In [115], different diffusive terms are proposed, namely —2div(2D(v))/Re, or —hAv/Re
or else —A(hv)/Re. The reader is referred to [20] for the study of such diffusive terms
in the low Reynolds approximation. We now give some comments on the last two
propositions.

Diffusive term equals to —hAv. It is shown by P GENT in [93], that this form, which
is frequently used for the viscous adiabatic shallow-water equations, is energetically
inconsistent compared to the primitive equations. An energetically consistent form of
the shallow-water equations is then given and justified in terms of isopycnal coordinates.
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This energetical form is exactly the form considered previously namely —2div(hD(v)).
Examples are given of the energetically inconsistent shallow-water equations used in low-
order dynamical systems and simplified coupled models of tropical air sea interaction and
the El Niné-southern oscillation phenomena.

From a mathematical point of view, it is easy to see this energetical inconsistency with
the diffusion term is equal to —k Av. Consider the following system

o:h + div(hv) = 0,
Vh 1

9y (hv) + div(hv ® v) = —h—2 + —hAv + hf.
Fr Re

Multiplying the momentum equation by v/ h, we get

d/||2+1f|V|2+1f V||2+1/ Vh /f
— v — v = v- Vv — v - = .
dr Q Re Q 2 Q Fr2 Q Q

The last term on the left-hand side may be written

d
/v-Vh:—/ loghdiv(hv)zf loghathz—/(hlogh—h).
Q Q Q dr Jo

The third term may be estimated as follows

‘/ |v|2divv
Q

Thus, if we want to get dissipation, we have to look at solutions such that

< 0lfs vl < Cllvlg g vl 2@

vl 2 < 1/(CRe).

That means sufficiently small solutions. Such an analysis has been performed in [142] by
looking at solutions such that v is bounded in L?(0, T; H(Q)), h € L>(0, T; L' (Q)),
hlogh € L*®(0, T; L'(2)). We also refer to [65] for some smoothness and uniqueness
results. Let us assume the following hypothesis

2/Re > A >0, B=2/Re—Ax, 0<0 <1,
ho > 0, holnho € LY(), feLY O, T; H'(Q),

2
lvoll z2(q) + ﬁllho Inhollp1 (g (27)

+ X”f”LZ(O,T;H’l(Q))

12 meas(@) < 0?2
——=meas < —_—
e Fr?

c?’

where e is defined using the convexity of s +— slogs, for s > 0, namely using that
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hlogh > —1/e. Thus, under Hypothesis (27), PORENGA in [142], gets the following
result

THEOREM 3.5. Letvg € H}, h° € L'(Q), f, 0, A satisfying Hypothesis (27). Then there
exists a global weak solution such that

(v, h) € (LZ(O, T: HY(Q)) N L>®0, T; LZ(Q))) x L®(0, T: LY(R))

and

hlogh € L0, T; L'()).

Main difficulty. The mathematical problem, in the existence process, is to prove strong
convergence of sequences {h,v,},eny in the stability process. For this, the author
emphasizes the fact that 4, and h, logh, are uniformly bounded in L*°(0, T; LY(Q)).
Using the Dunford-Pettis theorem and the Trudinger-Moser inequality, he concludes with
a compactness argument. Namely from Dunford-Pettis, 4, belongs to a L! weak compact.
We then use the fact that

Y = {hv:ve L*0, T; H (Q)), h >0, 28)
heL®0,T; LY(Q), hlogh € L°°(0, T; L'(Q))}
is weakly compact in L.

Note that, using this diffusive term, several papers have been devoted to the low
Reynolds approximation namely the following system

dh+div(hv) =0, dv— Av+Vh® = f

with ¢ > 1. The most recent, [112], deals with blow up phenomena if the initial density
contains a vacuum, using uniform bounds with respect to time of the L> norm on the
height. It could be interesting to understand what happens without simplification by /4 in
the momentum equation allowing the height to vanish. Note that such a simplification has
been also done in [125] to study the high rotation and low Froude number limit of inviscid
shallow-water equations.

Diffusive term equal to —vA(hv). Use of this diffusion term gives also energetical
inconsistency. Only results concerning the existence of global weak solutions for small
data have been obtained.

3.6. Low Froude number limits

3.6.1. The quasi-geostrophic model = The well-known quasi-geostrophic system for
zero Rossby and Froude number flows has been used extensively in oceanography
and meteorology for modeling and forecasting mid-latitude oceanic and atmospheric
circulation. The quasi-geostrophic equation expresses conservation of the zero-order
potential vorticity of the flow. In two dimensions that means neglecting the stratification, a
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model of this type may be obtained from the shallow-water equations. It gives the following
bi-dimensional velocity form system

1

0v +diviv ® v) = —Djjm — Vp + R—Av — B,Aflv,
e

divv = 0.

(29)

with some drag terms Djj, which could be Dy, = rov 4 r1|v|v. We also note the presence
of a new term 9, A~y coming from the free surface, which one cannot derive from the
standard rotating Navier—Stokes equations in a fixed domain. To the best knowledge of the
authors, there exists one mathematical paper on the derivation of such a model from the
degenerate viscous shallow-water equations, namely with vacuum state. It concerns global
weak solutions of (17) with well-prepared data in a two-dimensional periodic box 2 with
the drag term of the form D = ryv + r1h|v|v, see [37]. The main theorem reads

THEOREM 3.6. Assume Fr = Ro = ¢ (Re and We being fixed) and initial conditions in
the form (v, h§) = Y =0 X (v, hS) with ho = h) = 1, vo = v) = V*h} = VI
and bounds on initial data for shallow-water satisfied uniformly (energy and BD entropy).
Assume vy € (HZ(SZ))2 and

(g, h§) — (vo, 1) in (L*())°, (h§ —1)/e — Yy in LX),
VWeVhi — 0 in LX().

Then let (v, h®) be global weak solutions of (17), where

v > v in L0, T; (L*(R))%)

(h® —1)/e > ¥ in L®(0, T; L*(Q)),
VS 0 in L20, T; (L3(Q))?),

VWeVhE = 0 in L0, T; (L*(R))?)

when & — 0, and v = VW is the global strong solution of the quasi-geostrophic equation
(29) with initial data vo.

The reader is also referred to [92] for a recent derivation of equatorial wave propagation
with a latitude dependent Coriolis term from a non-degenerate viscous shallow-water
model. See also papers [81] and [82] for inviscid models.

REMARK. Mathematical derivation of the quasi-geostrophic equations from the free
surface Navier—Stokes or primitive equations is an interesting open problem. Many results
exist with a rigid-lid hypothesis, see for instance [66] and references cited therein.

More realistic domains. We now present three simple studies that have been realized in
order to better understand what could be new features in more realistic domains. These
works concern the Sverdrup relation which is the keystone of the theory of wind-driven
oceanic circulation, see [145].

(1) Islands. In some papers, it has been shown that addition of an island within an oceanic
basin introduces new elements to the problem of the general circulation of the fluid
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contained within the basin. In particular, and with the problem of the circulation of the
abyssal ocean with mid-ocean ridges, the presence of a long thin meridionally oriented
island barrier may induce a recirculation in the sub-basin to the east of the ridge. In [48],
the authors have studied, in the stationary case, the effect of an island on the Sverdrup
relation mathematical derivation. Assuming €2 to be a bounded domain in two-dimensional
space of class C? with an island 2 that means = \ Q, with ©; simply connected
to Qy CC 2 and I'; = 0€2;, they have proved that a corrector has to be added to the
Sverdrup solution. In addition, in the island case, the stationary quasi-geostrophic system
reads

EA’W — AV + VW . VAU 4+ ¢ - VU =V . f
LIj|rl =0, "Il|l_‘2 =CE,u.e on 9€2,
V¥ .n=0 on 9€2,

with the following compatibility condition

(EVAV + fHy.n=0
I

where E, p, & are some small positive constants, vi = (=3dy,0x), a = (—1,0) and
f+ = (=f», f1). The reader interested by compatibility conditions in fluid mechanics
problems is referred to [98] and the references cited therein.

Note that in [48], the domain €21 is smooth with horizontal north and south boundaries.
The sub-domains Q/ (respectively Q//) are defined such that horizontal lines coming from
the right external part of the boundary (respectively the left boundary of the island) cross
the left external part of the boundary and the right boundary of the island (respectively part
of the left external boundary). The following result then holds

THEOREM 3.7. Let f € (H'(Q))? such that V+ - f € H*(Q). Let ¥ be a solution in
H*(Q) of (30). Assume that ¢/ ;>/*E"/* — 0. Then, for all neighborhood V = V_UVrr
of T" Ul 1 whereI'" ={x € 90Q :ny <0}and 'y 11 = Q! N A, we have

U — U +clgn  weakly in L*(2) and strongly in L*(Q \ V),
W — 3, U weakly in L*>(Q\ V_),

where W is the solution in L*(Q) of the Sverdrup relation
VU=Vt inQ,
V=0 onlT, (30)

and c is calculated using the equality

_ _frz—w‘*‘frzfd'”

Cc =
fr; Nx
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with F; ={xel:ny >0}, ={x € I'y:ny <0} and lqu is the characteristic
function corresponding to the subdomain Q.

REMARK. If there is no tangential force applied to the island’s boundary that means
f 1.7 = 0, then the constant ¢ is the meridional mean value of the trace of W on this
coast. More precisely

1 Yn
= — / W (xy(y), y)dy
Vn = ¥s) Jy,
where x4 denotes the graph of the eastern part of the island, y,; and y, are, respectively, the
minimal meridional coordinate (South) and the maximum meridional coordinate (North).

REMARK. Note that it could be really interesting to work on mathematical extensions to
the ridges and islands effects on boundary layer stability, stratification for instance.

(2) Variable depth vanishing on the shore. Let us point out that several papers have been
written by the author concerning variable depth vanishing on the shore. For instance, in [55]
the use of the explicit formulation between the velocity field v and the stream function
W provides a Stommel equation with variable coefficients. More precisely, as mentioned
in [145], a vertical-geostrophic system may be used to describe a small depth velocity close
to the surface. Let

ow={x,2):xeQ,—-hkx) <z<0},

where  C R? is a simply connected domain and / is the vertical depth. This system, in @
(see [50]), reads

—32v+ Kvt+V,P =0, 3P =0,

divyv 4+ 0, w =0,
0

W, W)|;=—p =0, 9vl;=0=f wl;=0=0, / i v-nyo =0,
=

where K is a coefficient corresponding to the Coriolis force. Such a system has been
obtained from the three-dimensional Navier—Stokes equation by assuming the aspect ratio
small enough. Assuming the § plan approximation, see [145], K = e(l + By) with
two positive constants e and S linked to the mean latitude coordinate. This system is
integrable with respect to z and we can prove that the stream function W associated with the
vertical mean value v of v, where A (x, y) is the corresponding depth, satisfies the following
equation

{div(aQV\IJ +boVIW +cof +dofh) =0,
Ylhe =0,
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where V1 = (=dy, 3y), f+ = (= fo, fi) and

ap b —bp
a = 5 5 = 5 5
CT a2t T2
__ —apdp +bpcp g = ApCP +bpdp
T T Y
P P P P
SC — sc b H n SC + sc
ap = —————, -4y
P 43 M P k2 43 M

Ss d 1 1 Cc
C = =, = — —_—— R
P 2k2M =2 M

S = sinh(xh), C = cosh(xh), s = sin(kh), ¢ = cos(kh),

M = S+ ¢, kK =+/e(l+ By)/2.

These equations may be written in the following form:

{aQA\y + (Vag + V*tbg) - V¥ = —div(co f +do fF),
Ulhe =0,

where

B 4c3M(SC — sc)

T (SC —50)2 + (SC + sc — 2khM)?’

4P MQkhM — (SC + sc))

"~ (SC —50)2 + (SC + sc — 2khM)?’

_ 2k Ss2khM — (SC 4 s¢)) — (SC —s¢)(2kM — 2xCc)

0= (SC —50)2 4 (SC + sc — 2ch M)?

do — 2kSs(sc — SC) + QkM — 2k Cc)(SC + sc — 2khM)
e= (SC —50)2 + (SC + sc — 2ckhM)? '

ag

bo

bl

29

€29

(32)

(33)

(34)

(35)

If we look at the orders of the various coefficients assuming 2 = 1, an external force
f(x,y) = (fi(y),0) and a domain Q = (0, 1)2. This proves that the coefficients do not

depend on x and the equation may be simplified as follows

—ag AV — 9yagdy VW — 0,bgd W = —dgdy f1 + dydg f1,
Ve =0.

Since ¢ >> 1 and Be >> 1, then we have

ag ~ e, dyag = \ep,
dbo~ B, dom~1,  dydo B

(36)
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Thus the equation may be seen as the simple form
—O0AV +a-V¥ =g inQ,

37
{wm —0 &7

with a = (—dyag/ag, —dybp/ag) and 6 = 1/ef. Asymptotically a ~ a = (0, a»),
where a; does not depend on y and is negative. The characteristic lines of @ are horizontal
lines which all cross 9€2. We show that as 6 — 0, W converges to the solution of
a-V¥U=g inQ

— ’ 38
{\IJ|39_ =0. (38)

Assume that € is a two-dimensional bounded domain of class C' and @ € C!(Q) with
diva = 0 and all its characteristic lines cross 3$2. Assume g € H'($2). Then we get the
following theorem

THEOREM 3.8. Let 6 = 1/ef. Assume that there exists s > 2 such that
_ 141
la — a||(Ls(gz))2 <c(0)§27"s,

where c(0) — 0 when 6 — 0. Assume, for 0 small enough, that there exists a solution
W of system (37). Then V is unique and, when 8 — O, for all neighborhood V of
Q24 = {(x,y) € 9Q : a - n > 0} with n the outward unit normal, we have

VT inL*(Q\V),

where WU is a solution of (38).

The proof relies on integration along the characteristics of @ and a suitable choice of test
functions. This simple application shows the possibility of playing with the measure of the
part where the gradient of the topography varies considerably in order to get asymptotic
mathematical justification. For instance, it could be interesting to look at the asymptotic
quasi-geostrophic limit from Navier—Stokes equations with a rigid lid assumption and the
presence of ridges.

REMARK. The vertical-geostrophic equations have been mathematically justified from the
Navier—Stokes equations with a vanishing depth close to the shore in [50]. Assuming the
depth satisfies some constraints linked to the distance function to the shore, a density

lemma equivalent to the usual VMH ' = V relation for Navier-Stokes in a Lipschitz
domain has been established. Recall that, in the Navier—Stokes framework (in space
dimension d)

V={ue D) :divu =0}, V ={ue (H} ()" : divu = 0}.

REMARK. These simple calculations show that it should be possible to consider vanishing
depth in various geophysical models to deal with the mathematical justification of western
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intensification of currents. All depends on the ratio between the bathymetry profile and
Coriolis force.

(3) Various boundary conditions. A simplified stationary model describing homogeneous
wind-driven oceanic circulation may be given in a simply connected bounded domain
Q c R? by

EA’W — uAW —eJ (W, AW) — 3, ¥ = f, 39)
where J denotes the Jacobian defined by
J(¥, AW) = VW . VA,

and, see [145] page 271,

2 3
) et ()
L L L
with L the scale of the motion, §;, 837 and &g either inertia, horizontal friction, or bottom
friction lengths. The function ¥ denotes the stream function such that the vertical mean
value of the horizontal component of the velocity is given by v = (—9,W¥, 3, ¥). This
equation is called the quasi-geostrophic equation written for the stream function. The
dimensionless constants €, u, E are linked to the ratio between nonlinearity, friction on
the bottom and lateral diffusion. The external force f is given by f = —k - curlt, where
k=1(0,0,1) and T = (74, 7y, 77) is the Cauchy tensor due to the wind.

We have to choose boundary conditions for such simple models. On the boundary of
the basin, the normal velocity has to be prescribed. If the basin is closed and if we do not
consider inflow and outflow, the flux corresponding to the horizontal velocity v has to be
null on the boundary. This means

v-n:VJ‘\If~n=0,

where n denotes the outward external normal. This means that W is constant on each
connected boundary. If we assume no island, we can choose

v =0 onaQ.
The presence of the diffusion term EA?W implies that we have to choose an other
boundary conditions. J. PEDLOSKY in [145] proposes considering one of the following
boundary conditions on 92

VW .n =0, AV =0, VAV -n+e'j.n=0,

where j denotes the unit vector oriented along the y axis. What kind of boundary conditions
do we have to choose? If the dissipation is small, i.e. E << 1, does the choice have
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some influence on the global circulation? This choice is not so clear, as indicated by
J. PEDLOSKY in [146]. For a first step, we have to study the influence of the boundary
conditions on convergence when some parameters tend to zero. In [146], it is noted that if
E, e, n are small coefficients, the equilibrium equation is reduced to the Sverdrup relation

—9, W = f

which corresponds to the relation proposed in oceanography in 1947 by Sverdrup. So for
the first step, it is possible to consider a classical method exposed, for instance, in J.-L.
L10NS [114] and used by T. COLIN in [69], but with mixed boundary-conditions of the

type
AV =0 only, VU .n=0 onl,

with T UT, = 9%, in a smooth domain with horizontal north and south parts and with
an East and West coasts defined by two graphs ggag and gwest of class C?on (0, 1). These
boundary conditions are usually used, see for instance J. DENG [75] pages 2183-2184.
In [32] the following extra boundary condition

VAV =0 ondQ

has been studied in a domain of the form Q = (0,1) x § 1 where S! denotes a circle
in one dimensional space (i.e. a periodic condition with respect to y). The study of small
parameters in the stationary quasi-geostrophic equation has been realized, for instance, by
V. BARCILON, P. CONSTANTIN, E. TITI [15] with ¢ and u fixed and E tending to zero,
with the extra boundary condition AW = 0 on 92 and E < 3/8. The Sverdrup relation
has been justified in T. COLIN [69] with the extra boundary condition VW = 0 on 92 and
assuming p of same order as ¢ and assuming some relation between E and ¢. The study in
[69] emphasizes that VW - n = 0 on d<2 and the fact that u is of same order as . We prove
in [32] that p may tend to zero without there being a relationship between E and &, and
eventually 4 = 0. By this means, we give an answer to a question posed by J.-L. LIONS
on page 403 of [114], which is the study of (39) with u = O fore, E — 0 with AV = O on
IEasts I'Norths ['South and VW - n = 0 on I'wegt. We find this kind of equation and boundary
conditions in G. F. CARRRIER [63], P. CESSI [68], where physical analysis is performed,
and in E. BLAYO, J. VERRON [22], K. BRYAN [29], J. PEDLOSKY [145] pages 310-311
where numerical simulations are given in a square domain.

The method used in [114] for the equation e A2W — 3, W = f has been used by [69] for
the equation (39) with the boundary condition VW - n = 0. The method, in order to prove
convergence up to the boundary such that n, > 0 (n, being the horizontal component of
the outward unit normal), seems inadequate if we consider the boundary condition AW on
this boundary. We have changed the proof of [69] in order to consider different boundary
conditions in a domain representing the North Atlantic. We assume that the external force
f is more regular than f € L*(R). This is the case in all the examples considered in
oceanography. We refer the reader to [145] pages 31 and 65 where Q@ = 10, L[> with
f = —Wpsin(wy/L1) and f = —Wysin(wx /L) sin(ry/Ly) is considered. In this way,
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we get a larger range of coefficients than in [69]. We prove, by the theorem in part iii,
the convergence for AW = 0 on 92 without the hypothesis E < 13/8 as done in [15].
The nonlinearity is dominated by the friction coefficient and the lateral diffusion term is
independent of u and €.

The first result, proved in [32], is the following.

THEOREM 3.9. Let Q2 be defined with ggast and gwest of class c2.
(1) Let u, &, E tend to O with e < E and f € LZ(Q). Let us consider (V)¢ u.E

(ii)

(iii)

to be solutions in H3(Q) of (39). Then there exists a subsequence of (W)e u.E
weakly converging to Wy in L*(2) with W satisfying, in the distribution sense, the
equation

—0,y¥p = f

Moreover, we have

/|w|2+E/ IA‘P|2+M/ V| < C,
Q Q Q

where C is a constant which does not depend on i, E and e.
Let i, ¢, E tend to O withe < E, AV = 0 on gy and [ € HZ(Q). Then n\¥
converges to nVp in L?(2) with V| the solution of

-0,V = f, U; =0 on{x €dQn, > 0}

foralln € C2(Q) withn = 0ina neighborhood of {ny < 0}, where ny is the
horizontal component of the outward unit normal of 9S2.

Let u, &, E converge to 0 and [ € LZ(Q). Let (V)¢ E be solutions in H3(Q)
of (39) with Ty = (. Then there exists cq such that if ¢ K CQ,u3, there exists a
subsequence (W), g converging to Vo weakly in L%(Q) with uo solution of the
Servdrup relation.

Finally, considering the problem with the extra condition VAW -n = 0 on the boundary,
in the linear case that means ¢ = 0, a more precise estimate than before has been given

in [32]

. They have proved the following result which gives some uniform estimates on the

gradient of W in weighted spaces.

THEOREM 3.10. Let Q@ = (0,1) x S' and ¢ = 0. Let u, E tend to 0 and f € H'(RQ).
Assume that (V) g is a solution in H*(Q).

()

If fol (&, y)d& = 0, there exists cq such that E < cou’ then
W, g — VY in H(Q) weak,

where Wy is given by Wy = f; S, y)dy.

M) If fol (&, y)dE # 0, there exists c,, such that if E < cqu'/? then

W, g — W inL*(Q) weak
x128.(Wy g) = x120, W, in LA(Q) weak,
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where V3 is the solution of

WU =f inQ, W, =0 on{l} xS

The proof is based on a suitable choice of test functions: ¥, Wexpx, (W — ¥;)®
where ® = f;weqt(y) n (x4, y)dx, with n a positive regular function which vanishes in the
neighborhood of I'_. The proof of the first theorem is based on test functions of the form

Jo AV, y)dE, AW, Wexpx and xo, .

REMARK. This part shows the influence of boundary conditions on singular perturbation
problems. It could be interesting to describe the effects on more complicated systems such
as those involving stratification.

3.6.2. The lake equations The so-called lake equations arise as the shallow-water limit
of the rigid lid equations — three dimensional Euler or Navier—Stokes equations with a
rigid lid upper boundary condition — in a horizontal basin with bottom topography. They
could also be seen as a low Froude approximation of the shallow-water equations. More
precisely, let us consider the shallow-water system

0¢(hv) 4+ div(hv ® v)
_ V(h —b) 2

dorh + div(hv) =0

with a drag term D that will be given later on, initial conditions (2) and boundary conditions
which depend on the domain 2 being considered. Let the Reynolds number be fixed, the
Froude number go to zero and let us denote Fr = ¢ for simplicity. We use the following
Taylor expansion with respect to &

h=h"+e*h! +...
v:v0+82v1+82v2+-~-

We plug these expansions in the equation and identify with respect to powers of . The
momentum equation (40) 1, divided by 4, gives at order 1/g>

vV’ —b) =0
which implies that
hO(t, x) = b(x) + ().

Using the mass equation (40); (assuming periodic boundary conditions for simplicity) and

integrating it with respect to the space variables, it gives that ¢(¢#) = 0 if initially & |,—¢0 = b.

Now by using the mass equation (40),, we find the constraint div(bv®) = 0 at order &°.
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It remains to look at the next order in the momentum equation (order £°), where we get

2
3 (bv°) + div(bhr® ® %) = —bpVh! + R—div(bD(vO))
e
2
+ —V(bdiv v®) + Diim.
Re

In summary, we get:

2
3, (bv®) + div(hr° @ v°) = —bVA! + Ediv(bD(vO)) + Diim,

41)
div(pr?) = 0,

where b is the basin depth and Dy, depends on D and will be defined later on. Remark

that system (41) is similar to the model obtained in [128].

The viscous case. The viscous lake model has been formally derived and studied by D.
LEVERMORE and B. SAMARTINO, see [111]. In this paper, assuming that the depth b
is positive and smooth up to the boundary of €2, they prove that the system is globally
well posed. Note that this model has been used to simulate the currents in Lake Erie,
see [148]. Concerning the boundary conditions, they consider a bounded domain with non-
slip boundary conditions

W .n=0, - (V' + Vo)) = —a? - 7.

where n and t are the outward unit normal and unit tangent to the boundary and « is a
positive constant coefficient. They assume o > «, where « is the curvature of the boundary.
Note that the asymptotic process from the viscous shallow-water system to the viscous lake
equations has been mathematically justified in [41] in a well-prepared case, which assumes
a sufficiently smooth basin depth such that b(x) > ¢ > 0 for all x € Q and considers weak
solutions for the shallow-water model (40) with drag terms D = rou + r1h|u|u. The result
is the following

THEOREM 3.11. Let Q2 be a periodic box in two-dimensional space. Let v8 e (H3(Q))?
and

(m/h, h) — (v3,b) in (L*(2))%, (h§ —b)/e = 0 in L*(R)

when ¢ — 0. Denote by (h®, v¥) a sequence of weak solutions of the degenerate viscous
shallow-water system (40) with D = rou + rihlulu and initial data h®|,—o = hg,
(hv)|;=0 = m{,. Then, as ¢ tends to 0,

ve > 00 in L0, T: (L3(R))?),
(h® —b)Je - 0 in L0, T; L*()),
V(h®/b) — 0 in L*(0, T; L*(R))?
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where v is the global strong solution of the viscous lake equations (41) with vg as initial
data and drag term Dy, = rou + riblulu.

Such an asymptotics is based on the usual weak-strong process using the BD entropy
inequality. More precisely, the author establishes a Gronwall type inequality

I (s ov (2 2 d/lnh—i- f||2
— v+v - —Vro— — + 1 v
ar Jq b 4 Jo o p 0,
V(h/b)|? —b|?
—i—v/ b? i +/ r1h|v|3 <c
Q Q

e
This inequality is used effectively in the limit process. This asymptotics is similar to what
is called the inelastic limit in meteorology. This approximation has been mathematically
studied recently in [86] and [128]. The system being considered concerns the usual
compressible Navier—Stokes equations but with constant viscosities. In these papers, the
authors consider ill-prepared data and three dimensional flows. The first mentioned paper
follows the lines in [73] proving that waves are damped close to the boundary and the
second one adapts the local method introduced in [118]. Note that all these studies consider
reference densities with no vacuum.

The inviscid case. Let us assume formally that Re — oo in (41) to model an inviscid
flow and consider a two-dimensional simply-connected bounded domain €2 and adequate
boundary conditions. Assuming no drag term and denoting the velocity v instead of v° (for
simplicity), we get the following system

2 \h—b

&

"

LX)

div(bv) =0, bv - n|yq = 0. “42)

{Bt(bv) + div(bv ® v) + bVp =0,
That means a generalization of the standard two-dimensional incompressible Euler
equation is obtained if b = 1.
A strictly positive bottom function. YUDOVICH’s method may be applied using the fact
that the relative vorticity w/b is transported by the flow. More precisely, the inviscid lake
equation may be written using a stream-relative vorticity formulation of the following form

(43)

orwp +v-Vop =0, wp=w/b,
—div(VV¥/b) = w, w = curl v, Yls = 0.

Assuming b > ¢ > 0 smooth enough, L? regularity on the stream function ¥ remains
true, that is

1Wllw2r o < Crlwlir e, (44)

where C does not depend on p. Such elliptic estimates with non-degenerate coefficients
come from [1]-[2]. This result allows D. LEVERMORE, M. OLIVER, E. TITI, in [110], to
conclude the existence and uniqueness of global strong solutions.
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A degenerate bottom function. This is the case when b vanishes on the boundary (the
shore) 0€2. In this case, the inviscid lake equation and corresponding boundary conditions
read (42). Suppose that ¢ is a function equivalent to the distance to the boundary, that is
¢ € C®(Q), 2 = {¢ > 0} and V¢ # 0 on 2. Assuming that

b= ¢°, (45)

where a > 0 then the problem (43), concerning the stream function ¥ may be written in
the form

—@AVU +aVe - V¥ =" e inQ, Ulyq = 0. (46)

The case when a = 1, that is b = ¢, is physically the most natural. This equation belongs
to degenerate elliptic equation class.

In [52], the authors prove that, for such degenerate equations, the L? regularity estimate
(44) remains true. The analysis is based on Schauder’s estimates of solutions to (46)
(see [99,23]) and on a careful analysis of the associated Green function which depends
on the degenerate function b.

Using such estimates, the authors are able to follow the lines of the proof given by
V. 1. YUDOVICH to get the existence and uniqueness of a global strong solution to (42).
Moreover, as a corollary, they prove that the boundary condition v - n|3q = 0 holds for the
velocity.

More precisely, they make the following usual definition.

DEFINITION 3.12. Given wo/b € L*(2), (v, wp) is a weak solution to the vorticity-
stream formulation of the two dimensional lake equation with initial data wy, provided

(i) wp € L®([0, T] x ) and bwp € CO([0, T]; L°°(2) * weak),
(i) bv = VLK (bwp) € CO([0, T1; L*(2)),
(iii) forall o € C1([0, T] x Q) and t; € [0, T]:

/Qbfp(th)wP(tLX)dx—/Qtp(O,X)wo(X)dx

1
= / / (borp + bv - Vo)wp dxdt.
0o Ja

The main result follows

THEOREM 3.13. (1) (Regularity) Assume wp € L*®((0,T) x Q) and v with bv €
L®([0, T1; L*()) such that div(bv) = 0 satisfying the weak formulation. Then
wp € CO([0, T]; L™(R)) and v € C°([0, T]; W' (Q)) for all r < +o00. Moreover,
there is C such that for all p > 3,

IVvllLr @) < CpllbwpllLr(g)-
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In addition, the following boundary condition on v follows
v-n=0 ondQ.

(ii) (Existence) For all wy/b € L°° (), there exists a global weak solution (v, wp) to
the vorticity-stream formulation of (43).
(iii) (Uniqueness) The weak vorticity-stream solution is unique.

This result follows from the Yudovich’s procedure in constructing the solution as the
inviscid limit of solutions of a system with artificial viscosity, which is the analog of the
Navier—Stokes with respect to the Euler equations. The key point of the proof is a regularity
result for a degenerate system: the depth vanishing on the shore. More precisely, the main
part of the paper concerns the following main result. Consider the following system:

div(bv) =0 inQ, (bv) - -npe =0,

{curlv =f inQ, @7
where

bv € L*(Q),

{f € LP(Q). (48)

Using the definition of b given in (45) and the assumptions on € given in the
introduction, the authors prove the following result on which the existence and uniqueness
result is based.

THEOREM 3.14. If (v, f) satisfy (47) and (48) with p €]2, ool, then

veC'TP(Q), VvelLlP(Q). (49)
There is a constant C), independent of (u, ) such that

1ol ciownigy < Cp (I1f e + 160l 2) - (50)
In addition

v-n=0 onodf2. (@28

Moreover, for all po > 2, there is a constant C independent of (v, f) and p € [po, ool
such that

1
;”VU”LP <C(Ifller +lIbvl 2) - (52)

In this statement, for u €10, 1[, C “(5) is the usual space of continuous functions on Q
which satisfy the Holder condition of order p. In particular, (50) implies that

lvlizee@y < € (ILf e + llbvll2) - (53)
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Idea of the proof. Using local coordinates, Eq. (46) on W reads
Ly = —x, PV +aP ¥ = x* f

with 132 and ﬁl, respectively, a uniform second-order elliptic operator and a first order
operator with smooth coefficients. Based respectively, on papers [99,23], they define

U =9, u=¢ VY = gV + (@ + DOV,

Using parametrics and a suitable change of variable, see [52] for details, the main operator
to be studied is

L =307 — (a+2)d,. (54)
Note that, according to [99, Lemma 1], the fundamental solution of L= X, Az — (a +
2)0%, is
~ 1 ~
E(X,y) = / F(x,y,0)do
0
with

F(R,5,0) =y@n T A= ©o0 —6))/?,
A2(R,5,6) =0D*+ (1 —0)D"

with y being some constant depending on a and
~ ~ ~ ~ =2 ~ ~ ~ ~
D*= 1% =Gl + I =y P D =G+l =y

Holder’s regularity on @ is proved following P. BOLLEY, J. CAMUS AND G. METIVIER,
see [23]. Then the estimate of L? follows from the properties of Calderon-Zygmund type
operators: operator acting on bounded functions with compact support with kernel T (x, y),
locally integrable away from the diagonal {x = y}. We recall for reader’s convenience the
classical properties that are used:

PROPOSITION 3.15. Assume that the kernels K (x, y) satisfy on R", x R’} :

C
KX, )| = ———
lx —

T K@l s

x =y

Then the operator

Tf(x) = / K. y)f () dy

acts as Lfomp(l_?:) to C“(I_I,J,r)for allpu <1—n/p.
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PROPOSITION 3.16. Assume that T is a bounded operator in L2(R’i) with kernel K (x, y)
satisfying x # 'y

Cc
[ K(x, Y| < ———
lx —

C
K (x, < — .
K (x, y)| < x—y y|n+1

"’
Then T maps LP(R'}) to LP(R".) with norm O(p) for all p € [2, +o0l.

To use such propositions, we must use parametrics to get a simpler operator similar to
(54), in order to apply the Green function and propositions. It remains then to study the
influences of the parametrics to conclude the complete operation. The interested reader is
referred to [52] for details.

REMARK. To the author’s knowledge, there exists only one paper dealing with the
derivation of the lake equations from the Euler equations with free surface, locally in time,
see [141].

REMARK. It could be very interesting to look at the effect of b on properties that are well
known for the two-dimensional Euler equations, see [126]. For instance the effects on the
regularity of the boundary of vortex patches, on concentrations and weak solutions with
vortex-sheet initial data, or Log-Lipschitz regularity of the velocity field.

Great lake equations. Note that great-lake equations that model the long-time effects
of slowly varying bottom topography and weak hydrostatic imbalance on the vertically
averaged horizontal velocity of an incompressible fluid possessing a free surface and
moving under the force of gravity, have been derived in [61,62]. To get this asymptotic
model, R. CAMASSA, D. R. HOLM AND D. LEVERMORE consider the regime, where the
Froude number Fr is much smaller than the aspect ratio § of the shallow domain. The new
equations are obtained from the Froude limit (Fr tends to 0) of the Euler equations with
free surface (the rigid-lid approximation) at the first order of an asymptotic expansion in
82. These equations have local conservation laws of energy and vorticity and are stated as

1
& v — urcurlv + V <b - §|u|2 +u- v) =0,

v=u+ 8> ((u - Vb)Vb
1 1 1 (53)
+ 5b(divi) Vb — Eb—lwbzu - Vb) — 5b—IV(b3div u)> ,
div(bu) = 0,
(bu) -n =0, Uli=o = uop.

To the author’s knowledge no mathematical justification has been given for (55). The reader
is referred to [8] and [149] for a second order approximation dealing with shallow-water
equations. It would be interesting to understand the differences between these systems.
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3.7. Aninteresting open problem: Open sea boundary conditions

Let us mention here an open problem which has received a lot of attention from applied
mathematicians, especially A. KAZHIKHOV and V. YOUDOVITCH. Consider the Euler
equations, or more generally the inviscid lake equations, formulated in a two-dimensional
bounded domain. When the boundary is of inflow type, all the velocity components
are prescribed. Along an impermeable boundary, the normal component of the velocity
vanishes everywhere. This is known as a slip condition. Along a boundary of outflow type,
the normal component of the velocity is prescribed for all points of the boundary.

A local existence and uniqueness theorem is proved in a class of smooth solutions by
A. KAZHIKHOV in [107]. A global existence theorem is also proved under the assumption
that the flow is close to a uniform one and initial data are small. But the question of global
existence and uniqueness in the same spirit as the results by V. I. YUDOVICH remains open,
see [162]. In this paper, the author shows how the boundary conditions can be augmented in
this more general case to obtain a properly posed problem. Under the additional condition
curlvlr, = m(x, ), where 7 (x, t) is — modulo some necessary restrictions — arbitrary,
the author shows the existence, in the two-dimensional case, of a unique solution for all
time. The method is constructive, being based on successive approximations, and it brings
out clearly the physical basis for the additional conditions. To understand this better, open
sea boundary conditions could be helpful for shallow-water equations, for instance with
an application to model the strait of Gibraltar. In order to understand the problem more
clearly, let us consider the two-dimensional Euler equations

ou+u-Vu+Vp =0,
divu =0,

(56)

with the following boundary conditions

u-nlgg =0 on FO,
u=g onTwithg-n <0 onTl', (57)

u-n=y oan,

where T' = TOUT! UT2 with compatibility condition

fg-ndFl—l-/ ydr? =o.
r! r2

In a square domain, using a stream-vorticity formulation, we get

{A\p — . (58)

Ow + 0yWoyw — 0, Wdyw =0
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with the following boundary conditions

R4 given on T,

(59)
0,V = VW .n given on r'.

Here, we see two boundary conditions for ¥ on I''. Usually, when the vorticity is given at
the beginning, it enables us to conclude a well posed global problem. The main objective is
therefore to get some boundary conditions for w from the equations and the other boundary
conditions. Of course this will not be a local boundary condition. Let us explain with a
simpler example, why we can hope for some extra boundary condition on the vorticity.
An example to get extra boundary conditions. Let us prove that it is possible, in a particular
case, to deduce boundary condition on the vorticity assuming velocity profile boundary
conditions. The result is inspired by [51] and concerns the following two-dimensional
hydrostatic Navier—Stokes system

v +u-Vv—vAv+ 0y p =0,
a;p =0, divu =0, (60)
9 vl;=0 =0, w|;=0 =0, Ulz=—1 =0,

where u = (v, w) is the velocity field and p the pressure. We consider a periodic boundary

condition in the horizontal variable. We denote V = (y, d;), A = 32 + 3z2. This system
may be written under the following classical stream-vorticity formulation:

{ata)+u~Va)—vAw=O, ©1)
=0 =0,
and
[—A\y - o, )
V=1 = V¥|;=0 =0, 0 W|z=—1=0.

Note that, in the two-dimension hydrostatic case, the vorticity function is given by w = 9,v.
The question concerns the possibility of finding a boundary condition for w at the bottom,
that means for z = —1. The answer is positive and we can easily prove that such a boundary
condition is

0

0,0];=—1 + w|;=—1 +2/ wwdz = 0.
—1

In the variable bottom case, that is when z = —h instead of z = —1, it is given as an
oblique boundary condition
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—hdw/dn + hi 9w/t + (1 + ()H) ™12

0
X ((hh” + (1 + (WYl + 2/ wow dZ) =0.
—h

Such boundary conditions then help to prove the existence and uniqueness of a global
strong solution for the two-dimensional hydrostatic Navier—Stokes equations in the non-
degenerate case, namely assuming 2 > ¢ > 0. This also provides the exponential decay
in time of the energy. To the author’s knowledge, the degenerate case (that means the case
where / vanishes on the shore) is an interesting open problem.

3.8. Multi-level and multi-layers models

We now give an example where it is important to write multi-level shallow-water equations:
it concerns the modeling of the dynamics of water in the Alboran sea and the strait of
Gibraltar. In this sea, two layers of water can be distinguished: the surface Atlantic water
penetrating into the mediterranean through the strait of Gibraltar and the deeper, denser
mediterranean water flowing into the Atlantic. This observation shows that, if we want
to use two dimensional models to simulate such phenomena, we have to consider at least
two-layers models. The model which is usually used to study this phenomena considers
sea water as composed of two immiscible layers of different densities. In this model,
waves appear not only at the surface but also at the interface. It is assumed that for the
phenomena under consideration, the wavelength is sufficiently large to make the shallow-
water approximation in each layer accurate. Therefore the resulting equations form a
coupled system of shallow-water equations. Concerning viscous two-layer shallow-water
equations, several papers with the diffusion —i2Au in each layer have been written, see
[134] and [89] the references cited therein. Results in the spirit of [142] (see Section 3.5)
are obtained. Note also the recent paper [72], where existence of global weak solutions
of a two-layers model with diffusion of the form —2div(2D(u)) (in each layer) has been
proved, generalizing BD mathematical entropy. Multilayer Saint-Venant systems have also
been studied in [12].

Rigid lid approximation and two-layers. Note that there are very few mathematical
studies concerning the propagation of internal-waves in multi-levels geophysical models
with Navier—Stokes type system. More precisely, there are no rigid-lid approximation
justifications. To the author’s knowledge, there exists only one paper written by B. D1
MARTINO, P. ORENGA and M. PEYBERNES [79] where they propose a simplified system
that allows them to get a global existence and regularity result. This simplification comes
from the necessity to get a L* bound on 1/h;. To achieve this they replace h; by
H; > ¢ > 0 in the term div(h;u;) in the mass equation. Note also the recent paper [67]
concerning interface boundary value problem for the Navier—Stokes equations in thin two-
layers domains with a fixed interface.

Two-layers for submarine avalanches. Submarine avalanches or landslides are poorly
studied compared to their subaerial counterpart. This is however a key issue in geophysics.
Indeed, submarine granular flows driven by gravity participate in the evolution of the
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sea floor and, in particular, of the continental margins. The first layer is filled with a
homogeneous non-viscous fluid with constant density and the second layer is made of
a fluidized granular mass. The two fluids are assumed immiscible. One important equation
to find the rheological behavior of the fluidized granular mass over a complex topography
should be modeled as well as the interaction between the two layers. For instance new
Savage-Hutter type models over a general bottom have been proposed in [88]. This model
takes into account non-Newtonian behavior.

Two-layers for inviscid irrotational fluids. As for free surface water-waves, see [7],
shallow-water type models can be derived from the free surface Euler equations (also
called internal wave equations), but many other regimes can be investigated, which also
include dispersive effects. In [70], the authors derive formally asymptotic models in one
dimensional space. In [24] a systematic derivation of such models has been performed
in two horizontal dimensions and the consistency of these models has been rigorously
established. Their full justification (in the spirit of [7]) remains however an interesting open
problem (to our knowledge the only fully justified model is the Benjamin Ono equation in
a one horizontal dimension with presence of surface tension (see [140])).

3.9. Friction shallow-water equations derivation

3.9.1. Formal derivation ~ We refer the reader the dissertation [164] for a nice review of
free boundary problems for equations of motion of both incompressible and compressible
viscous fluids. We also mention two recent papers dedicated to the formal derivation
of viscous shallow-water equations from the Navier—Stokes equations with free surface,
see [96] for 1D shallow-water equations and see [127] for two dimensional shallow-water
equations.

It could be interesting to prove mathematically such formal derivations. Here we make
a few remarks concerning hypotheses which have been used to derive formally viscous
shallow-water type equations with damping terms.

First hypothesis. The viscosity is of order €, meaning that the viscosity is of the same order
as the depth, and the asymptotic analysis is performed at order 1.

Second hypothesis. The boundary condition at the bottom for the Navier—Stokes equations
is given using wall laws. Namely, the boundary conditions are of the form (07)ung = rou
on the bottom with u - n = 0. These boundary conditions can lead to a drag term. (There is
no such drag term if ro = 0).

This part of the Handbook deals with the derivation of, two-dimensional in
space, viscous shallow-water equations from the three-dimensional incompressible
Navier—Stokes equations with free surface and Navier boundary conditions at the bottom.
We take into account the surface tension and we can assume the viscosity at the main order
or at order one. We present here another way to derive models previously obtained by J. F.
GERBEAU, B. PERTHAME (see [96]) and A. ORON, S. H. DAVIS, S. G. BANKOFF (see
[143]). When the viscosity is of order one, this corresponds to applications in hydrology:
Rivers, coastal models or Geophysical flows as in oceans. Indeed, the viscosity seems to
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be negligible at the main order. When the viscosity is at the main order then it corresponds
to lubrication models.

L. Introduction and equations. The fluid is assumed to be governed by the three-
dimensional Navier—Stokes equations for incompressible flows. A free surface is
considered on the top boundary, which is expressed as a graph over the flat horizontal
bottom. More precisely, the fluid at time ¢ is located in {(x, z) € T2 xRt :0 <z <
h(t, x)}, where h denotes the depth of the fluid layer.

The fluid velocity u is decomposed into its horizontal and vertical components v € R?
and w € R, respectively, directed along the x and z coordinates. Denoting by p the pressure
field, v the kinematic viscosity, o the stress tensor, and D(u) = (Vu +' Vu)/2 the strain
tensor, the evolution equations read as

dv+v- Vv + wd v+ Vi(p+ @) — (A + 3D =0,
dw + v - Vew + wdw + d(p + D) — v(Ay + 3D)w =0,
divyv + o,w =0,

where
®=AQyh) > +3z

denotes the potential associated with bulk forces, see [143]. On the bottom boundary,
friction conditions are considered

Vo, v = &b|v|ﬁbv, w=20

and on the upper surface {(x,h(t,x)) / x € T?}, we require that the stress tensor
o =2vD(u) — pl satisfies

(0 - Mtan = _at|utan|ﬁ[utan’ (0-n)-n=-2Hk, 0h+v-Vih=w,
where for any vector f € R, the notation fian stands for fiun = f —(f-n)n, n denoting the

outer normal to the boundary and H the mean curvature of the free surface. The expressions
of n and H can be given in terms of the depth &

1 t
n=————=(=Vih, 1),

V14 |Vih|?

and

2H = di Vih
— = d1v _—— .
BWESTAE
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Let us rewrite the boundary conditions on the upper surface in a more convenient way.
Denoting by J the expression /1 + |V, /1|2, we have

20wV + (Vew 4+ 8.0) J2 — 2 (Vew + 0,0) - Voh) Vi
N ) (Jsz(v) Vb — (Vih - Dy (v) - Vxh)Vxh>

T3 20,w|Veh|? = (Vew + 8,0) - Vih (|Vxh|2 - 1)
2V, h- Dy (v) - Vih,

(0 - N)tan =

where u,y, 1S given by

vJ? = (v- Vih)Vih + wVyh,
w|Vih|> + v - Vih.

Utan =

J?

The normal stress conditions are expressed as

(o-n)-n= % (2Vih - (Dxv) - Vih — 2V h - (Vyw 4+ 0;v) + 20,w) — p

_ <Vxh>
=rdiv, 7 .

II. Derivation of the SW equations: Viscosity at main order.

The scaled Navier—Stokes equations. The motion of an incompressible fluid in the basin
described above is governed by the incompressible three-dimensional Navier—Stokes
equations. We introduce non-dimensional variables in terms of natural units. More
precisely, we rescale the coordinates and unknowns as follows:

=k E=kx, (=2,

v(t,x,2) =kV(T,£,0), w(t,x,2) =kW(t,§20),
p(t,x,2) =k*P(1,&,0),

h(t,x)=H(t,&), A=KkA, g=~Kg,

ap = kap, o =ka;, K=k, v=1v9~1.
In the rescaled variables, the non-dimensional form of the evolution equations become

1
KB (3:V+V - VeV + W V) +k3Ve(P + ) — kPv(Ag + pa?)v =0,
1
K (3 W + V- Ve W + W3 W) + k%9 (P + ®) — k*v(Ag + ﬁag)w =0,

dive V + 0, W = 0.
We note that the non-dimensional form of the incompressibility condition contains no small

parameters. On the free surface, the condition on the tangential part of the stress tensor is
rewritten in a scaled form as
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239, WV H + & <V5W + kiza; v) (1 + kzlnglz)
— 2k <<V§W + k%aw) : VSH) VeH
— 243 (De(V) - Ve H (14 K2V HI) = KX(VeH - De(V) - Ve H)Ve H )
= — (14219 HP) " LU ol Vs, o
where

| KV (1+ KV HIP) = (V- Ve H)VeH
U = ——— 3
k,tan l+k2|V5H|2 4+k WVgH, )
KWV HP + K2V - VeH.

The normal stress condition is rewritten similarly as

vk*

1

VgH
J 1+ k2| VeH|?

Finally the bottom boundary conditions are rewritten as

2 2 23
—l—ﬁB;W — k“P = «k“divg

kvde V = k2ap| VPV, W = 0.

The change of variables. A classical change of variables allows to us rewrite the system in
a fixed domain sz x (0, 1), by using the following change of variables.

T =t, E=X, ¢=H@ X)Z.
The velocity and pressure variables are rewritten as

V(t,X,Z)=V(t,X, HZ), W(t,X,Z) =W, X, HZ),
P(t,X,Z)= P(tr,X, HZ).

We easily find that for any function f

~ ~0; H
0 f) o (1. X, HZ) = 0 f =02 ] = 2.
(Vef)o(t,X,HZ) = Vx f — VxHozf

H
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Moreover,

2VxH - aZvaZ

(Aef)o(t, X, HZ)=Ax [ — i

AxH _ . ~ _|VxHP?__ ~ 83fZ%V H|?
- VA 2 VA AR
H Zf+ HZ Zf+ H2
We also have
)7
Gefro. X, HZ) = 2L
H
and therefore
2F
@0;f)o(t.X.HZ) = #

The asymptotic analysis. We assume that there exists an Ansatz in powers of k2 that means

2 L AU N T ET
P =Py +k*P 4+, H=Hy+kH +-.

Leading-order. We obtain at the leading order from the horizontal part of the momentum
equation

—va2Vp =0,
whereas the boundary conditions yield
3zVo=0 on{Z=0}, 9 Vo=0 on{Z=1}

It means that Vp is a function of X and t only, which means that for the leading
order horizontal velocity no Z dependence will develop, provided the initial state is
¢—independent. The divergence equation

~

dz Wy

+divy Vo = 0,

combined with the boundary condition on the bottom ﬁ/o| z=0 = 0 gives the expression of
the leading-order vertical velocity
Wo

= —Zdiv x Vp.
HO XVYo

The kinematic condition on the free surface provides at the leading order
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d:Ho + Vo - Vx Hy = Wolz=1.

With the previous expression of W, taken at Z = 1, we obtain the well known transport
equation of the shallow-water equations

dr Hy + diVX(Hov()) =0.

The vertical component of the momentum equation at leading order k2 yields

Vv

3%VT’0 — 37(Py+ dp) =0,
Hy

from which we deduce

~ v ~
Py=—®g+ —0dzWo + D(, X),
Hy

where D is some arbitrary function of T and X. Substituting Py into the leading order of
the upper boundary condition on (o - n) - n, we obtain

37V, a7 W,
220 . Ve Hy+ 20220
Hy

—2v —F() =k Ax Hy.

Using the fact that V does not depend on ¢, we deduce
D(t,&) = —vdivy ‘70 + E)o — kAx Hy,
hence
130 = —2vdiVX\70 — kAx Hy.

Next order. Coming back to order k* in the horizontal component of the momentum
equation, we derive

~ ~ ~ ~ v ~ ~ ~
3 Vo+ Vo VxVo=vAxVo+ ma%vl — Vx(Py + o).
0

This equation can be integrated from O to 1 in the Z variable using the top and bottom
boundary conditions

v ~ ~ ~
—3zVi = ap|VolPVy on {Z =0},
Hy

vVx Hy

~ ~ v ~ ~
—2vDx(Vy) - VxHo + vVx Wy + Fazvl + dz Wy
0

0
= —a;|Vo — Vairl (Vo — Vair) on{Z =1}.
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The shallow-water equations. The above conditions, together with the expression of D,
(Py + ®g), and Wy as functions of Vj, finally give the following shallow-water equations
integrating with respect to Z from 0 to 1

3 (Ho Vo) + divyx (Ho Vo ® Vo) + HoVx Pl z=1
+ap | Vol P Vo + | Vo — Ve P (Vo — Vair)

= K HoVx Ax Ho + divy (2vHoDx (Vo)) + Vx (2vHodivy Vo) .

The term involving the limit bulk forces is rewritten as

HoVx®olzer = SAVy—— + 87y B2
0VxPolz=1 =7 XH02 5 VxHy.

III. Derivation of the SW equations: Viscosity at order one. In this section, the viscosity is
assumed to scale at order 1 with respect to &, that means v = kvy. We will find, in another
way, the system obtained in [127]. For the sake of simplicity, we assume 8; = B, = O,
which means we consider a laminar drag on the top and on the bottom.

The scaled Navier—Stokes equations. We rescale the coordinates and unknowns as follows:
=k, E=kx, =z,
u(t, x,2) =kV(T,6,0), w(t, x,2) =k*W(t, &),
p(t,x,2) =K P(z,§,0),
ht,x)=H(t,l), A=KkA, g=Kkg,

ap = k30l, o = k4a,, K =kk, v=ky.

The equations are rewritten as:

0V +V VeV + WV +kVe(P + D)
[PY)
—kvg A§+k—28§ V=0,
. 1 (63)
OW A+ V- Ve W+ WO W + 20 (P 4 ®)

1 2
—kvg <A§ + k_28§> W =0,

diV§V+3§W =0.

The top boundary conditions on the tangential part of the stress tensor rescale as
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1
4 4 2 2
240 WVeH + k <V5W + —kzagv> (1+#K2veH )

1
—2k8 ((VgW + k—zagv> : ng) VeH
— 2k (De(V) - VeH (14 KAV H2) = KA(Ve H - De(V) - Ve H) Vi H )
32 o
= - (1 + k2|V§H|2) v_(t)k3|Uk, tan|ﬁr Uk, tan horiz»

where

1 kv (14 K219 HP)
U =—— | (V. 3
k,tan 1+k2|V§H|2 ) k°(V 2V5H2)V§H+k WV:H,
K*W|VeH|” +k°V - Ve H.

The normal stress condition is rewritten as

vok?

VgH
J1+ k2| VeH|2

Notice that the pressure has been rescaled in such a way that it does not vanish at the
leading order.

1 2 .
: (VEW - ﬁazv> + k—zagvv) — P = kk3dive

The change of variables. As usual in the free surface case, we write the system in a fixed
domain using the following change of variables.

E=X, =H(t,x)Z.
Then the new domain will be T2 x (0, 1). Let us indicate the change of variables thus

Vt,X,Z)=V(t,X, HZ), W, X,Z) =W, X, HZ),

P(t,X,Z) = P(t, X, HZ).

We easily find that for any function f

~ ~0; H
(@cf)o (. X HZ) = 8 — 92 f— 2.
(Vef)o(t,X,HZ) = Vx f — VxHozf

H
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Moreover,

2aZva.vXHZ

(Aef)o(t, X, HZ)=Ax [ — -

AxH ~ \VxH?  ~  02fZ*V H|?
- Az fZ+2 dyfzZ+ 2L
H Zf + HZ Zf + H2
We also have
) 7
(a;f)o(r,X,HZ)zz—f
H
and therefore
3z f
@Bcf)ot,X,HZ) = Z—{

The asymptotic analysis. Now, using the previous relations and the equations satisfied by
(V, W, P), we can develop the system using an Ansatz with respect to k on (V, W, P),
giving

W= Wo+ kWi +-- -,
P=Py+kP +-.

Leading-order. We obtain at the leading order from the horizontal part of the momentum
equation

V0 275
—05Vy =0.
T

whereas the boundary conditions yield

Vo
Hy
E32‘70|2=1 =0.
Hy

3zVolz=0 =0,

As in the previous section, it means that Vj is a function of 7 and X only, since
dz Vo =0. (64)

That means for the leading order horizontal velocity that no Z dependence will develop,
provided the initial state is Z-independent.

The divergence-free condition at the leading order,
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82‘;170 _ 82?0 - Vx Hy

divy Vo +
xVo Hy Ho

reads

~

dz W

divy Vo + =0
which gives, with the boundary condition on the bottom WO| z=0 = 0, the expression
Wo = —Z Hodivx Vp. (65)
The kinematic boundary condition on the free surface provides at the leading order
(8- Ho + Vo - Vx Ho)lz=1 = Wolz=1. (66)
We obtain at the leading order from the vertical part of the momentum equation
VO .2 ~ ~
—07;Wo — 0z(Py + ®g) =0,
Hy
with the boundary conditions
Wolz=0 =0,
Vo .~ ~
2—0zWo — Polz=1 —kAxHop|z=1 = 0.
Hy
Using the first equation, we get

Po+ &0 = %32‘7"0 + D(X. 7) = —vodivy Vo + D(X, 7). (67)
0

Now, we use the boundary condition on the top to determine D which only depends on X
and 7. We have

Polz—1 = —2vodivy Vo — k Ax Ho.
Thus

(Po + ®)|z=1 = —2vodivy Vo + Polz=1 — k Ax Ho.
We get

D=—kAxHy+ 3>o|z:1 — V()divxﬁo.
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Therefore we obtain from (67)
Py + @9 = —2vodivy Vo + ®olz=1 — k Ax Ho. (68)

Order 1. Using (64) and coming back to order 1, we get from the horizontal component of
the momentum equations

~ ~ ~ VY ~
3 Vo + Vo - VxVo = — a3V, (69)
Hy
with the boundary conditions

0 ~ ~
— 0z Vilz=0 = aVp,
Hy

E32‘71 lz=1 = 0.
Hy

Therefore integrating with respect to Z from 0 to 1, we get

~ o~ ~ Vo . o~ V. o~ o ~
8rV0+V0'VXVO:H_Ozazvlh_H_gaZVHO:_FOVO-
Thus
~ ~ ~ o ~
:Vo+ Vo - VxVop=——V. (70)
Hy
This gives

Hy (0, 170 + Vo . VXVO) + Ol‘70 =0.

Moreover, coming back to (69) and using the previous equality, we get

~ HoV,
Vlza ovo

z
z<1 —5>+C(r, X). (71)

Vo
Using the divergence-free condition (65), Eq. (66) gives
3, Ho + divy (Ho Vo) = 0. (72)

In conclusion (69) and (72) provide the standard hyperbolic Saint-Venant equation with a
friction term at the main order. That means the following system

d:Ho +div,(HoVo) =0,
3z (Ho Vo) + divy (HoVo ® Vo) +aVp = 0.
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Order k. We have

3 H Vo - Vx H ~ ~
o Vi—a v [ 207 4 XY L P v
Hy Hy

o
+ Vo Vx Vi + W Ho

~ 2vg
—voAx Vo — 3V+ 3V—0
0AX V0 Hoz2 Ho zV1

The boundary condition for \72 is given by

H  ~ ~ ~ aH; ~
5-0zVi +aoVilz=0 = aoVilz=0 + ——=Vo.
Hy

Vo ~ V0o
——0zV2|z=0 =
Hy 5

V ~ ~ V ~
—OVXHoazWQ + voVxWo + —032V2
Hy Hy

_ VoH,

—dzVi —2Dx Vo - VXHO) lz=1 = 0.
0

Let us now give the equation satisfied by the average velocity

_~ 1 ~
VI = / Vl dz
0

over the unit depth. We get

~ (3 Ho+ Vo - Vx Ho)

1 _— —_— ~
0 V) — a0 ozViZ +divy(Vo ® Vi) + Vi - Vx Vg
0 0
WoVi)lz— -~ -
+M+VX(P0+¢0)—VOAXVO
Hy
Vo 1 1 1 ~ ~
— 2 [—0zValz=1 — —3ZV2IZ 0] + [0zVilz=1 — 9z V1i|z=0] = 0.
Hy Hy

Now we use the fact that

1 1
/ 0zViZ = Vilz=1 —/ Vi
0 0

and

3 Ho + Vo - Vx Ho = Wolz=1
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to get that

~  (0,Hy+ Vo -VyHy)=~ .. ~ =~ =~ _ ~
5.7, _ o H° X O)V1+d1VX(V0®V1)+V1~VXV0
0

+ Vx (Py + ®¢) — voAx Vo

Y0 o Tlget + o (aVilgmo + 200, ) = 25 o
— = = — | = —— — = U.
H02 ZV21Z=1 H() 11Z=0 H() 0 H02 0

Now using the boundary condition on 9z 172 and on 9z ‘71 on the top and the fact that
Vilz=o = C by (71), we get

Hod Vi — (8 Ho + Vo - Vx Ho + Hodivx Vo) V1
+ HOVOVXVI + H071 Vx Vo
+ HoVx (Po + ®o) — voHoAx Vo
- ;—zvaoazv% + wVx Wo — 2Dx Vo - Vi Ho + «C.

Now using the fact that Wy = — Hpdivy \70 and (68), it gives

Hod. Vi + HoVy - V. Vo + HoVo - Vx Vi
=k HyVxAx Hy + 2vpdivy (HoDx(Vo))
+2v9Vyx (H()diVx VO) —agC. (73)

The shallow-water equations at order 2. Let us now derive the shallow-water equations at
order 2. We just recall, using (71), that

Vi = Vi = Vo + C. (74)
0 3vo
The main idea is to write the equation satisfied by the mean velocity

apHy
31)0

Vi = <1+k )(Vo+k0)
and the height
‘Hyr = Hy+ kH;.

We remark that

~ - H
V=W +£kVy —i—kza—OC.
3vg
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Using (70), (73) and (74), we can write that (V, Hy) satisfies

0 (Hp Vi) + divy (He Ve @ Vi)
=k« HiyVx AxHy + 2kvgdivy (HiDx Vi)

+2kv0Vx (Hidivy V) — — o Vi + OK2).
1 + oo Ik
3))0
Let us now prove that Hy satisfies
3. Hy + divy (Hx Vi) = OK>). (75)

At order 1 on the kinematic condition we have
0 Hy + Vilz=1- Hy+ Vo - VxHy = Wi|z=1.

Let us now use the fact that 0, ‘70 =0, 07 VT’O = —Hpdivy \70 and the divergence condition
at order 1 is

dz W,
0

Hi , VeHo

Vi Z = 0.
Ho Ho z Vi

~ 1 ~

div, Vi — —9z W,

+div, Vg Ho zWo
We get

9, Hy + Vo - Vy Hy + Hodivy V; + Hydivy Vo = 0.

This ends the proof since we get (75) using (72). Recalling that ¥ = kx, v = vpk and
o = kog and writing the system with respect to &€, we find the system derived in [127].

REMARK. We remark that the previous model is of order 2 in the asymptotics. We also
have checked that the Reynolds tensor is given by
—2vdivy (hD(u)) — 2vV, (hdivyu).

In dimension 1, we find —4vad, (hdsu), where 4 is the Trouton viscosity and we comment
that in the literature, it is sometimes assumed as the stress tensor under the form

D = —2\1diVx (th (u))

even in dimension 2. The existence proof given in [37] used this form but seems to be not
valid with the term vV (hdiv,u). A really interesting problem is to try to obtain a similar
global existence result with this stress tensor.

REMARK. There also exist other diffusion terms such as

D=—-hAu
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or
D = —A,(hu).
Such diffusion terms are only heuristically proposed.

REMARK. We remark that the equation on Hy is only approximately satisfied since
d Hy + divy (Hx Vi) = O(k?).
This is not the case for Hy, which satisfies exactly

3, Hy + divy (Ho Vo) = 0.

REMARK. Let us mention here that Coriolis force has been taken into account in [122].
In this note the author shows that the cosine part of the Coriolis force has to be taken into
account if we consider the viscous shallow-water equations derived, for instance, in [96]
and [127]. Note that to get such asymptotic systems, the Rossby number is assumed to
be fixed and not linked to the aspect ratio. It could be interesting to study the aspect ratio
dependent Rossby number.

3.10. Oscillating topography

One of the main features in geophysics is the presence of small parameters. They appear
in dimensionless equations, after appropriate time and space rescaling. They emphasize
the relative strength of some physical phenomena, as for instance the rotation of the Earth,
stratification or wind stress. See also the Handbook written by N. MASMOUDI [129].

This subsection is devoted to the effect of topography on geophysical flows. More
precisely, we will study two different kinds of asymptotics. The first one when the
topography term is a high-oscillating function included in the PDEs. The second one
where the oscillation is encountered in the domain itself, that means with a high oscillating
boundary. Note that the studies we will talk about concern periodic oscillating functions.
It would be really interesting to extend these works to random stationary ones in the spirit
of [71] for instance.

3.10.1. Oscillating topography inside PDEs ~ We consider two models derived from
shallow-water theory: the quasi-geostrophic equation and the lake equation. Small scale
variations of topography appear in these models through a periodic function of small
wavelength e. The asymptotic limit as & goes to zero reveals homogenization problems in
which the cell and the averaged equations are both nonlinear. In the spirit of article [117],
we derive rigorously the limit systems, through the notion of two-scale convergence.

The inviscid shallow-water equations read, in a bounded domain 2:

orh + div (hu) = 0, t>0,x=(x1,x) €,
1
u 1
Btu—}—u-Vu—i—ﬁ:EV(h—}—hb), t>0,xe,

u-nlagg =0, ul—o = uop.
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The unknowns are the height of water 7 = h(¢, x) and the horizontal velocity field
u = u(t,x). The function hp = hp(x) describes the bottom topography. The positive
parameters Ro and Fr are the Rossby and Froude numbers, they penalize the Coriolis force
ut and the pressure term V (h + hp), respectively. We refer to [145] for all details and
possible extensions.

In many questions of geophysical concern, at least one of the parameters Ro or Fr is
very small, which leads asymptotically to reduced models. A standard one is the “quasi-
geostrophic equation”, obtained by the scaling Ro &~ Fr ~ |h;| <« 1. It reads in its
simplest form, (see textbook [125]):

O +u-VY(AY —y +1np) =0, t>0,x €€,

(76)
u=vty, u-nlye =0, uli=o0 = uo,

where ¥ is the stream function associated with the velocity u, and 7, the (rescaled) bottom

topography. Another classical one is the “lake equation”, corresponding to the asymptotics

Ro > 1, ||hp]| = 1, Fr < 1. It leads to:

ou+u-Vu+Vp =0, t>0,xeQ,
div(npu) =0, t>0xeQ, a7
u-nlye =0, =0 = uo,
cf. [110].
Note that for non-varying bottom 7, = 1, (77) become the incompressible Euler
equations.

The main objective is to describe mathematically the impact of variations of relief on
geophysical models. We consider here the effect of fast variations of the topography on
systems (76) and (77). We assume in both cases that

n(x) =n,x/e), n:=n(x,y)eC0<§XT2), 0<e<l,

where T? := (R/Z)? models periodic oscillations at the bottom. We also suppose that 7
is bounded from above and below by positive constants. To unify notations, we denote 1,
instead of 1;,. We will limit ourselves to the weakly nonlinear regime for which ¥ = O(e),
u = O(¢g). Through the change of variables ¥ = ¢W?, u = gv®, the previous systems
become

(3 +ev° - V) (AW® —W¥) +0°- Vi =0, > 0,x €, 78)

V= VI, v nlye =0, 0= g,

respectively
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e +ev® - VP +VpP =0, t>0,x€Q,
div(pev®) =0, t>0,x € Q, (79)
V¥ onlpe =0,  v¥|i=0 = vg.
We wish to understand the influence of 7, at a large scale, as its typical small wavelength
¢ goes to zero. This yields homogenization problems, that can be tackled at a formal level

by double-scale expansions:

WE ~ W0 (1, x) 4+ eW! (1, x, x/e) + €2W2 (1, x, x /&) + - - -
ve ~ 00 (t, x, x/€) + cv! (t,x,x/e)+---

In the quasi-geostrophic model, this expansion easily yields:

( +2°-v,) A, 0" 20V, =0,

3, (Axwo — \1/0) +00 Vo + VIWT . Vi =0, (80)

W =v, w0+ vul 30 n0 =0, 9= = vo,

with f = sz f(, y)dy. These cell and averaged equations form a coupled nonlinear
system. The linearized version of this system has been studied from a physical viewpoint
in [157].

In the lake model, the Ansatz leads to

ERTNERU Vyvo + pro + Vypl =0,

div, m°) =0,  div, (p0) =0, (81)
7 nlpe =0, =0 = vo.

In [45], the convergence of (78) toward (80) and (79) toward (81), respectively, are
proved. The convergence result involves the notion of two-scale convergence introduced
by G. NGUETSENG [137], and developed by G. ALLAIRE [4]. We give here an enlarged
definition, that accounts for variable time and various Lebesgue spaces. Classical properties
of two-scale convergence extend to this framework (see [4]).

DEFINITION 3.17. Let Q a bounded domain of R>. Let v¢ = v(t, x) be a sequence of
functions in LP (Ry; LY(Q)), with 1 < p,q < oo, (p,q) # (00, 00) (respectively in
L® (R4 x Q). Letv e L? (Ry; L9 (2 x Tz)) (respectively in L (RT x Q x Tz)). We
say that v¢ two-scale converges to v if, for all w € LY (R+; o x Tz)),

lim/ /vg(t,x)w (t,x, x/e)dxdr
R, JQ

=0

=/ / v(t, x, y)w(t, x, y)dx dy dz.
R, JaxT?
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For functions independent of ¢, p = 0o and g = 2, one recovers the two-scale convergence
on 2. We state the main result:

THEOREM 3.18. Let gy > 2, vf) bounded in L (), satisfying div v(g) =0, vS -nlyo =0,
ecurl vf) bounded in L*°(2). Assume, moreover, that vg two-scale converges to vy on <2,
with

&
v 2 —> ||V 2 24 .
I 0||L () =0 I OHL (Q2xT?)

Then, to extract a subsequence, the solution v¢ of (78), resp. (719) two-scale converges to a
solution v° of (80), resp. (81).

Idea of the proof. Note that the proof relies on the characterization of the defect measure
of the velocity field. It follows the strategy used in [117], devoted to Euler equations in a
porous medium. The quasi-geostrophic equation is reformulated in an Eulerian framework.
We introduce the two-scale defect measure «, resp. 8 such that [v¢|? two-scale converges
to [v°> + @ and v° ® v® two-scale converges to v ® v” + B. Denoting y = 7@, we prove
that

dqy(t,x) < Cx)py(t,x)! /P

for all p < 400 and we conclude, assuming y |;—o(x) = 0 for almost every x, that y = 0,
as in YUDOVICH’s procedure. Thus o = 0 and therefore using the fact that |8| < Ca, we
get B =0.

To get the fundamental inequality on y, we need to use a standard procedure:
limit/scalar product — scalar product/limit. More precisely, we pass to the limit on the
momentum equation

Nedv° 4+ enev® - Vo + 9. Vp® =0
and then take the scalar product with v°. Then we rewrite the momentum equation as
3 v° + ecurlv® (V)L 4+ V(p° + ¢v°|*/2) =0,
take the scalar product with v® and then pass to the limit. We subtract the results and get
0,77 + 2np : V,00 =0,
where - : - denotes the scalar product for matrices. It suffices now to use the properties of
Vyv deduced from the properties of sw®. Note that ® = curlv®/»® is transported along

the flow. More precisely

;0 +ev° - Vof =0.
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To be able to pass to the limit, we emphasize the two-scale definition and some
compactness properties. We refer the interested reader to [45] for details and also to [117]
for original studies on the homogenization problem.

Bounds on v¢, »f. We use the following Helmholtz—Hodge decomposition of the velocity

18 = Pv® + Vo©, /(1)8:0,
Q

where the operator P denotes the LERAY projector on divergence free space. Together with
div(n®v?®) = 0, this decomposition yields

iver V) =—dive Py [ ¢ =0 8,67 e =0.
We rewrite the equation

3, v° + ecurlv® (V)L 4+ V(p© + ¢v°[>/2) =0
and project it in divergence free space to get

0PV + P (scurlvg(v‘g)L) =0.

We now use the following Meyers elliptic theory. Let € be a bounded domain of R?,
a € L(Q) and f € L%(Q) for some qo > 2, [, f -n = 0. Let ¢ € H'(Q) be the
solution of

div(aVe) = div f in Q, / d=0,  dudlag=0.
Q

Then there exists 2 < gn = gm(llallre, 2) < qo, such that for all 2 < g < g,
¢ € W4 () such that

lollwie = Cllfllze, C=C(q. llallL=, €2).
This gives the following control
v llr < CIIPV® (L

and therefore the L°°(0, T'; L?(£2)) uniform bound on v¥, using the equation obtained on
Pv? and bound on ew?. Using bounds on ew® and v® and the momentum equation, we
get the necessary bounds to pass to the limit in the quantities. The reader interested in this
procedure is referred to [45].

Asymptotics related to shallow-water equations. Let us now give one formal asymp-
totics that has been obtained in [123] and which is actually, with others, under consid-
eration for a mathematical justification in collaboration with R. KLEIN in [49]. We also
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refer readers interested by multiscale analysis and compressible flows to [150]. We con-
sider the non-dimensional weakly nonlinear inviscid shallow-water equations in a bounded
domain €:

oth +ediv(hu) =0, >0, x=(x1,x) €,
1
atu—l—su-Vu—{——zV(h—i-nb):O, t>0, xegq,
&

u-nlpeg =0, ul= = uo.

Note that the Froude number is chosen to be exactly equal to . Then using a two scale-
expansion

h ~ ho(t, x,x/e)+ shl(t, x,x/e)+ 82h2(t,x,x/8) + .-
u~ uo(t,x,x/s) + sul(t,x,x/s) + .-

we get the following system

divy (npu°) =0,

du® +u’ - Vyu® + vih' + vin® =0,
div, (npu®) + div, (npu') = 0,

Vyh? = 0.

Note that this is exactly the same system as the one obtained from the lake equations in the
previous section.

3.10.2. High-oscillations through the domain In the interior of the domain, small
parameters lead to some reduced behavior. For instance, in highly rotating fluids, the
velocity is invariant along the rotation axis: this is the so-called Taylor-Proudman theorem.
In domains with boundaries, this reduced behavior is often incompatible with the boundary
conditions (typically the no-slip condition at a rigid surface). This leads to boundary layers,
small zones near the border where the fluid velocity changes rapidly, so as to satisfy the
boundary conditions.

Geophysical boundary layers have been the matter of extensive work, and we refer
to the classical monograph by J. PEDLOSKY [145] for a physical introduction. On the
mathematical side, it has also been the subject of many studies, in the context of singular
perturbation problems (see for instance [66] and references therein).

Up to the first mathematical study by D. GERARD-VARET, see [94], most of the
theoretical papers focused on smooth boundaries, i.e. defined by an expression

xp=x ), X=(x,x1), (82)

where x| € R is the “normal” variable, x; € R? is the “tangential” variable, and
x : R — R? is smooth. Briefly speaking, the problem is then to derive asymptotics of
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the type:

(83)

. X| — X
V(%) ~ 0™ (1, x) + ! (r, x, w) ,

Ade)

where

e ¢ € R", n > 1 describes the small parameters of the system,

e v° is the solution of the system (mostly of Navier-Stokes type),

o v'" models the evolution of v¢ far from the boundary,

e v’ is the boundary layer corrector, A(g) < 1 being the boundary layer size.

However, in many geophysical systems, the boundary representation (82) (and the
corresponding approximation (83)) can be too crude since realistic bottoms or coasts vary
over a wide range of scales, the smallest being not resolved in numerical computations.
There is need for development of simplified models that describe implicitly the effect on
the large scale ocean circulation. These small-scale variations are not modeled in (82),
(83), in which a slow dependence on x; is assumed. Therefore, the traditional “smooth”
boundary layer analysis can miss interesting physical phenomena.

The aim of this section is to discuss such roughness-induced effects and is mainly
inspired by [46]. More precisely, we are concerned with two different geophysical
problems in idealized configurations.

The first one is the evolution of rotating fluids in rough domains. Recall that the velocity
u and the pressure p of the flow corresponding to an incompressible fluid with constant
density in a rotating frame, is governed by the following Navier—Stokes-Coriolis equations:

exu Vp E
Ro ' Ro ROAM =0 ®4)
divu =0, (85)

o +u-Vu +

where e = (0,0, 1)’ is the rotation axis, Ro is the Rossby number, and E is the Ekman
number. Note that the latitude is assumed to be constant. Let us assume that

Ro = ¢, E=82, ek 1.
This is a classical scaling, for instance relevant to the Earth’s liquid core, for which
Ro ~ 1077 and E ~ 10~!3. This kind of scaling occurs in oceanography, see for instance

[145]. It leads to equations

exu Vp
+T—8AM=0, (86)

ou+u-Vu+
divu =0, 87)

in a 3-dimensional space domain Q°¢, together with the Dirichlet condition

u®lye = 0.
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System (86), (87) has been widely studied in the framework of smooth boundaries,
notably when ©2¢ = R? x (0, 1) (two horizontal plates). In this case, the basic idea (see for
instance [145]) is that for small enough ¢, solutions u* of (86), (87) can be approximated by

1 —
u%gnx,%z)zuUpLy)+u_(Lxdm£)+u+<hxqu Z), (88)
& &

where

e u is a two-dimensional interior term (i.e. u3 = 0)
e u_ and u4 are boundary layer terms called Ekman layers

Moreover, this idea can be made mathematically rigorous under suitable stability as-
sumptions. We wish here to present (86), (87) in the framework of rough boundaries, with
a roughness of characteristic size ¢ (both horizontally and vertically). In oceanography, ac-
curate numerical models require that we are able to parametrize the effects of unresolved
(sub-grid-scale) bathymetric roughness which have a large range of variability. Thus it is
important to develop a physical understanding of oceanic flow along an irregular, sloping
topography in order to provide new appropriate large scale models. In both cases, it is also
important from a physical point of view to understand how the roughness affects the layer
and its stability.

The second problem we are interested in is the effect of rough shores on the oceanic cir-
culation, see [47]. We use the classical quasi-geostrophic model, see [40] for some deriva-
tion studies, which reads

(8, +u10, + u28y) (AVY + By +np) +rAV = Bcurlt + Re_lAz\I’,
w=(up,up)' =V = (=9, ¥, 9, V),

(89)
Vs = —lae =0,
on
V= = 0.
Recall that, in these equations
e U = W(t,x) € Ris a stream function, associated with the velocity field u =

(u1(t, x), ua(t, x))". The time variable 7 lies in R, and the space variable x = (x, y)
lies in a two-dimensional domain €2 to be defined later on.

d/dt = 0; + u10x + uz9y is the transport operator of the two-dimensional flow.

AV is the vorticity and r AW, r > 0, is the Ekman pumping term.

By is the second term in the development of the Coriolis force.

e 1)p is a bottom topography term.

e Pcurl t is the vorticity created by the wind, where t is a given stress tensor.

e Re ! AZW is the usual viscosity term.

Despite its simplicity, this model catches some of the main features of oceanic circula-
tion. We refer the reader to [145] for an extensive physical discussion. Among the related
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papers, let us mention the important work of B. DESJARDINS and E. GRENIER [78]. These
authors have performed a complete boundary layer analysis, under various asymptotics, in
domains

Q= {xuw® <x < Xe(3), Ymin <Y < Ymax} -

They have notably derived the so-called Munk layers, responsible for the western intensi-
fication of boundary currents.

There again, we wish to understand roughness-induced effects on (89). We will consider
a roughness of characteristic size ¢ = f~!/3, which is the size of the Munk layer. In our
view, it is an important step to progress in the understanding of the so-called “Gulf stream
separation”. This expression refers to the abrupt separation of the Gulf Stream from the
North American coastline at Cape Hatteras. This phenomenon, which has been observed
for many years, seems to have very little variability: the current leaves the continent on
a straight path without any visible deflection at the separation point. However, it is still
poorly understood from a physical point of view, see [22] for more physical insight (in
particular for a numerical study of the influence of boundary conditions on the separation
point). Therefore, it is important to try to obtain new models which reflect the Gulf stream
separation, taking into account for instance the effect of rough boundaries.

In this part, we will continue the asymptotic analysis of systems (86)—(87) and (89), at
the limit of small . We will show how to derive new physical models, that incorporate
small-scale effects of the roughness. We will then discuss the qualitative properties of such
models. We only develop the formal and qualitative aspects of the analysis. In particular,
we do not deal with the related existence, uniqueness and stability problems and only men-
tion for the reader a convergence result at the end of this section. The reader interested
in the mathematical justification of the results by D. GERARD-VARET is referred to [94]
and to ours [45], where (86), (87) and (89) are studied exhaustively from the mathematical
viewpoint.

The next section is structured as follows: at first, we describe modeling aspects, mod-
eling of the rough domains, then modeling of the approximate solutions. This leads to
reduced models for the interior and boundary layer flows, whose qualitative properties are
briefly analyzed. We end up with a convergence result theorem.

1. Modeling of the rough problem
The rough domains. We first introduce the domains Qf where equations (86), (87) and
system (89) hold. These domains read

Q°=Q US_UQUE,UQS, (90)

where

e  models the interior part of the domain.

e Qf are the rough parts. They are obtained by periodic translation of canonical cells
of roughness, of characteristic size ¢.

e X, are the interfaces.

Let us now be more specific:
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(1) The rotating fluids system. In this case
Q=T>x(0,1), I_:=Tx {0}, Ty =T x {1}.
Recall that T" is an n-dimensional torus, corresponding to the periodic boundary condi-

tions. Let then y+ = y4 (X, Y) be two positive Lipschitz functions, 1-periodic in X and Y.
We define the rough parts by:

a2 (2]
Q. :={(x,y,z),0<%<y+ (;g)} (92)

Thus, Q2% consist of a large number of periodically distributed humps, of characteristic
length and amplitude €.
(i) The quasi-geostrophic System (89). In this case

Q={x-0) <x < x+(),yeT},
o ={(-M,y),yeT}, X ={0aM,y),y €T},

where x4 are smooth functions. Let then y+ = y1(Y) be two smooth, positive and 1-
periodic functions. We define,

Qf = {(x, v),0 > *—x-0) > —y_ (X>}, (93)
& £
Qi:{(x,y),0<)%+(y)<y+<§)}. %94)

REMARK. By including a few more technicalities, one could consider more general
roughness: for instance, one can add a slow dependence, with boundaries of the type

e lz=y,y, e x,e7ly) (ore7lx = y(y, e y)).

The boundary layer domains. Besides these rough domains, we need additional boundary
layer domains.They are deduced from Q¢ by focusing on the rough parts.

More precisely, we introduce:

(i) The case of rotating fluids:

o — {x (XY, 2), X, YT, -y (X,Y) < Z < 0} :
and

Wy = {X:(X, Y,2),X,Y €T,y (X, Y) > Z >0}.
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(ii) The case of the quasi-geostrophic model:

o ={X=X,Y),YeT,—y_(¥Y) <X <0},
and

wy ={X=X,Y),YeT,y (YY) > X >0}.
We also denote the boundaries of w-.:

My ={Z=2y+(X,Y)}.

The Ansatz. Once the domains are defined, one can start the asymptotic analysis of the
system. The first step is to construct approximate solutions which fit the rough geometry.
Expressions like (83) are not adapted anymore, as we now expect a fast dependence on
the tangential variables (due to the small horizontal scale of the roughness). This leads to
replacing (83) by an expression of the following type:

: xr xL — x(x
v (t, x) = v™ (¢, x) + v (t,x,, ! L= x( t)>,

r(e) Ai(e)
where A;(¢) and A (¢) are the tangential and normal length scales of the roughness.

Profiles. In the case of System (86), (87), we look for approximate solutions of the type:

, , . X z
U (£, X, y,2) = Y ¢ (u’(t,x, y.2) +ul (t,x, »1,2 —)

g e e
. x y z—1
+ul (tx,y, ==, ;
A )

s , Xy z
Php(t.x.3.2) =) &' <p‘ (1, x,y,2) + p_ (t,x, Y=, —)

; X z—1
+ply <t,x,y,g,§, - ))

In the case of System (89), it yields:
W2 y) = Y (\Iﬂ'a,x, ¥+l (r, y, 220 X)

& P
j x—=x+(») y
4wty ———2 = .

In these expressions:

o the u’, p' (resp. W) are interior profiles, defined on RT x Q°
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ethe u, = u(t,x,y,X.Y.2),p. = u(t,x,y,X,Y,Z) (resp. ¥, =
\Ilii (t, v, X, Y)) are boundary layer profiles, defined for t > 0 and X in @™

Note the difference between the Ansatz case (88) and the previous ones. The fast vari-
ables x /e and y/¢ are chosen in order to take into account the variability of the boundary
with respect to the space variable x /¢, y/¢.

Boundary conditions. The interior and layer profiles satisfy the boundary conditions. We
expect the boundary layer terms not to play any role far from the boundaries, which leads
to the conditions

u'y ——0 v, ——— 0. (95)
— 400 Z—+00

We then want our approximate solutions to satisfy the boundary conditions at 92°, i.e.

€ —
Ugpploge =0,
&
app

on

Wapplaoe =0, lage = 0.

Using the expressions of the approximations, this reads

S 1 oronta o () o (ot (5. ))] =0
3 [0 et (2) ) 9 e (2). )] =0

and

3 eint (y, g) . [(Vq/i) (t, xe () E ey (%) , y>
s (g (o) w) (s (2).2) | =0

withé, =1,8_ =0,
n (v, Y) = (=1, dyxe(0) £ dyye(Y)', V= (dx, 0y — xidx)".

Such conditions are fulfilled as soon as

el [l (w8 ey (X, V) + iy (x v,y (X V)| =0,

D W e () Feye (1) ) + WL,y £y (1), V)] =0
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and

Y ena(y ) [(VW) (1 xe () £ eve (V) 1)

+ <1viw;’t + ((;)) \Ifft) (t,y, v+ (Y), Y):| =0.
& y

We can express these last equalities as Taylor expansions in powers of e. Setting each
coefficient equal to zero leads to the desired boundary conditions. They read, fori = 0:

ul (t,x, 9, X, Y, 2y (X, V) = —u’(t, x, y,0), (96)

WOt y, £y (V). ¥) = =000, x2(). ) 97)
and

n*(y, V)WL, y, £y(Y), ¥) =0. (98)

The next terms satisfy

Wt x, v, X, Y, 2y (X, Y)) = —u' (t,x, y,8+) + fL(t, x,y), (99)

Wit y, £y (Y),Y) = =W (1, x+ (), y) + gL (1. y) (100)
and

n*(y, V)WY, y, £y (¥), Y) = hiy(t, ), (101)

where fi, g; and h’i depend on the uk, uki respectively, wk, \l/i, fork <i—1.

II. Formal Derivation. In this section, we will derive the leading terms of the approximate
solutions. This derivation will yield new physical models, including the impact of small-
scale irregularities. As mentioned in the introduction, we restrict ourselves to the formal
part, all mathematical aspects can be found in [94,45].

(i) Rotating Fluids. We plug the Ansatz into Equations (86), (87). The resulting equations
are ordered according to powers of &, and the coefficients of the different powers of ¢ are
set equal to zero. It leads to a collection of equations on the profiles.

Geostrophic balance: At order £ =2 in the boundary layers, we get
Vxpl =0 indg, (102)

which leads to poi = 0. The pressure does not change in the boundary layer, which is clas-
sical (see [145]). At order £ ~! in the interior, Equation (86) yields the geostrophic balance
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exu’+vp’=o. (103)
At order £ in the interior, we get from (87)

divu® = 0. (104)
Using the last line of (103), we have

a,p’ =0 (105)
and taking the curl of (103) together with (105), we obtain

au’ =0. (106)

Thus, p° and u° are independent of z. This is the well-known Taylor-Proudman theorem.
At order £~! in the boundary layers, we get from (87)

divxul =0 in@x. (107)

Use of Green-Ostrogradsky formula and boundary condition (96) leads to

0=/ divxul,
ox
=/ —u(i N4
|
=/ —uo(t, X,y)-nyg
ry
3
=—Zu?(t,x,y) e - N4
i=1 Ty
=ul(t, x, y), (108)

where the last equality comes from Green-Ostrogradsky formula applied to the con-
stant functions ¢; = (;, /)tj:I 3. We thus recover a two-dimensional velocity field.:

u® = (v(t, x, ), 0)".
Boundary layer equations. We focus on the lower boundary layer, the upper one leading to
similar equations. At order ¢! in the boundary layer, we get from (86)

exu +u° . qu(l + prl_ — Axu(l =0. (109)

One can see that Egs. (96), (107) and (109) involve the variables ¢, x, y as simple parame-
ters. We can omit them from the notations, and at fixed (¢, x, y) set
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um =u’ (t,x,y,), p—=pt,x,y,), v=u(,x,y).

Boundary layer equations can finally be written

exu_+Vp_+u_-Vu_—Au_=( 0 ) ino_,

divu_ =0 inao_,

u_ = — <g> onl_

u_ 1-periodic in (X, Y).

(110)

Interior equations. It remains to identify the system satisfied by u® = (v(z, x, y), 0). At

order €0, we have from (86)
u’ +u® Vil +exu' +Vp1 =0
and at order ¢! from (87),

divu; = 0.

As shown in [145], noting ¢ = d,v2 — 9y, the curl of v, we get

¥ +v- Vel = doul.
Then we integrate for z from O to 1, which yields

W +v-Veyt =ui(z=1) —u3(,2=0).

(111)

(112)

Computation of the right hand-side: Eq. (87) gives, at order £ in the boundary layer

divxu' + d,u | + dyu , =0.

Proceeding as in (108) we obtain

—f 8xug1 +8yu(1’2=/ divxui
_ W+

(113)
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so that

ub(,z=0) = —f (8.2 1 +0,u° 5) aX.
w.

In the same way,

Mé(’ 7= 1) = / (8)6“3_’1 + Byug_’z) dX
w.

+

so that ¢ solves

u® u°
0;¢ +v -V ¢ +curl / —u_dz dX + / _;’0’2 dX | =0.
w— —1 w4 +.1

We define the operator

P_(v) = / <_“M;21> ,

where u_ is a solution of (110). We define in the same way function P for the upper layer,

and set P := P_ + P,. Finally, we get that v is solution on T? of

0 +v-V¢+curl P(v) =0,
6 ¢ B (114)
¢ =curlv, v=V_p.

(ii) The quasi-geostrophic model. To derive W and WY, we proceed as above and inject
q 8 P + p i

the approximation into (89).

The Sverdrup relation. In the interior, we obtain at the leading order &3, the so-called

Sverdrup relation:
Oy w0 — curlz.

We choose W0 to cancel at ¥4, so that

X

WOt x,y) = f curl 7(z, x', y)dx'.
X+

The western layer. We recall that

Vi = (3)(, dy — X:/tax)t s
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and we define
AL =Vi Vi
In the western layer, we find
(V2w y,0) 92 (A2 900, v, )
0 ¥\2 4,0
+8X\Ij—(l3ys )_(A—) "I,_(t’yv )=0 (1]5)

Note that (¢, y) only plays the role of a parameter. We complete Eqs. (115) by boundary
conditions (98),

x-)
W,y )r. = / curl (¢, x’, y)dx’,

x+() 116
(n-0. 1) 9x92, 3, 9) e =0, (o

w0 (s, y, ) 1-periodic in Y.
The eastern layer. In the eastern layer, we obtain homogeneous equations: for X € w.,
L y
(Vw0 y0) - via el @, v, )
12
+ox W@,y ) — (A) Wiy, ) =0. (117)
The boundary conditions are also homogeneous, thanks to our definition of wo.

Wty e = (n+(y, Y) - VxWO(t, y, -)) Ir. =0,

\113 (t,y,-) 1-periodic in Y.

(118)

Consequently, this system has the solution lII_O|r =0.

REMARK. Our choice for the stream function WY is the same as in [78]. This is due to
the properties of the eastern coast, which cannot bear a large boundary layer. Indeed, as
explained in [78], the equation satisfied by the eastern profile \IIQL in the non-rough case is

—x W) — (14 (x)H%x ¥, =0. (119)

The characteristic equation of this ODE has only one root with a negative real part, so that
one cannot impose simultaneously conditions on \IJR, ox \IJR at the boundary and a condi-
tion at infinity. The same difficulty appears in the rough case, as Eqs (118) “contain” the
differential equation (119). Note that this difficulty is not present in the western layer, as
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the underlying ODE
W — (1 + (x)H*3v’ =0

has two characteristic roots with negative real parts.

This ends the formal computations. Starting from the rough domain ¢, we have derived
new models, defined on smooth domains. They give, at least formally, the leading dynamics
of the flow. Therefore, we will discuss their qualitative properties in the following section.
III. Brief physical insight. We end this part with a few qualitative elements on the boundary
layer systems (110) and (115), (116), as well as on the interior system (114).

Boundary layers. The first point to notice about (110) and (115), (116) is that they are par-
tial differential equations (PDE’s). This is a big difference from the non-rough case, for
which the boundary layers are governed by ordinary differential equations (ODE’s).

Indeed, the Ekman layers are governed by:

i(ug 1 +iug o) — 85 (a1 +iug o) =0,

which is an ODE in variable Z (see [145]). In the same fashion, the classical Munk layer
obeys to the equation

axW? — (1 + x_(mHogwl =0

which again is an ODE in variable X.

The reason for this change is that the small tangential scales of the roughness lead to
tangential derivatives of the same order ¢~ ! as the normal ones. Therefore, all derivatives
get involved in the boundary layer system. As a physical consequence, the dynamics of the
fluid becomes more complex.

As another source of complexity, the equations become nonlinear. They include
quadratic terms, derived from the advective term of the Navier—Stokes equations. There
again, this is very different from the non-rough case, which involves only linear equations.

For all these reasons, the behavior of the flow is less tractable. In particular, no explicit
resolution of the system is possible. However, thanks to various (and quite technical) math-
ematical tools, one can recover some information. For instance, one can show that these
boundary layer solutions still have exponential decay. We refer to [94,45] for the proof of
such results. We finish this section with a convergence theorem established in [45].

THEOREM 3.19. Let W¢ be the unique smooth solution of quasi-geostrophic model. There
exists Coo such that if || f;&: curlt||eo < Coo then

||\I-’£ — \y:pp”Loo(O,T;Hl(Qg)) —0 ase— 0,

where

X — X—
‘pgpp(t5-xa )’) = \Ijo(t’x) + \Ijg <t9 Y, Ma X)

& &

with 1® and WO defined as before.
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Note that in [45], existence and exponential decay of the boundary layer corrector rely
on the implicit function theorem and main lines adapted from [91] to the periodic case, as
in [9]. More precisely, we separate the stream-function W into two parts: the main value 7
with respect to the horizontal variables and the remaining part . We prove that || U Il Em ok
decreases when || A2 \I/|| LZ(wR) decreases with respect to R where w® = 0® N {X > R}.
Then we prove that || A2 7 | L2(qr) decreases using the standard Gronwall inequality.

REMARK. It would be very interesting to generalize such an approach to a non-periodic
roughness distribution and more generally to random spatially distributed roughness
boundaries in order to be more accurate.

3.10.3. Wall laws and oceanography  The general idea in wall laws is to remove the stiff
part from boundary layers, replacing the classical no-slip boundary condition by a more so-
phisticated relationship between the variables and their derivatives. Depending on the field
of applications, (porous media, fluid mechanics, heat transfer, electromagnetism), different
names for wall laws are encountered such as SAFFMAN-JOSEPH, NAVIER, ROBIN etc. In
the shallow-water theory, drag terms such as CHEZYE, MANNING are encountered. They
come from small scale parametrization of bottom roughness and they are far from being
justified since they involves highly nonlinear quantities. High order effective macroscopic
boundary conditions may also be proposed, depending on the order we cut off the process
in the Ansatz, such as WENTZELL boundary conditions (second-order boundary condi-
tions). Anyway, in the steady case, numerical simulations have shown that first or second
order macroscopic wall laws provide the same order of approximation. This is due to the
complete averaging procedure from which we lose all the microscopic behavior. This is
exactly the idea in [53] where new wall laws, including microscopic oscillations and a
counter-example, are presented. More precise multi-scale wall laws are under considera-
tions in a paper still in progress, see [31]. Note that we have seen that boundary conditions
at the bottom greatly influence the derived shallow-water type systems: A non-slip bound-
ary condition implies a parabolic main profile and a slip boundary condition implies a main
profile that does not depend on the depth variable. In fact it would be interesting to look
at roughness effects (depending on the difference between the roughness profile amplitude
and the free surface aspect ratio) on the shallow-water systems derivation. In this section,
we will not enter into details concerning wall laws and will not be exhaustive at all.
Periodic Case. Let us explain in a simple way the idea behind Navier type laws. Consider
a stationary flow governed by the following system

—vAu® 4+ Vp® = f inQ,,
divu® =0 in g, (120)
ut =0 on ¢,

where I'¢ is a periodic oscillating boundary defined by a function y and

E={(x,2):x € R2,ey(x/s) <z}
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Since the domain depends on the small parameter, the main idea is to approximate the
system using a model defined on a fixed domain, namely

—vAu' +vpl=rf in Qp,
divu' =0 in o, (121)
Souy | 0
S,BBZ +u, =0, uz =0 onI",

where f is a well defined boundary corrector depending on & = x/e and u! = (ui, u;).
We note f = |71\ /. - B(y)dy, the mean value of B over the periodic cell. The new bound-
ary condition on the bottom is called the Navier boundary condition. The formal asymp-
totics have been mathematically justified by A. MIKELIC- W. JAEGER, S. NAZAROV, O.
PIRONNEAU et al. where the boundary corrector is described on a periodic cell and has an
exponential decay property far from the boundary. It has already been proved that the H'!
error between u® and u® is O (¢3/%). Note that in [53], we derive exact approximations of
u® on the rugous wall up to the second order. For these fully oscillatory approximations we
prove exponential convergence inside the domain. Then we show that, despite this great
rate of convergence, the corresponding macroscopic wall law behaves badly and does not
conserve the nice properties of the full boundary layer approximation. Microscopic oscil-
lations have to be taken into account in wall laws. More precise multiscale wall-laws are
still in progress in [31].

Generalization of wall laws functions formulation have been obtained recently for

curved rough boundaries (see [136], [135] and references therein).
Non-periodic case. In some recent papers by A. BASSON, D. GERARD-VARET, see [16]
and [95], the analysis, justifying Navier boundary conditions, has been extended to ran-
dom spatially homogeneous boundaries. The main conclusion (that is approximation by a
macroscopic Navier law) remains valid, but the analysis of the auxiliary system is much
more difficult, and the asymptotic behaviour far from the boundary is modified, solutions
do not decay exponentially fast. The justification of this behavior involves tools like Saint-
Venant estimates, the ergodic theorem, or a central limit theorem for weakly correlated
random variables. The last paper relies on ideas for homogenization of elliptic systems,
see [14] and finds, under some conditions on the random repartition, an H I error up to
0(£3/?|logel).

We also mention the recent papers [56,58,57], which have proposed a new method based
on a mechanical and energetic account of arbitrary asperities in terms of Young and ca-
pacitary measures. It concerns arbitrary roughness and the periodic distribution consid-
ered in [64]. A mechanical account of the rugosity is developed in terms of parametrized
(Young) measures. This allows us to obtain very general situations in which the perfect
slip conditions are transformed in complete (or partial) adherence ones. Partial adherence
means the effect of ribbed boundaries: perfect adherence in one direction and perfect slip
in another. For instance, they prove that under mild assumptions any crystalline boundary
produces the rugosity effect, regardless of the distribution of the asperities. On the second
hand, an energetic account of the rugosity effect is performed in terms of capacitary mea-
sures. At this moment, they are able to estimate from an energetic point of view, how the
flow is enabled to slip in a (given) direction of a vector field tangent to the boundary. This
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estimation is done in terms of a capacitary measure and involves a type of friction law. Very
rough asperities lead to perfect adherence and mild asperities lead to a directional friction.

Conclusion. Previous sections employ a multi-scaled approach to derive new nonlinear
boundary layers equations, new wall laws or new approximate equations. These results
may be seen as parametrization of the effect of small-scale topography on large scale flows
in geophysics. Of course a lot of studies have to been done: quasi-periodic framework,
random spatially homogeneous framework on curved rough boundaries, non-Newtonian
flows, multiphasic flows, multi-scale wall laws.

4. No-slip shallow-water equations

Suppose that one starts with standard Dirichlet boundary conditions instead of a wall law,
which by itself is a model of boundary layers close to the bottom. Then, assuming a slope
term or a strong enough external force, we get in the shallow-water type system a linear
drag term due to the parabolic profile of the velocity, and the usual quadratic term 9, (hu?)
is replaced by 60, (hu?) /5: see system (4) for the shallow-water equations derived in [158].
For the sake of completeness, we will give this formal derivation in what follows. Note that
a rigorous derivation of such applicable shallow-water equations has been recently written
with P. NOBLE, see [54] for a proof in one-dimensional space for shallow-water with a
non-zero capillarity coefficient

THEOREM 4.1. Assume that the Weber number We has the form We = Eg‘T Then there
exists &1 > O such that if
sin(6) 1holoo
=ej,
JeEK &

1
+182holo + &% 1ol 5 + Vel o, wo)l 2 < e1.
(122)

and that Sil}{ﬂ is sufficiently small, then the function R, given in (168), is bounded as
follows

IR 22(0.00:L2(1y) < CV/e
with C, a constant which does not depend on ¢.

This proves the convergence from the Navier—Stokes equations with free surface to a
shallow-water type system with a non-zero surface tension coefficient. To extend this result
to the zero surface tension coefficient is a really interesting open problem. Let us mention
here for the convenience of the reader some recent works written by [25,27], in order to pro-
pose some generalizations of shallow-water equations which take into account first order
variation in the slope of the bottom. Looking at the asymptotic with the adherence condi-
tion on the bottom and free surface conditions on the surface, he proves that depending on
the Ansatz for the horizontal velocity and for the viscosity coefficient, we can formally get
various asymptotic inviscid models at the main order.

Idea of the proof. The proof is divided into several steps. In the first part, we derive uni-
form estimates, with respect to the aspect ratio, of solutions of the Navier—Stokes equations
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combining similar process to those used in [138] and similar estimates to those in [154].
Reader interested in Navier—Stokes equations with free surface is also referred to [3,17,
18]. See also [155] for a result on Navier—Stokes flows down as inclined plane. We then
use the formal derivation to conclude the rigorous derivation of the shallow-water model,
proving that the remaining terms can be neglected. Note that our mathematical justification
implies a non-zero capillary coefficient assumption. We also get some results concerning
lubrication models which are included in the shallow-water mathematical derivation with
no surface tension coefficients.

Lubrication models. As a by-product of the derivation of shallow-water equations, we
shall obtain a hierarchy of a model with a single equation on the fluid height /. These are lu-
brication models. First of all let us recall that /2 and v satisfy the mass conservation equation

h; + (hv)y = 0. (123)

As a first approximation, kv satisfies the expansion

h3 h
hy = 2s? +/ (u—u®). (124)
0

Substituting Eq. (124) into (123), one obtains the Burgers-type equation

h3 h
he + <s—) = —0, ( (u — u<°>)> ) (125)
3, 0

We then deduce from the analysis of the previous section that

h
_a, (/ - u“”)) — 05
0

in the L? ((0, 00), L*(R))-norm and this justifies the fact that the Burgers-type equation
(125) is a first approximation of shallow-water flows. Furthermore, we can obtain more
accurate models, using the more precise expansion of hv:

3 h(t,x)
(hv)(t, x) _os" (;’x) + e/ aV(t, x, 0)de
0

h(t,x) I
+£Re/ RV (1, x, 0)de, (126)
0

where 7 is the function

aV = 2p@ _Re (ufo) +u@y® 4 w(o)u§0)> :
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Then there is a lengthly but straightforward computation to show that 4 satisfies the lubri-
cation equation

h3 8S2 3 —
oh + 0y EY 2s + ¢ Re?h —2¢ | hy 4+ 2ekhyxy = Ruup 127)

and the function Ry, satisfies the estimate

3
1R1up ||L2(0,oo;L2(R)) < Ce2.

This justifies the lubrication approximation for shallow-water flows

h3 852 3 —
drh + 0y Y 2s + ¢ Re?h —2c | hy 4+ 2ekhyxx =0. (128)

At this stage, one can derive a viscous Burgers equation: let us write 4 in the form
h = 1+ eh(e(x — 2st), €21). This is precisely the diffusive scaling used in [156], to
derive a viscous Burgers equation from the full Navier-Stokes system. Then one proves
that & satisfies, up to zeroth order in &, the equation

Ok + ady (D) = Boyh, B> 0. (129)

As a conclusion, we recover a result similar to that of H. UECKER [156] in the particu-
lar case of periodic functions in the streamwise variable: here we can also prove that the
perturbation / decays exponentially, whereas the localized solutions of (129) have a self-
similar decay. Reader interested by results around lubrication approximation are referred
to [21,84].

REMARK. It is really important to understand that the derivation procedure proposed by
J.-P. VILA (reproduced below and generalized in [28] for arbitrary bottom topography) is
really general. This means that more complex fluids may be considered, such as power law
flow or Bingham fluids. It provides a hierarchy of models and includes, for instance, lubri-
cation models derived by C. ANCEY, N. BALMFORTH, M. WEI and others. Such studies
are still in progress by L. CHUPIN, P.NOBLE, J.-.P. VILA. See also [147,10] for a review
on avalanche models.

REMARK. Our mathematical justification assumes periodic horizontal boundary condi-
tions. It would be interesting to work on rigorous shallow-water type approximations with
contact angle, see [144,97] for a lubrication approximation.

Formal shallow-water equations derivation from no-slip bottom boundary conditions.
In what follows, we reproduce the formal derivation, due to J.-P. VILA, of the shallow-
water model from the incompressible Navier—Stokes equations with a free surface and
no-slip condition on the bottom. The fluid flows downward to an inclined plane under the
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effect of gravity. The Navier—Stokes system comes with boundary conditions: we assume a
no-slip condition at the bottom and continuity of the fluid stress at the free surface, the fluid
being submitted here to surface tension forces. Moreover, assuming that the layer of fluid is
advected by the fluid velocity, we obtain an evolution equation for the fluid height. We first
scale the equations in the shallow-water setting. Then we calculate formally an asymptotic
expansion of the flow variables with respect to the film parameter ¢. Inserting the expansion
in depth-averaged continuity and momentum equation, we obtain a shallow-water model
and identify a remainder that formally tends to 0 as ¢ — 0.

4.1. Scaling the incompressible Navier—Stokes system

We consider a relatively thin layer of fluid flowing down an inclined plane, at an angle
6 with respect to the horizontal, under the effect of gravity. The fluid is incompressible
and the fluid density is constant and set to 1. The flow is supposed to be 2-dimensional. A
coordinate system (x, z) is defined with the x-axis down the slope and the z-axis upwards,
normal to the plane bed. The longitudinal and transverse velocity are denoted by (u, w),
the pressure by p and the total flow depth by 4. The fluid layer €2; is the set

Q = {(x,z) eR*:0<z< h(t,x)}.
The incompressible Navier-Stokes equations reads, for all (x, z) € €2;:

ur + uuy + wu; + py = gsind + vAu,
w; +uwy + ww; + p; = —gcosb +vAw, (130)
uy +w; =0.

The v constant denotes the fluid viscosity and g is the gravity constant. The Navier-Stokes
equation is supplemented by boundary conditions. More precisely, we assume at the bot-
tom a no-slip condition:

lz=0 = wlz—o = 0. (131)

At the free boundary, we assume that the atmospheric pressure pg;,, is constant and set to
0. The fluid is submitted to surface tension forces. Hence, the continuity of the fluid stress
at the free surface yields the following conditions:

_3 14 h2
Plozh + khyx (1 +h2)72 = —2v S tuxle=n,
x (132)
Uzlz=h + Wylz=p = _4—wa|Z:ha
1 — h2
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where x measures the capillarity. The fluid layer is advected by the speed u = (u, w),
giving the evolution equation for the fluid height (the usual kinematic condition)

he + hyut|;=p = W= (133)
This set of equations possesses a classical steady solution, the so-called Nusselt flow. The

height of the fluid i (x, t) = H is constant, the transverse component velocity w is equal
to 0 and the longitudinal component speed u has a parabolic dependence with respect to z

Ux,z2) = 2i(zhrz—zz) sind. (134)
v
Moreover, the pressure is hydrostatic:

p(x,z) = g(H —z)coso. (135)

Adimensionalization and rescaling. We shall use the Nusselt flow in the sequel to scale
the Navier—Stokes equations. Using the notation Uy = gH?/2v, we define the rescaled
variables

_ — _ H
z=HzZ, h=Hh, x=LXx, &= —,
L
u="Uu, w=-¢eUyw, p=gHp, (136)
L _ HUy K
t=—t, Re = , We = .
Uy v gH?

In what follows, we denote ¢ = cosf, s = sinf. Under the shallow-water scaling and
dropping the bar over the dot, the Navier—Stokes equations read for all (x, z) in €2;:

2 2s 1 5
Ut+MMx+wuz+ng:E+E(€ Uyx + Uzz),
__ % ) (137)
w;—i—uwx—i-wwz-l-mpz = _m“l‘%(s Wxx + Wzz),
uy +w; =0.
The no-slip condition u|,—¢9 = w|,—o = 0 and the evolution equation for A
he + hy u|=p = W|;=p, (138)

are unchanged, whereas the continuity of the fluid stress reads
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212

Pleh + &2 We e (1 +2h%) 77 = —¢ % Uyle=n,

B (139)
) 4ehy
Uzglz=h + & Wxl|z=n = _mwﬂz:h

In fact, we prove that in the asymptotic regime ¢ — 0, the solutions of the
Navier—Stokes equations (137) with rescaled boundary conditions are close to the station-
ary Nusselt flow and have an asymptotic expansion with respect €. This is done in the next

section.

4.2. Asymptotic expansion of solutions

Under the shallow-water scaling, the flow variables are close to a Nusselt flow. More pre-
cisely, we write the Navier—Stokes equations as a differential system in the cross-stream
variable z with boundary conditions at z = 0 and z = h. First, the longitudinal component
velocity u satisfies

U, +2s =2¢epy +eRe (uy +uuy + wuy) —8214”

= lI”u (Ms w, P) (tv-xv Z)v

ul,—o =0,
=0 (140)
) 2
Uglz=h = —& Wxlz=h + mhx Ux|z=h
=TI, (u, w) (t, x).

The functions ¥, (u, w, p), I1, (u, w) satisfy formally the estimates

W, (, w, p) = O (s +eRe), T, (u, w) =(9<g2>. (141)
Integrating (140) with respect to z, we obtain

22
u(t,x,z) =2s | h(t, x)z — 5T Fu (u, w, p) (1, x,2), (142)

where the function F, (u, w, p) is defined by

-7:14 (M, w, P) (t,X, Z)

z h
— 2T, (4, w) (1, x) — / / W, (u, w, p) (1, x, y)dydz. (143)
0 z
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As a consequence, the longitudinal velocity component # expands in the form

2
u(t, x,7) = 2s (h(t,x)z _ %) +O (s +¢Re). (144)

The profile for u is then closed to a Nusselt type flow. We show in a similar way that the
pressure is close to a hydrostatic distribution. More precisely, the pressure p satisfies the
ordinary differential equation with respect to z:

&2 Re

£
p;+c= E(wzz + Ezwxx) - (w; + uwy + wwy)

=W,(u, w),x,2),

_Re Iy 1+¢&2h2 (143)

K — ClUy|ymp———
2 (11e2n2ys 1=e2h3

Plz=h

_Re
= —thxx + Hp (M) (l, -x)s

where the constant k, defined by k¥ = £2We, is assumed to be of order O(1) in order to see
the capillarity effects. The functions W, (u, w), IT, (u) satisfy the formal estimates

W, u, w) =0 (g), I,w) =0(e). (146)
We integrate (145) with respect to z and find
_Re
plx,z,1) = _KThxx +cth—2) + Fpu, w, p)(, x, 2), (147)

where the function F, (u, w, p) is defined by

h
Fpu,w, p) =T ,)(x,t) — f W, (u, w)(t, x, y)dy. (148)
Z

The pressure p has, in a first approximation, an hydrostatic distribution and expands to the
form

R
p(x, 2, 1) = —E{hm +eth—2)+O@). (149)

The transverse component velocity w is determined, using the free divergence condi-
tion w, + u, = 0 and the no-slip condition w(x,0) = 0. More precisely, we find
w(t,x,z)=— foz uy(t, x, y)dy. We deduce that w has the asymptotic expansion
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Z
w(t,x,z) = —f uy(t, x, y)dy = —shy Z2+0 (e + €Re). (150)
0

In the following, we describe an iterative scheme to compute a formal expansion of
Navier-Stokes solutions to any order in €. First, we define the functions «® and p© as

WO, x,2) = sQh(t, x)z — 22),

0 _ (151)
pO®t,x,2) = —kRehyy /2 + ¢ (h(t, x) — 7).

We write the Egs. (142) and (147) in the form

0)
(Z) - (;(0)) + Fu, p. ), (152)

where the function F (u, p, €) is defined by

Fuu, w, p)

Fu, p,e) = <.7-"p(u, w. p)

) , w(t,x,z) = —/Z uy(t, x, y)dy. (153)
0

Then, any solution of the Navier-Stokes equations appears as a fixed point of an operator
that is formally O(e 4 eRe)-Lipschitz on any bounded set. Following the proof of the fixed
point theorem, we define the sequence of functions (u”, w®, p("))’p1 such that

(n+1) 0)
u u
(p(n.:,_])) = <p(o)> + 7 (u(n), p(n), g) (154)

and w™ (¢, x,2) = — [ ul"” (¢, x, V)dy.
We assume that all the derivatives of (u, w, p) remain bounded and the sequence
(u”, w™, p(”))n>l is bounded. We can prove by induction the formal estimate

max (|u U™ — w®), |p— p<">|) —0 ((8 + 8Re)”+l) . (155)

As a consequence, we clearly see that the n-th term of the sequence of functions
(u", w™, p™) _, is aformal approximation of a solution of the full Navier-Stokes equa-

tions up to order O ((e + 8RC)"+1). In what follows, we use that approximation of the
solutions to close the depth-average continuity and momentum equations and obtain a
shallow-water model.

4.3. The shallow-water model

In the following, we write the shallow-water model for the fluid height / and the total dis-
charge rate hv = foh u(.,y,.)dy. Here v represents the mean velocity along the depth flow.
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On the one hand, integrating the divergence free condition u, 4+ w; = 0 along the fluid
height and using the kinematic equation for 4 namely h; + hyu|,—p = w|;=p, we find

h
hy + (/ u(x,z)dz) = h; + (hv), = 0. (156)
0 X

Note that the equation is exact and already in a closed form. Let us now write an evolution
equation for hv = foh u(-, -, ¢£)d¢. For that purpose, we integrate the evolution equation
on the velocity component u along the flow depth and substitute the boundary conditions
(139) into the resulting equation:

h h 2 h hxx
(/ udz) +(f uzdz) +—</ pdz) +K———hy
0 ¢ 0 « Re\Jy v (1+62h2)2
L osh—uoy+ L /hz d (157)
= — SN — uz(x, - u .
eRe ¢ Re \ Jo r & .

In order to write a momentum equation in a closed form, we shall calculate an expansion
of the averaged quantities in (157) with respect to ¢, h, v. First, let us note that

h(t,x) h(t,x) h(t,x)
(hv)(t,x):[ u(t, x, £)de :f u<">(t,x,;)dg+/ Su(t,x,s)d¢
0 0 0

3

h(t,x)
:2s—+/ Su(t,x,)de.
3 0

Here, the function u is simply 8u = u — u®. From the previous section, we deduce the
formal estimate Su = O (¢ + ¢Re). We compute the average quantities foh u* and foh p:

h(t,x) h(t,x)
/ W2t x, )dg = / @O, x, 0)de
0 0

h(t,x)
+/ (u2 — (u<°>)2) (t,x, 0)de
0

= D (120, 2
h(t,x)
+/ (= @?) . x. 0)de. (158)
0

We substitute 2sh? = 3v — % foh Su into (158). The average quantity foh u? reads

h(e:x) 2 6 5 1)
/ u“(t,x,)de = §(hv )Wt,x) +Ry7, (159)
0
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where the function Rgl) is defined by

M M e
Ry, x)= A W — @), x,¢)de

12 h(t,,x)
+—vf Su(t, x, ¢)d¢
15 Jo

2 h(t,x)
+ SheD /0 du(t, x, £)d¢

Inserting the estimate u — u® =0 (¢ + €Re) into the expression for R, we find that,
formally, R; = O (e 4+ ¢Re). We easily compute the average quantity foh p:

2

h _Re h?
0 P(’ A = —K——hhy, +c—

Sty + a6

with

h(t,x)
RPwx = [ (= p¥) (x.0odc.
0

We easily prove that, formally, R(lz) satisfies the estimates REZ) = O(e+¢Re). Substituting
(159) and (160) into (157), we obtain

(hv); + 6h2+ 2 0 ©hh ! (2sh (x,0) +R

v —hv —Cc— —K = — (2sh —u,(x, s

'T\5s Re 2 T CRe : !
X

(161)
where the function R is defined by

Ri=-d, R -9, RP

+ éax (/Oh (e, -, ;)d;) +z((1 —a +52h§)—%)hxhxx) (162)

and satisfies the formal estimate
Ri=0@ERe+1+Re™ ).

Dropping the “small” term R, we can see that the momentum equation (161) is almost in
a closed form and yields a shallow-water model for /, hv. There remains the elimination
of u;(x, 0). Due to the presence of the singular factor 1/(¢Re), we cannot directly use the
expansion
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3v
u;(0) = ug()) (0) + O(e + cRe) = " + O(e + ¢Re).
In that case, the remainder would be of order O(1). As a consequence, we need an asymp-
totic expansion of u#,(0) and hv with respect to ¢ and a function of 4 and its derivatives up
to order 1. For that purpose, we use the function u‘! introduced in the previous section.
Recall that we have the estimate u — u) = © ((8 + sRe)z). We aim to compute an ex-

pansion of v and u (., 0) up to order 1: let us expand u with respect to e. We find, using
the iterative scheme introduced previously, that

z h
u=u®_ / / 26 p© + eRe(” + u@u® + w@u®) 4+ eRe R (163)
0 Jy

where the notation foz f yh f is used to define the function of (¢, x, z) as

z rh 7z pht,x)
/ / [t x) = / / f(t, x,7)dzdy.
0 Jy 0 Jy

Moreover, the function Rg) is defined as

h z ph
el [ e [ G
Ry == Uy = Uyy = = P=p")
27 Reo Sy N o )y Re !

w® (h) )

w (h) )
1 —¢&2h2

(0)

£Z h
" Re (wy(h) +

z ph
+/ / w —u @) + (uuy — uQu®) 4 (wu, — w(o)ugo)).
0 Jy

It is easily seen that Rgl) =0 (s(l + Re + Re’l)). In order to simplify the notations, we
denote by 7" the function

=2 p(o) - Re(u,go) + u(o)uj(co) + w(o)ugo)).
Then the component velocity # expands in the form

u=u® 47V 4 eReRY. (164)

From (164) we deduce that

ulm0 = 25h + £ 3.0 |, + eRed, R\ |0,
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h(t,x)
a M, x, 0)de

3
(o)t x) = 25" (;’x) L

h(t,x) X
—i—sRe/ RV, x, £)de.
0

Then eliminating 2s/ from the expansion of u,|,—¢, one obtains the asymptotic expansion

3 h
+¢Re <BZR§1)|2=0 - /O Ré”) . (165)

We substitute the expansion (165) into the momentum equation (161)

(hv); + % 24 2 . ©hh
v —=nv —C— — K
t 5 RC 2 . XXX

1 3
(m — h”) — T4+ R+ R, (166)

eRe

with 7 = 135 25)2 h* hy + §25) h? by and Ry = 3R .0 — 5[5 RS". Dropping the
“small” term R = R + Ra = O(e(1 + Re + Re™!)), we obtain a shallow-water model

in a closed form

hi + (hv)x =0,

6 2 K2 _ 1 3v (167)
(hv); + (—hv2 + R_ec7> —Khhyyy = “Re <2sh - 7) - 1.
X

5

The term 7 can be written as the sum of a conservative term and a remainder of order

O(e + eRe). More precisely, we substitute the expansion

h3 h
hv = 25— +/ (u—u®)
3 0

into the conservation law &; + (hv), = 0. As a result we find that

h
hy = —2sh®>hy — 0, (/ (u — u<°>))
0
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and the function t reads T = —%(hS)x — %8)( (foh (u — u(o))>. If we introduce the
notation R = R + %8)( ( foh u— u(o)), the momentum equation (166) reads
2 K2 (2s)2

6
h N e
(”)’+<5 Ut R T 75

1 -
h5> — Rhhyyy = — (2sh - 3—”) +7R. (168)
. cRe h

The remainder R is formally of order O(g(1 + Re 4+ Re™!)). Dropping this “small” term,
we obtain a conservative form of the shallow-water model (167):

hy + (hv)x =0,
6 , ch® (25)%
(hv); + ghv +E s (169)
X
_ 1 3v
—Khhxxx = ﬁ <2S1’l — 7) .

This concludes the formal derivation of a shallow-water model from the full Navier—Stokes
equations with free surface. Formally the remainder term R (resp. 75) tendstoOas e — 0.
To justify the formal derivation presented here, we compute a priori estimates in classical
Sobolev norms on the solutions (4, w, p) of the full Navier-Stokes system and prove rigor-
ously that the convergence of R (resp. R) to 0 holds true in a suitable norm. Finally, we can
easily obtain a shallow-water model without capillarity by setting the capillary coefficient
x to 0 in (169). However, capillarity is important to obtain energy estimates on solutions
to Navier—Stokes equations and to justify the asymptotic process between Navier—Stokes
and shallow-water.

5. Coupling models — Some comments
5.1. Multi-fluid models

This section closely follows the introduction in [33]. Reader interested by modeling at
different scales for multiphase flows is referred to [77]. Most of the flows encountered in
nature are multi-fluid flows. Such a terminology encompasses flows of non-miscible flu-
ids like air and water, oil and water or gas and water, to cite a few. When two fluids are
miscible, they form in general a “new” single fluid with its own rheological properties. A
stable emulsion between water and oil is an interesting example: this emulsion is a non-
Newtonian fluid while water and oil are Newtonian ones.

The simplest, although non-trivial, multi-fluid flow is certainly small amplitude waves
propagating at the interface between air and water, a separated flow in the two-fluid ter-
minology. In this case, as far as modeling is concerned, each fluid obeys to its own model
and the coupling occurs through the free surface. One of the mathematical models involved
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here is the Euler equation with a free surface:
9o + div(pu) = 0, (170)
0 (ou) + div(pu @ u) + Vp = pg,

where g denotes gravity. The volume occupied by the two fluids (air and water) is sepa-
rated by the unknown free surface z = n(x, y, ) and above we have air, p = p~, while
below we have water, p = p™. These fluids have their own equations of state:

FE(p*, p) =0. (171)

As already stated, the coupling between these two independent Euler equations is done by
the free surface and we have the kinematic relation

an on an
ar My Ty T

u; 172)
on both side of the surface z = n and the pressure is continuous across this surface.

As the amplitude of the wave grows, wave breaking may occur. Then, in the vicinity of
the interface between air and water, small droplets of liquid are present in the gas. Bub-
bles of gas are also present in the liquid. These inclusions might be very small. Collapse
and fragmentation occur, making the free surface topologically very complicated and in-
volving a large variety of length scales. We are in one of the situations in which two-fluid
models become relevant if not unavoidable. The classical modeling techniques consists in
performing a volume average to derive a model without a free surface, a two-fluid model.
We denote by o™ (x, t) the volumetric rate of the presence of fluid +, the liquid in the case
discussed before, and o~ (x, ¢) that of fluid —, the gas. That is in an infinitesimal volume
dx3 around the point x, the volume occupied by the fluid + is ot (x, r) dx> while that oc-
cupied by fluid — is @~ (x, ) dx>. Hence @™ + a~ = 1. The averaging procedure (see e.g.
M. IsHII [104]), when it is applied to (170), leads then to:

3 (atp®) + divietptut) =0,
{Bt(aipiui) +divieEput @ ut) + aFVp = atpt g + Fp, (173)

where the drag force Fp is proportional to u* — u™~ and is given in terms of the other
variables. For example a classical expression is:

C ata=ptp~

Fp=——— Lttt -,

Latpt+a=p~
where C is a non-dimensional number and £ a length scale. The pressure p is assumed to
be shared by the two fluids and (173) is closed by the algebraic relations (171). Note that
this system is neither hyperbolic nor conservative.

We have discussed a case, in the context of water waves, in which a separated flow
can lead to a two-fluid model as far as modeling is concerned. As we have already said,
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two-fluid flows are very common in nature, but also in many industries like power, nu-
clear, chemical-process, oil-and-gas, cryogenic, space, bio-medical or micro-technology.
Depending on the context, the models used for simulation are very different. However av-
eraged models share the same structure as (173). We generalize this system by introducing
viscosity and capillarity effects and write:

3 (™ p™) + dive™ p™u™) =0,
0y (aipiui) + div(oti/oiuﬂE ® ui) (174)
+aTVp =divieTtT) + oFaTptva (aipi) .

The right hand side of Eq. (174), is the sum of

— internal viscous forces, involving the viscous symmetric stress tensor = of each
phase;

— internal capillary forces represented by the so called Korteweg model on each phase.
It is written as a force involving third order derivatives of «® p* and constant coeffi-
cients 0% > 0.

In order to close the system, three additional laws are necessary:
(i) Viscous stress tensor. First, the fluids are assumed to be Newtonian, so that there exists
shear and bulk viscosity coefficients u* and A* such that

™+ =2t D®) + Atdivutld, (175)

where D(u™) denotes the strain rate tensor, given as the symmetric part of the velocity
gradient Vu™®.
(ii) Equations of State. We assume that the two fluids are barotropic, that is:

p=p=(p®). (176)

And sometimes, we shall use:

p(,oi) = Aﬂt(,oi))’i where )/jE are given constants greater than 1. 77

Note that the pressure law hypothesis (177) may be slightly relaxed.
(iii) Capillary forces. The last term in the momentum equations involves capillary effects.
It is usually designed in single velocity models to account for phase transition problems
where a finite thickness transition zone is assumed to separate pure phases. In the present
framework, it may be viewed mathematically as a stabilizing term with respect to density
oscillations and physically as internal capillary forces within each phase.

The expression introduced in equation (174), may be rewritten in a conservative manner
as the divergence of a symmetric capillary stress tensor K :

o TRTVART = divK,
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where
RE? 1
Kij = —o*0iR*9;R* +0%6; ( A—— = SIVR*P).

for (i, j) € {1, 2, 3}. System (174) is also supplemented by initial conditions
@ pH)i=o =Ry, (@ pTu™)|=0 = my. (178)
The functions pg and mq are assumed to satisfy

RE >0, of €[0,1] suchthat of +a =1,
Imgy |2 .
and 2E =0 on{x € Q/Ry(x) =0} (179)
0

The purpose of [33] was to investigate the mathematical properties of (174). More pre-
cisely, they address the question of whether available mathematical results in the case of
a single fluid governed by the compressible barotropic Navier—Stokes equations may be
extended to this generic two-phase model.

Considered from a mathematical viewpoint, the evolution problem of single phase flows
is still a big challenge, only partial results are currently available as far as existence and
uniqueness of global solutions to the compressible Navier—Stokes equations are concerned.
Some of the mathematical difficulties involve for instance:

— The mixed hyperbolic/parabolic property of the partial differential system. As a mat-
ter of fact, there is no diffusion on the mass conservation equations, whereas temper-
ature and velocity evolve according to parabolic equations, thanks to thermal conduc-
tion and viscosity phenomena.

— The fact that the density may go to zero, see for instance [161]. In that case, singu-
larities may prevent the existence of global solutions.

— The question of the compactness of the pressure gradient and the convection term
in the momentum equation is not easy, since strong convergence of both density and
velocity is required in order to approach the limit in the momentum conservation
equations.

— In the case of density dependent viscosity coefficients, viscosity may vanish with
density, so that the only naturally defined variable is not the velocity u alone, but
rather the momentum density pu. Such a degeneracy requires significant mathemati-
cal efforts and suitable additional forces such as drag forces or capillary effects.

Since single-phase flow models may be considered as a particular case of two-phase
flow models at the limit when one of the two phases volume fraction tends to zero, extend-
ing to two-phase models the currently available results for single phase flow models is not
an easy task. Additional problems make the study even more difficult. Indeed, the underly-
ing Jacobian matrix is not always hyperbolic, i.e. it may have non-real eigenvalues, which
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makes a significative difference to the single-phase case. Moreover, the system cannot be
expressed in a conservative form, since the pressure gradient in the momentum equation is
multiplied by the volume fraction.

Let us now describe the main features of the model considered in [33]. The space do-
main is assumed to be a box = T3 = R3/(27Z)3 with periodic boundary conditions.
The case of the whole space & = R? and a bounded domain Q with suitable boundary
conditions is postponed to forthcoming works adapting in particular the single phase flow
techniques introduced in [39]. The paper [33] presents a well-posed result for the generic
two-fluid model. It also provides a linear theory with eigenvalues analysis and give a new
result regarding the matter of invariant regions. More precisely, we get the following result

THEOREM 5.1. Assume (177) holds with 1 < y* < 6 and that the initial data (,ogt, m(j)t)

satisfy (179) and are taken in such a way that
jmy |®
Q 1’?0i

dx < 400,

that the initial density fraction ROi satisfies

RT e L") and V,/RY € (L*(Q))°.

Then, there exists a global in time weak solution to (174)—(176) and (178).

Note the restriction 1 < y* < 6 which comes from the L2(0, T; (L"(2))?) with r > 1
bound required on &X'V p,, to enable the limit of the term o;" RV p* to be reached. Also
recall finally that the definition of weak solutions follows the one in [43]. For details and
other mathematical results, readers are referred to [33].

5.2. Pollutant propagation models

(a) Transport equation. Shallow-water equations taking into account the non-constant
density of the material are subject to investigation. Only a few results exist in this direc-
tion, see for instance [13]. They may be seen as perturbations of the known results for
the standard shallow-water equations. For instance let us comment on the model studied
recently in [101]. This inviscid model reads

{3t(:0h) + 0x(phu) = 0,
(180)

1
3 (phu) + 3y (phu’* + Eﬂ(x)phz) = phg,

where p = h%*, « > 0 being a constant, 8 = f(x) and g = g(v, x) are given func-
tions. Here h stands for height, p for density and v for velocity, and the whole models an
avalanche down an inclined slope.

Moreover, the author considers the following particular choices for 8 and g: B(x) =
kcos(y(x)), g(v,x) = sin(y(x)) — sign(v) cos(y(x)) tan(6f(x)), where ér and y are
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given functions. Here sign is the sign function, with sign(0) = [—1, 1]. After a change of
variables, this system can be rewritten in the form

0 0 ~

Eu + a—xF(u) e G(u, x),
with essentially the same structure as the system of isentropic gas dynamics in one-
dimensional space (see for instance [116]), except for the fact that there is an inclusion
instead of an equality. A precise (natural) definition of entropy solutions of such systems
and a long-time existence theorem of such solutions, under the assumption that the initial
height is bounded below by a positive constant, which corresponds to avoiding a vacuum,
may be performed using well-known tools, without further difficulty.

To propose and study mathematically better shallow-water models taking into account
the density variability of the material could be an interesting research area. Let us mention,
for instance, a recent paper written by C. MICHOSKI and A. VASSEUR, see [133]. In this
work, the authors consider a barotropic system with the flow driven by a pressure p that
depends on the density and mass fraction of each chemical/phase component of the system.
In a shallow-water framework, it could be written

9 (ph) + 0x(phu) =0,
9 (h) + 9x(hu) = 0, (181)
0; (hut) + 0, (hue®) + d p(h, p) — dx (v(h, p)ds1t) = 0.

Note that here the viscosity is a function of the pressure p. Recent works by J. MALEK,
K. RAJAGOPAL et al. provide results on these types of viscosity laws in an incompressible
framework.

(b) Kazhikhov-Smagulov type models. A model to describe convective overturn-
ing of a fluid layer due to density differences is derived, based on equations of
KAZHIKHOV-SMAGULOV, see for instance [90]. Such a system has also been recently
used for avalanche simulation, see [83]. From a mathematical view-point, the system is
given by

0rp + div(pu) =0,
0t (pu) + div(pu @ u) + Vp + Diff = pf, (182)
u=v—aVlogp, divv =0,

where Diff is a diffusion term.

REMARK. More general systems exist, for instance assuming
u=vFaVesr(p), divv=0,
where

pVoir(p) = V¥ (p)
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with W(p) > 0 and ¢4, respectively, for increasing or decreasing functions. Using
¢— = 1/p provides the low Mach combustion system studied by E. EMBID, A MAJDA.
Using ¢4+ = log p provides the pollutant model studied by A. KAZHIKHOV, H. BEIRAO-
DA VEIGA, P. SECCHI and P.-L. LIONS.

Note that such systems may be obtained from the full compressible Navier—Stokes equa-
tions for heat-conducting fluids. They correspond to low Mach (low Froude) number limit,
see for instance [5,6].

Assuming Diff = —pAu, periodic boundary conditions and changing the variable
u = v — aVlog p, the a® term coming from the non-linear term does not have a gradient
form. The new system is given by

drp + div(pv) —aAp =0,
pov+pv-Vv—aVp-Vv—2Av-VVp 4 VP

v
—uAv+o?Vp -V (—p) =nf (183)
o)
divv = 0.

This implies local existence results and no global existence without data restriction. Even
if we neglect the o term, the system reads

9 p +div(pv) = alp,

0r(pv) +div(pv @ v) — uAv+ Vp
+aVv-Vp —av-VVp = pf,

dive =0.

(184)

In this case, let us assume f € L2(0, T; (LZ(SZ))d) and the initial data py belonging to
H'(R) and vy € (L?*(2))? with for a.a. x € Q

0<m=<pog(x) <M < 4o00.

In the book written by S.N. ANTONSEV, A.V. KAHIKHOV and V.N. MONAKOV [11], they
get the following result

THEOREM 5.2. Let us assume data satisfying the above properties. Let o, i, M and m be
such that

Then there exists a global weak solution of (184) such that
v e L®0,T; (LX) N L0, T; (H' (),
p € L>®0,T; H(Q)NL*0, T; H*(Q)).

Using a diffusive term which is “well” prepared, for example in the pollutant case,
Diff = —adiv(hD(u)), we get, see [44], a global existence of weak solutions with no
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restriction on the data. The power two (namely in «?) bad term enters in the gradient of
the pressure and the diffusive term is added to the power, one extra term (namely o terms).
More precisely we have to study the following system

0 p + div(pv) = aAp,

0t (pv) +div(pv ® v) — adiv(pD(v)) + Vp
+aVv-Vp —av-VVp = pf,

divv = 0.

(185)

We get the following global existence result

THEOREM 5.3. Let us assume data satisfying the above properties. Then there exists a
global weak solution of (185) such that

ve L™, T; (L*()) N L*0, T; (H' ()9,
p e L®0,T; H(Q) N L*0, T; HX(Q)).

This contrasts with the results of H. BEIRAO DA VEIGA, E. EMBID, A. KAZHIKHOV,
A. MAIDA, P. SECCHI and P.-L. LIONS, where they try to get results with a general vis-

cosity u = p(p).

REMARK. All the calculations made previously concern the periodic or whole space cases
since they are based on a change of variable, comparing u and v. The study of a bounded
domain is an interesting open mathematical problem. Note that this concerns also Fick’s
law type derivations in a bounded domain.

5.3. Sedimentation

Phenomena related to sediment transport are of great interest as they affect human life. The
analysis of sediment transport is important to predict and prevent natural disasters. For this
purpose, many physical and mathematical models are proposed in the literature in order
to predict evolution of the bed and the changes in water regime when such unsteady flows
occur. Among the mathematical models, that most often used is based on the Saint-Venant-
Exner equations. This model couples a hydrodynamic Saint-Venant (shallow-water model)
system to a morpho-dynamic bed-load transport sediment equation as follows

orh + div(hv) = 0,
0;(hv) +divihv ® v) + h
drzp +&divi(gs(h, q)) = 0,

V(h+zp)

— 0, (186)
T

where z;, is the movable bed thickness, § = 1 + (1 — 1) with ¥ the porosity of the
sediment layer, and g denotes the solid transport flux or sediment discharge. It depends
on the height % of the fluid and the water discharge ¢ = hv, where v is the velocity. For the
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solid transport flux g, there exist several formulae in the literature: The Grass equation,
the Meyer-Peter and Muller equation, or the formulas of NIELSEN, FERNANDEZ LUQUE
and VAN BEEK. All of them are obtained using empirical methods. The most basic sedi-
ment model is the Grass equation, where the sediment movement begins at the same time
as the fluid motion. In this case the solid transport is given by

an(h, q) = Aglv|"¢v, 0<mg <3,

where the constant Ag includes the effects due to the grain and kinematic viscosity. Note
that viscous sediment models exist in the mathematical and physical literature. Recently
the following system has been studied

d:h + div(hv) =0,

V(h
3, (hv) + div(hv ® v) + h(—+2Zb)

— Adiv(hD(v)) = 0,

A
3 zp + Adiv(h|v|Fv) — Shm = 0,
with the initial conditions
hli=o = ho = 0, Zbli=0 = 250, hvli=o = my.

What is really interesting is the MELLET-VASSEUR’s multiplier (namely |u|®u for some §)
which plays an important role in the mathematical study, see [163]. We refer also to the
book [60] for more information on sedimentation and to [26] for erosion studies
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Abstract

The purpose of this chapter is to investigate the singular limit of reaction-diffusion systems
or, more precisely, the fast reaction limit of competition-diffusion systems. It often turns out
that such systems converge to free boundary problems, which may have the form of Stefan
problems. On the other hand, some reaction-diffusion systems can converge to cross-diffusion
systems. As an application of the fast reaction limit, we also discuss the relationship between
Turing’s instability and cross-diffusion induced instability.

Keywords: Competition-diffusion systems, fast reaction limit, singular limit analysis, two-
phase Stefan problem, cross-diffusion systems
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1. Introduction

Mechanisms in nature are often quite complicated and the several spatio-temporal stages
of these phenomena are related to each other. The model systems, which describe these
relationships, include large and/or small parameters. In some cases, these parameters
correspond to the scale in space or time. The mixture of several ranges of forces also
requires large parameters. Singular limit analysis has been developed in recent decades
to treat these systems. In this chapter we focus on one type of singular limit of reaction-
diffusion systems, namely the fast reaction limit of competition-diffusion systems. When a
system includes reaction terms which are fast when compared to the other terms, we refer
to the singular limit as the fast reaction limit or more precisely the instantaneous reaction
limit, which expresses the fact that instantaneous dynamics is also included in the system.
In particular we can expect that the solution converges to the attractor of the dynamics
governed by the fast reaction. In this chapter we obtain two kinds of limit problem: (i) free
boundary problems, which may have the form of Stefan-like problems; (ii) cross-diffusion
systems. Singular limit analysis permits us to connect smooth reaction-diffusion systems to
their fast reaction limits. The interest of our study is two-fold: on the one hand, we derive
the limit problem for a large number of reaction-diffusion systems with a large reaction
coefficient, and it often happens that the numerical solution of the limit problem may be
easily computed; on the other hand, we provide approximations of Stefan problems and
cross-diffusion systems by means of reaction-diffusion systems. The biological context
where these systems arise will be presented in Section 2.

We summarize below the mathematical results of this chapter. A model problem is given
by the following two-component problem [9], which we will refer to as Problem (P¥),

uy = diAuy + f(uy) — stkujun, in Q x R+,

(PY)
uy = daAuy + g(up) — sokuqjuy, in Q x RT,
with
0 d
ﬂ=£=O, on Q2 x RT,
av ov
ur(x,0) = up (x),  ua(x,0) = upy(x), xe€Q,

where  is a smooth domain of RY, and where k, s1, 52, d;, d», A and W are positive
constants, f(s) = As(l —s), g(s) = us(1 —s), and

k k e} k k
Uy, Upy € C(2),0 <ugp,ugp <1,

u’(‘)l — uoi, u’52 — ugp, in L2(S2) as k — oo.

The functions u#; and u, represent the densities of two biological populations which are
competing with each other, A and p are the intraspecific competition rates, and sk and sk
are the interspecific competition rates. If k is very large, one expects that the two species
are nearly spatially segregated.
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In other contexts, Problem (PF) is studied together with the inhomogeneous Dirichlet
boundary conditions [7],

Ui =m/f, uzzmg, on 92 x RT.

Since we can treat this case in a similar manner to a case with Neumann boundary
conditions, we discuss only the case with the Neumann boundary conditions. An essential
idea for Dirichlet boundary conditions is to use test functions which vanish on 9<2 to first
obtain inner estimates (see [7], for more details).

Our main question is the following: what is the singular limit of the solution (u]f, ué) of

Problem (P¥) as k — oco? A first result is the following:

THEOREM 1.1 (Dancer, Hilhorst, Mimura and Peletier [9, Lemma 3.1]). Let Q be a
bounded domain in RN (N > 1) with a smooth boundary 3S2. Let (u]f, u’é) be the solution

of Problem (PX). Then

ull‘ - up=s1z", ué — up =827 Sstrongly in L2(QT) as k — o0,

forall T > 0, where Q7 = Q2 x (0, T),
r+ = max(r, 0), r~ = —min(r, 0)

and where the function 7 is the unique weak solution of the problem

2t = Ad(2) + h(z2), in Q2 x RT,
d
(P) 8—Z =0, on dQ x RT,
v
u u
z2(-,0) =z0 = L ﬁ, on 2,
S1 52

with

fGirD)  glsorT)
51 s

dir)y =dirt —dor™, h(r) =

(1.1)

This result completely characterizes the limit (uy, u2) of the sequence (ulf, ué) as
k — oo. Problem (P) is a free boundary problem where the free boundary, which coincides
with the set {(x, ) € Q x R such that z(x, t) = 0}, separates the regions where u; > 0
from those where uy > 0. We refer to Problem (P) as a free boundary problem in a
weak form since the free boundary does not explicitly appear in its formulation. It is also
interesting to write it in a strong form, with explicit relations on the interface. The following
result holds.

THEOREM 1.2 (Dancer, Hilhorst, Mimura and Peletier [9, Theorem 3.6]). Assume that,
at each time t € [0, T], there exists a closed hypersurface T'(t) and two subdomains
Q1(t), Q0(t) such that

Q=i HUR0O)., TO =0 N2>,
z(,1t) >0 on (1), z(, 1) <0 on Q(1),
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where z is the unique weak solution of Problem (P). Suppose furthermore that t — T'(t) is
smooth enough and that (uy, us) = (s1z+, s2z77) are smooth up to T'(t). Then the functions
uy and uy satisfy

Ml[zdlAM1+f(ul)v ln Qu :U{Ql(t)’te[o’ T]}’

Uz = d2AM2 +g(142)7 ln QU = U {92(t)’t € [0’ T]} ’
(P*) uy =up =0, onT = JIr@, 1 et 0, T,

dy Juq dp duy

—— =—-—=—=" onT,

51 on 52 On

oup duy

_:—:0, Onaﬂx[O,T],

v Jdv

together with the initial conditions

ui(x,0) _ (m(x) uoz<x)>+

S1 S1 52

ur(x,0) (um(X) 3 uoz(x)) in

52 51 52
where n is the unit normal vector on T (t) oriented from 21(t) to Q2,(t). Moreover

uo1(x) _ uoa(x) }

S1 $2

ro = {er

This theorem shows that the system converges to a free boundary value problem. Since
u1 and uy vanish on the interface I'(¢), they are continuous (see Figure 1). However, the
derivatives du1/dn and du, /dn are discontinuous near the interface. This interface is called
a corner layer. This limit problem is a Stefan problem with zero latent heat. We come to
the next question: how can we approximate a Stefan problem with positive latent heat by
means of a reaction-diffusion system? To that purpose we introduce an extra equation,
which has the form of an ordinary differential equation. We now deal with a system of
three coupled equations, where the extra unknown function w* is an approximation of the
characteristic function of the habitat of the population of density u’f (see Section 3 for more
details). We will refer to this problem as Problem (Q%):

uyy = di1Auy + f(uy) — srkuiun

—As1k(l — w)uy, inQ x RT,
uy = daAuy + g(uz) — sokujuy — Asckwuo, in Q X RT,
(Qk) wy = k(1 —w)uy — kwuy, inQ x RT,
%:%:0, in9Q x RY,
w0, 0) = ugy (1), ua(x, 0) = ugy(x),

w(x,0) = wl(j(x), x € Q,
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where A > 0 will turn out to be the latent heat coefficient, and where

0< ”]61 <a,0< u'éz < B,0 < wo < 1 for some positive

constants « and S.
Define @, := {x € Q| B(x,2r) C Q}and choose 7 > 0 small enough;
for each r € (0, F), there exists a positive function ¥ (&)

satisfying ISl‘im0 (&) = 0 such that

/ ik (x + &) — k(1) dy < D),

r

/Q lufy (x + &) — ufy ()| dx < 9(8),

/ |wl(§(x +&) — w’é(x)| dx < 9(&), and where

Q

”]61 — uop1, ul(‘)z — ug, wg — wy strongly in LZ(Q) as k — oo.

THEOREM 1.3 (Hilhorst, lida, Mimura and Ninomiya [18, Theorem 3.13][19, Theorem
1.1]). Let Q be a bounded domain in RN (N > 1) with a smooth boundary 0L2. Let
(u’l‘, ug, wX) be the solution of Problem (Q*). Then for all T > 0,

u]f—>u1, ué—)uz, W —> W ian(QT) as k — oo.

Let 7 be the unique weak solution of the Stefan problem with positive latent heat A,

7 = Ad(93.(2)) + h(@1(2), in Q2 x RY,

0d(9r(2)) _

Q) 0, on 32 x RT,

where d(r), h(r) are defined in (1.1) and
o) =0 -0 —r".
The limit functions are given by

7 — ¢(2)
w=—".

ur = s19a(z"), uz = $20;,(z7), )

Just as above, we can associate a strong form to this free boundary problem, which is
indeed the classical Stefan problem with positive latent heat.

THEOREM 1.4 (Hilhorst, lida, Mimura and Ninomiya [18, Theorem 3.13]). Assume that,
at each time t € [0, T], there exists a closed hypersurface T'(t) and two subdomains
Qi (1), Q20(¢) such that
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Q=Q (1)U,
z(,1) >0 on (1),

L) = Q1) N Q2 (0),
z(-,1) <0 on Q(1),

where 7 is the unique weak solution of Problem (Q). Suppose furthermore that t — T'(t) is
smooth enough and that (u1, us) = (s1z+, s20z77) are smooth up to T'(t). Then the functions

uy and uy satisfy

uy =diAuy + f(uy),
uy = dryAuz + g(uy),

in Q= U{Q](l‘),t € [0, T]},
in Q= i), 1 €10, T1,

(0 U =up =0, onT =|_JIF®).t €0, T},
dyou; dyoup
Ay =—=L o 252 o,
s1 on sy on
ouq ouy
—=—=0, on 2 x [0, T],
av av

together with the initial conditions

u(x,0) _ (um(X) B uoz(%))+

S1

S1 52

ur(x, 0) (Mm(x) B uoz(x)>_ o

52 S1 $2
Moreover
uo (x U (x
F(O):{er 01(x) _ 02()}_
S1 52

Thus w exhibits a sharp transition layer at the interface, while u; and u; only have
corner layers (see Figure 2). Namely, w has a jump at the interface, while u; and u;
are continuous. Once we consider Theorems 1.3 and 1.4, then the proof of the results of
Theorems 1.1 and 1.2 for the two phase Stefan problem with zero latent heat follows, by
setting A = 0.

The last part of the fast reaction limit for Stefan-like problems is devoted to error
estimates, this is inspired by the articles of Murakawa [41,42]. The following result holds
true both for Problem (Q¥) in the case that 4 > 0 and for Problem (P¥) in the case that
A=0.

THEOREM 1.5 (Murakawa [41]). Let (ull‘, ug, wX) be the solution of Problem (Qk) with
initial data (ull‘o, uéo, wé), or let (u’f, ug) be the solution of Problem (P%) with initial data
(ull‘o, ”]50) if A = 0. There exists a positive constant C which does not depend on A such

that

t
||u]f —uillp2op + llu5 — u2llz2¢0p) + H/ ©* —0)
0 Lo°(0,T; H ()

B 12
+ 112" = 2l oo, 75 cm1 yy < € (k 172 +0(k)> ,
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where
d d ukuk
o =Lk -2k o=de),  F=-Ziowk (2
S 52 §1 52
k “]fo “/50 k k 2
0 = ? — ; +)»w()7 o(k) = ”Z() - ZOHLZ(Q)- (1.3)

Another topic of interest is the approximation of cross-diffusion systems by means of
reaction-diffusion systems. We consider the cross-diffusion system,

u = Al(dr + au)ul + (r1 — arur — biu)uy, t>0,x € Q,

uyr = dryAuy + (rp — bouy — axur)us, t>0,x €,
ouy ouy (1.4)
— = =0, t>0,x €09,
av ov
u1(x,0) = up1(x), uz(x, 0) = up(x), x €,
to which we associate the reaction-diffusion system
vy = d1Avy + (r1 — a1 (vy + v2) — biv3)vy
+klho—1(3)va — hi—2(v3)v1], 1> 0,x € Q,
vy = (d1 + aMz)Avy + (r1 — a1 (vy + v2) — bivz)v
+klh152(W3)vy — ho1 (3], > 0,x € Q, (1.5)

vy = daAvs + (rp — ba(v1 + v2) —apv3)vs, t>0,x € Q.

81)1 81)2 31)3

—:—:—:0, t>0,x€3§2,

av v ov

v1(x, 0) = vo1(x), v2(x, 0) = vo2(x), v3(x, 0) = vo3(x), x € Q,

where d;, ri, a;, b; (i = 1, 2) are positive constants. We can show the following theorem.

THEOREM 1.6 (lida, Mimura and Ninomiya [23, Theorem 1]). Let (uy,uz) =
(u1(x, 1), uz(x, 1)) be the solution of the cross-diffusion system (1.4). Suppose that (uy, us)
are sufficiently smooth on [0, T] x Q and satisfy

0=<ui(x, 1) =My, 0<uz(x,1) =M on[0,T] xS, (1.6)

for some positive numbers T, My and M, with My > ry/a>. Choose smooth functions
h1—2 and hy_,1 satisfying

R1sa(s) = (h1o2(s) + has 1 (5)) Miz (1.7)
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for s € [0, M3], and

hi2(s) >0, (1.8)
ha—1(s) >0, (1.9)
his2(s) + hasi(s) >0 (1.10)

for s € [0, M3]. Define the initial data (vo1, voz, vo3) by

up2(x)

vo1 (x) = {1 - }M01(X),
ug2(x) (1.11)
bl

v (x) = uo1(x),

v03(x) = up2(x)

over Q. Let (v, v2, v3) = (vll‘(x, 1), v’zc(x, 1), vé‘ (x, 1)) be the solution of (1.5) and suppose
that there exist positive numbers ko and My satisfying

K e, O + [ G, 0]+ ok (e, 1)) < Mo (1.12)

for (x,t) € Q x [0, T]and k > ko. Then the difference between (v1 + v2, v3) and (uy, us)
is estimated to be

sup [0 C, 1) + 030 = Dllagy < s
r€l0.7] (1.13)

C
sup [[W5C. 1) —ua(, Dl 2y < s
te[0,T]

for k > ko. Here C = C(uy, ua, ko, Mo, T) is a positive constant independent of k.

This theorem implies that rather complicated diffusion such as cross-diffusion can
be realized by the usual random movement together with a reaction mechanism. The
proof of this theorem is based on constructing an energy functional E* for the difference
between the solution of the reaction-diffusion system and that of the cross-diffusion system
(see Appendix A.3), while Problems (1.4) and (1.5) do not seem to have any Lyapunov
functionals.

As far as Lyapunov functionals are concerned, the problems which we study in
Sections 3 and 4 are different. The two component system Problem (P*) does not possess
any Lyapunov functional, while the limit problem (P) does possess a Lyapunov functional.
In both cases, however, the dynamics governed by the fast reaction possesses a Lyapunov
functional. This structure of the fast reaction limit system helps us to prove the convergence
and the error estimates.

Mathematically the Lyapunov functional is extremely useful both for proving the
stabilization of solution orbits at large time and for obtaining an extra uniform in k a priori
estimate. This fact has been used by [6] to prove the large time stabilization of solutions of
Problem (P¥) for large enough values of  in the case of equal diffusion coefficients.

The organization of this chapter is as follows. In Section 2.1, we present the biological
context of Problem (P*) and discuss the known results. In Section 2.2, we show the
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relationship between random movement and the fast reaction limit. This argument indicates
that the cross-diffusion induced instability corresponds to the Turing instability of the
approximating reaction-diffusion system.

In Section 3, we present the proofs of Theorems 1.3 and 1.4 about the singular limit
of the solutions of Problem (Q¥). The proofs of Theorems 1.1 and 1.2 about the singular
limit of the solutions of Problem (P¥) essentially follow in the same way by setting A = 0.
Finally, we give the proof of Theorem 1.5, where we obtain error estimates which hold for
both the Problems (P¥) and (QF).

We prove the convergence of the competition-diffusion system (1.5) to the cross-
diffusion system (1.4) in Section 4.

Our presentation involves concrete reaction-diffusion systems which we study by means
of methods from nonlinear analysis, such as maximum principle arguments and energy
estimates. We refer to articles by Bothe [2,3] for the study of slightly more general partial
differential equations in an abstract setting, where he uses, in particular, arguments from
the theory of m-accretive operators in Banach spaces.

Finally let us mention a number of open problems. One can extend Problem (Q*) to the
higher component system Problem (3.24), and, as shown in Figure 3, Problem (3.24) may
give rise to triple junctions in the limit as k — oco. Up to now, there is no rigorous proof of
this fact. Furthermore, when k is large enough, it would be very interesting to obtain results
about the convergence to a stationary solution of the solution of Problem (P¥) in the case
of different diffusion coefficients; moreover, similar questions are also unanswered for
solutions of Problem (Q*) and more generally for solutions of reaction-diffusion systems
containing both partial and ordinary differential equations. The fast reaction terms, where
we can show the convergence, are restricted. It is a challenging problem to extend our
study to the cases, where the interspecific reaction terms are not equal in Problems (P*)
and (QX). It is also of great interest to study numerical analysis aspects of fast reaction
limits. Let us mention the results of Ikota, Mimura and Nakaki [24] in this direction.

2. Biological context and earlier results

The problems which we consider arise in two very different application contexts, on the
one hand, the spatial segregation limit of biological populations, and on the other hand, the
relationship between Turing instability and the cross-diffusion induced instability.

2.1. Spatial segregation limit of biological populations

The understanding of the interaction of biological species arising in ecological systems
has recently developed as a central problem in population ecology. In particular, problems
of coexistence and exclusion of competing species have been theoretically investigated
using continuous models based on partial and ordinary differential equations. Among many
models proposed so far, reaction-diffusion equation models are used to study the spatial
segregation of competing species which move by diffusion. More precisely, consider the
case of several biological species (or several chemical substances) which coexist, and
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assume that m species living in a habitat @ c RY (N > 1) compete with each other.
We denote by u;(x,7) (i = 1,2,...,m) their population densities at position x €
and time ¢t > 0. The model which we mainly study is the following competition-diffusion
system with Lotka-Volterra type nonlinearities:

m
uip =di Auj + (ri —aju; — Zbij“J) Ui
=1
G=1,2,....m) xeQ,1>0, Q.1

where 2 is bounded with the smooth boundary 9<2 and all the rates d;, r;, a; and b;; are
positive constants. The constant d; is the diffusion rate, »; the intrinsic growth rate, a; the
intraspecific competition rate, that is the competition between members of the same species
u;, and b;; the interspecific competition rate, that is, the competition between members of
the different species u; and u ;. We impose the no-flux boundary conditions on the boundary
L2,

314,‘

Sy =0 (=12...m xedQr>0, 2.2)
V

where v is the outward normal unit vector to 9<2. The initial conditions are given by
ui(0,x) =up;(x) >0 @@G=1,2,...,m) x €. 2.3)

In order to analyse the system (2.1)-(2.3) we discuss the simplest case of (2.1) with
m = 2, namely

uy =diAuy + (rp —ajuy — biup)uy x € Q,t > 0,

(2.4)
uy = drAuy + (rp — apuy — boup)uy x € Q,t > 0,
with the boundary conditions
0 0
T, Z2_0, xeoqur>o0. (2.5)
av av

We first present some historical remarks for the system (2.4)—(2.5). Hirsch [20] shows
that the stable attractor of the system consists of equilibrium solutions (also see Matano
and Mimura [35]). This indicates that existence and stability of non-negative equilibrium
solutions is important for the study of the asymptotic behavior of solutions. Kishimoto
and Weinberger [31] showed that, if 2 is convex, all spatially non-constant equilibrium
solutions are unstable. This implies that solutions of (2.4), (2.5) become spatially homo-
geneous asymptotically, in other words, stable equilibrium solutions of the diffusion-less
system (2.7) of (2.4) are very important, in order to know the asymptotic behavior of the
solutions of (2.4), even if the diffusion term is present. In fact, we suppose that two species
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are strongly competing, that is, the interspecific competition rate is stronger than the in-
traspecific one so that we require that

a_n _b 2.6)

Under this assumption the stable spatially constant equilibrium solutions of (2.4), (2.5)
are given by (ug, u2) = (r1/ai, 0) and (0, ro/az). This means that one of the competing
species survives and the other becomes extinct. In ecological terms, this implies that the
two competing species can never coexist under strong competition. This is called Gause’s
competitive exclusion.

On the other hand, if the domain 2 is not convex, the structure of equilibrium solu-
tions becomes complicated, depending on the shape of 2 [11]. In fact, if €2 takes a suitable
dumb-bell shape in two dimensions, there exist stable spatially inhomogeneous equilibrium
solutions which exhibit spatial segregation in the sense that 1 and u; take values close to
(r1/a1) in one subregion and close to (0, 2 /ay) in the other. Thus the results above give
us information on the asymptotic behaviour of solutions. However, from the viewpoint of
ecological applications, it is more interesting to know the transient behaviour of solutions.
For this purpose we consider the situation where the diffusion rates d; and d» are suffi-
ciently small or all of the other rates r;, a; and b; are sufficiently large and satisfy (2.6).
We rewrite (2.4) as

_ 2 _ _
{u1,_8 Auy + (r1 — ajuy — bjup)uy, xe€Q,t >0, 2.7

Uy = dSZAuz + (rp — acupy — byuuy, x € L,t > 0,

in which ¢ is a small parameter. If the competing species segregate according to (2.7), it
is natural to define the subregions Q1(¢) = {x € Q : (u1,u2)(x,t) = (r1/ai,0)} and
Qo) ={x € Q: (u1,u2)(x,1) = (0, r2/az)}.

In order to study the dynamics of the segregation between u; and u;, we take the limit
¢ | 01in (2.7) so that the internal layers which exist for small values of ¢ > 0 become sharp
interfaces, say I'(#), which is the boundary between the two regions 21 (¢) and €2,(¢). Us-
ing singular limit analysis, Ei and Yanagida [12] derived the following evolution equation
to describe the motion of the interface I'(¢),

V=¢eL(d)(N — Dk +c, (2.8)

where V is the normal velocity of the interface, x the mean curvature of the interface, L (d)
a positive constant depending on d such that L(1) = 1 and c the velocity of the travelling
wave solution (u1, us) of the one-dimensional system corresponding to (2.4) with d| = 1
and d, = d, namely

uyy = Uixy + (11 — ajuy — byuuy, x € Ryt > 0, 2.9)

Uy = duyy + (r2 — bouy — auz)uz, x € R,t >0,



Fast reaction limit 117

with the boundary conditions at infinity

(u1, u2)(—o0,t) = <;—11, 0> and (uj, uz)(oo,t) = <0, %) . (2.10)

Kan-on [26] proved that the velocity of the travelling wave solution of Problem
(2.9)—(2.10) is unique for fixed values of the rates r;,a; and b; (i = 1,2). In particu-
lar, if a; is a free parameter and the other parameters are fixed and satisfy the inequalities
(2.6), then there exists a unique constant a* > 0 such that c = 0 if a1 = a*, ¢ > 0 if
a; > a*, and ¢ < 0if a; < a*. For the special case when ¢ = 0 and L = 1, (2.8)
becomes the equation of motion by mean curvature, which has been extensively studied.
The manifold I' (#) obtained from (2.8) provides information on the dynamics of the spatial
segregation between the two competing species.

This result clearly shows the similarity between this class of problem and the Allen-
Cahn equation first studied by Keller, Sternberg and Rubinstein [30], where the limiting
interface moves according to its mean curvature.

In this chapter, we consider a different situation from the one obtained above, namely
the case that only the interspecific competition rates by and b, are very large. In order to
study this situation, it is convenient to rewrite (2.4) as

uy =d1Auy + fQuy) —sikujuz, x € Q,t >0,

(2.11)
uy = dyAuy + g(uz) — sokujuz, x € 2,1t >0,
with
0 ad
N _9 4 xedQ,r>0, (2.12)
av av
ui(x,0) =ug1(x), ur(x,0) =up(x), xe, (2.13)

where f(u1) = (r1 — ajur)u, g(uz) = (ro — aur)us and s1, s» and k are positive con-
stants. If s1 /s is small, for instance, the influence of competition on u; is weaker than that
on uy. If the competition rate k is very large, one can expect that the two species hardly
coexist and are spatially segregated.

Heuristically one can understand it in the following way. If we use ¢ = 1/k, then the
system can be rewritten as

euyy = ed1Auy + ef (uy) — sjujua, xeQ,t>0,
euyr = edyAuy + eg(ur)ur — spuquy, x € Q,t > 0.

Formally, we have uju, = 0 as the limit when ¢ tends to zero. The purpose of this chapter
is to derive the limiting system as ¢ — 0, which is called the fast reaction limit.
Let I'(¢) be the interface which separates the two subregions

Q) ={xeQ:u(x,t) >0,uy(x,t) =0},
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Fig. 1. Dependence on k of the spatial profiles of one-dimensional solutions of (P%); solid curve : uy, dotted
curve : uy.

and
Q) ={xeQ:ui(x,t) =0,uz(x, 1) > 0},

in €2 (see Figure 1).
Then u; and u; satisfy

uy =diAuy + fuy), xe€Q@),t>0

uy = doAuy + guz), x € Q(t), t>0
oup —0 oun _

— =0, xe€0Q,t>0.
ov ov

On the interface,
u; =0, up» =0, xel'() fort >0,

and

dy o dy 0
_lﬂz__zﬂ, x eT'(t) fort > 0.
s1 on s2 dn

In order to visualize how the segregation of two competing species depends on the value
of k, we present two-dimensional numerical simulations of System (2.11), together with
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the boundary conditions (2.12) in a rectangular domain (see Figure 1). We take k as a
free parameter and keep the other parameters fixed. For values of k which are neither large
nor small, it is shown that #; and u, exhibit spatial segregation with a rather wide zone
of overlap. When the value of k increases, the zone of overlap becomes narrower. Thus,
taking the limit k — o0, one can expect that u; and u, have disjoint supports (habitats)
with only one common curve, which separates the habitats of the two competing species.

2.2. Cross diffusion and random movements

When the individuals of the species move randomly, the population density satisfies a diffu-
sion equation. Adding the competitive effect, we consider the competition-diffusion system
(2.4) in the previous subsection. However, the individuals in the field may not move around
randomly [28]. This situation can not be described by (2.4) any more. By considering the
transition possibilities, the following three types of diffusion for the population density n
are introduced in [43, Section 5.4]:

(i) when transition possibilities from a place A to another place B and from B to A
are equal (neutral transition):

n; = V(D(x)Vn)

(ii) when the transition possibilities depend only on the departure points (repulsive
transition):

n; = A(D(x)n)

(iii) when the transition possibilities depend only on the arrival points (attractive tran-
sition):

D)2V Vn
n; = D(x) <D(x))'

If the movement depends on the environmental conditions, it is natural that the transition
possibilities depend on the departure points. Thus the diffusion in (2.4) should be modified
as in (ii). One of the ways to formulate such a situation is to replace di Auq and da Auj in
(2.4) with A[D1(x)u1] and A[Dy(x)u>] respectively, where D;(x) indicates the motility
for the population of the species u; at the position x (for example, see also [45, Section
4.2.3]). More individuals of u; tend to leave the place x where D;(x) is larger (see [43]).
Shigesada, Kawasaki and Teramoto in [44] extended this idea to the environmental pres-
sures due to the inter-specific interferences by replacing D;(x) with a linearly increasing
function of the competitor’s density, in order to formulate spatial segregation phenomena
between the competing species. Thus they constructed cross-diffusion models for the com-
petitive interaction between two species:

uy = Al(dy + auz)ur] + (r1 — ajuy — bu)uy, t>0,x € Q,
uy = Al(dy + Buuz] + (r2 — bouy — aquz)uz, t > 0,x € Q,

(2.14)
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where «, $ stand for the cross-diffusion pressures and are non-negative constants. These
constants « and 8 are called cross-diffusion coefficients. Mathematically, (2.14) becomes a
quasi-linear parabolic system and it is not so easy to handle ([1] for the local existence). The
global existence problem of solutions has been studied by several authors (for instance [34,
8] and the references therein). From spatial-segregation viewpoints, the stationary problem
for (2.14) has been studied in three basically different analytical approaches: Bifurcation
approach [36], Singular perturbation approach [37,25,33] and Elliptic approach [32]. These
results indicate that the structure of equilibrium solutions of (2.14) sensitively depends on
parameters in the systems and is extremely complicated, even in one dimension.

In order to understand the meaning of the cross-diffusion effect in (2.14), let us go back
to the simplest equation for the repulsive transition, i.e., the movement of a single species in
the inhomogeneous medium which is specified by a given function V(x) (0 < V(x) < 1).
Suppose that the place x where V (x) is larger is more unfavorable for the species. By re-
placing us in (2.14) with V (x) and neglecting the growth term, we obtain the following
scalar linear diffusion equation like (ii) for the population density n:

n=A[d+aVx))n], t >0,x € Q,

0

_nzo, t>0,x €09, (2.15)
av

n(0, x) = no(x), x €,

where d + oV (x) stands for the motility of the species in a small area around x (cf. [43]
or [44]). Since

d+aVx)n=d-{1=-V@®In+d+a) V&x)n,
we can split the variable n into n; := {1 — V(x)}n and n, := V (x)n, and rewrite (2.15) as
(n1 +n2)r = Aldny + (d + a)na] .

This indicates that the population n governed by (2.15) becomes the sum of partial popula-
tion n1 and n, with low motility d and high motility d 4 «, respectively. We also notice that
the ratio between the two population depends only on V (x) at x. Thus we may suppose
that each individual has two types of mobile state, i.e., one is less active (resp. active) and
the other is active (resp. more active), and that it physiologically converts one type into the
other as a very quick response to the environmental pressure V (x). This quick response
may lead the population n to a quasi-steady state. To construct a system for n and n»,
we denote by pa_,1(x) (resp. p1—2(x)) the probability that an active individual becomes
less active (resp. one that a less active individual becomes active). Under the above situ-
ation, pp_,1(x) (resp. p1—2(x)) should be lower (resp. higher) where the place x is more
unfavorable for the species. We also assume that the transition between the two mobile
states is much faster than the random diffusion of n; and n, and denote by 15,1/ k (resp.
by 71_.2/k) an average time in converting the active state into the less active one (resp.
an average time in converting reversely) where k is a positive large parameter. By using
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Fig. 2. Dependence on k of the spatial profiles of one-dimensional solutions of (Q%); solid curve: uy, dotted
curve: up, the gray curve: w.

hi-2(x) = p1>2(x)/T1-2 and ho—1(x) = p2—1(x)/12-51, the dynamics of n; and n;
can be described by

ny =dAny + klha1(xX)ny — hi2(x)nt],

(2.16)
ny = (d +a)Any + k[hi2(x)ny — ha— 1 (x)nz].

By an appropriate choice of a function V (x), we can formally regard (2.16) as an ap-
proximation to (2.15) as follows. Adding both the equations in (2.16), we obtain

n; = Aldny + (d + a)nz],
ny = (d + a)Any + k[h12(x)n) — has1(x)nz],

where n = nj + ny. Dividing the second equation by & and letting k — oo in the second
equation, one can formally expect that

ho—1(x)nz = hi2(xX)n;.
This implies that

hy—1(x) his2(x)
= n, ny, = n.
hio2(x) + hass1(x) hio2(x) +hos1(x)

ni
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Therefore, n satisfies

ng=A |:<d + h1-2(0) )nj| .
his2(x) + ho—1(x)

Thus, V (x) at the place x can be interpreted as the ratio h12(x)/{h1-2(x) + hy—1(x)}
with use of the transition rates 21_,2(x) and h_, 1 (x) between the two states. This formal
calculation indicates that the movement by repulsive transition can be represented by ran-
dom walking if individuals of the species possess the mechanism of switching from one
type of random walking to the other, depending on environmental inhomogeneity.

Rather than applying this method to (2.14), we use a simplified system of (2.14) by
B = 0, that is, (1.4). We split the population of one species U; into two types and each in-
dividual of U; converts its state into the other one. We denote by v;(x, t) and va(x, t)
the population densities of the less active type and the active one of Uy, respectively,
and rewrite the population density of the species U, as v3(x, t). Thus we can construct a
reaction-diffusion system for (vy, v2, v3), which approximates bounded solutions (1, u2)
in Q x [0, T]. Assume (1.6). Seeing that

di <di +oauy(x,t) <dy +aMs,
u us

(di +oauz)uy =d - (1 - ﬁz) uy + (dy +aMy) - Eul,

we replace n, n1, na, d,d + o and V in the discussion above with u1, vy, v2, di, di +a M3
and uy/M,, respectively. The transition rates k1, and hp_,| between the two mobile
states of U; should be functions of v3(x, t) such that 4;_.7(v3) and hy_, 1 (v3) increase and
decrease, respectively, as v3 increases. Assuming that the local reproduction rates of the
two mobile states of U; are equal, we can formally reformulate the population dynamics
of U; and U, by the following three component reaction-diffusion system (1.5). Setting
p = v1 + vp, we rewrite (1.5) as

pr =diAp +aMyAvy + (r1 — arp — bivs)p,

vy = (d1 + aMp)Avy + (ry —ai1p — biv3)vy
+klhi—2(v3)p — (ham1(v3) + h1-2(v3)) V2],

vy = daAvz + (r2 — bap — axv3)vs.

(2.17)

We can expect that vy converges to h1_,2(v3)p/(h1-2(v3) + ho—1(v3)) as k — oo from
the second equation of (2.17). Replacing v in the first equation of (2.17) by this limit, we
formally get a cross-diffusion system

Mohi2(u2)
=Alld
. [( ! +ah1—>2(u2) + h2_>1(u2)> u1:|

+ (r1 —ajuy — bug)uy, t>0,x €,

uz = daAup + (ry — bouy — azxur)uy, t>0,x €,
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where (11, u) is a pair of limiting functions of (p, v3) as k — oo. In particular, we expect
(1.5) to be a “reaction-diffusion approximation” to (1.4), provided that

s
h12(s) = (h1-2(5) + has1(s)) — (2.18)
M,
for s € [0, M>]. As the simplest example of &y, and h1_,2, we can take

S S
hys =1- VR his =
251(8) 72 1-2(8) 72

where hy_,1(v3) (resp. hi1—2(v3)) is surely a decreasing (resp. an increasing) function of
V3.

In this context we have Theorem 1.6, which shows that the solutions of (1.4) can be
approximated by those of (1.5) in a finite time interval if the solutions are bounded. More-
over, the conclusion of this theorem still holds true for several other expressions of the
motility of u and for those of the reproduction rates of v and v, as the proof in Section 4
shows. Although there are many choices of 41,5 (s) and hy_, 1 (s) satisfying (1.7), the ratio
ho—,1(s)/ h1-2(s) is uniquely determined by (1.7). We recall that the ratio of individual
transition rates between the two mobile states determines the motility of the population.
For example,

(i) h1-2(v3) :
(i) h12(v3):

If we choose as

v . v

Vz, h2_>1(v3) =1- V’jz’
1% .

M23U3’ has1(v3) = 1.

(i) h12(v3) = T89S ho 1 (13) = Ty

or
(iv) h12(v3) == @(v3), hos1(v3) =1,

then the corresponding cross-diffusion system is formally

M
Uiy = A [(d] + aPel) 2¢(u2)) u1i|
1+ @(u2)
+ (r1 —ajuy — brux)uy, t>0,x €,
urr = dyAuy + (rp — bouy — arur)uy, t > 0,x € Q.

In particular, for ¢(s) = s and @ = «, the resulting cross-diffusion system is close to the
original system (1.4), if u5 is small. We will prove the extended version of this theorem in
Section 4. We refer to [21] for related work.

Next we consider the application from the viewpoint of pattern formation. Turing’s in-
stability or diffusion-induced instability is one of the most important mechanisms of pattern
formation. This phenomenon is observed under the situation where the inhibitor diffuses
faster than the activator [46]. If the activator increases locally, then it generates the inhibitor
at the same time. Because of the large diffusivity, the inhibitor also increases outside its



124 D. Hilhorst et al.

neighborhood of the high concentration of the activator. This keeps the density of the ac-
tivator low outside and the inhomogeneity of the distribution of the activator forms. Math-
ematically speaking, the stable equilibrium points of some ordinary differential equations
become unstable by adding the diffusion. Consider the competition-diffusion system (2.4)
under the weak competition condition:

— < — < —, (2.19)

instead of (2.6). Under this assumption, there is only one stable spatially constant equilib-
rium solution to the diffusion-less system (2.7)

(uy, u3) = ((axry — bir2)/(araz — b1by),
(=bar1 +airz)/(araz — b1by))

and three unstable equilibrium solutions (0, 0), (r1/a;,0) and (0, r/az). For the
competition-diffusion system (2.4), it is well known that Turing’s instability never occurs,
that is, the spatially constant equilibrium solution (u7, u3) is always stable. Actually the
comparison principle directly implies that all the solutions converge to the constant solu-
tion (u7, u3) when both components of initial data are positive.

On the other hand, Mimura and Kan-on reported in [36] that stable non-constant station-
ary solutions of the cross-diffusion system (1.4) bifurcate from the stable constant solution
(u’f, ”3) under the weak competition condition. When « is small enough, (u’lk, v’f) is still
stable for (1.4). However, (u7, u}) loses its stability as « increases (see [27,35]).

These results indicate that the spatially segregating coexistence of two competing
species occurs by the cross-diffusion effect, which is called cross-diffusion induced in-
stability [38]. This result shows a remarkable contrast with the fact of (2.4) that (u*f, u’2‘)
is always stable under (2.19). In Section 2.3 we will make clear the relationship between
Turing’s instability and the cross-diffusion induced instability for (1.4).

2.3. Turing’s instability and the cross-diffusion induced instability

In this subsection we will explain the relationship between the diffusion-induced instability
(or Turing’s instability) and the cross-diffusion induced instability.

First let us consider the linearized stability of the constant stationary solution (u7}, u3)
for (1.4), that is,

{Mu = Alld +auuil + fur, ), 1> 0,x €%, (220,

uy = drAuy + g(uy, uz), t>0,xe

for @ > 0, where

{f(ul, uz) = (ry —ajuy — bruz)uy,
g(uy, uz) = (r — bouy — agun)us.
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The linearized operator for the right hand side of (2.20) in a neighborhood of (u7, u3) is

diA + aus A+ fu, (uy, u3) autA+ fu, U], us) .
8u, (U7, u3) dr A + gy, (u7, u3)

Then the eigenvalues u of the linearized operator are characterized by E*(u) = 0, where

o is one of the eigenvalues of —A with the Neumann boundary condition and

—dio —aujo + fu, (i, u3) — . —aujo + fu, Ui, u3)
Qu, (Ul ub) —dr0 + gu, (U}, u3) —

]

() =

Next recall the reaction-diffusion system (1.5):

vy = diAvy + f1(vr, v2, v3) + klh21(v3)v2 — hi2(v3)ve],

vy = (di + aM2)Avy + fo(vy, v2, v3) + k[h1-2(v3) V) 2.21)
—ha—1(v3)v2],

vy, = daAvz + f3(vi, v2, v3)

fort > 0, x € Q, where

fivr, v2,v3) = [r1 —a1(vy + v2) — byvs]vy,
Hri, v2,v3) = [r1 —aj(v) + v2) — brvzlvg,
f3(v1, v2, v3) = [r2 — ba(vy + v2) — axvsvs.

It is easily seen that

fr+v2,v3) = fi(vr, v2,v3) + f2(v1, V2, V3),
g(v1 + v2, v3) = f3(v1, v2, V3),
Juy (1 + 02, v3) = fi0,(V1, 02, V3)
+ o0 (v, v2,03) (i =1,2), (2.22)
Jus (01 +v2,03) = f1,0,(V1, V2, V3) + f2,05(V1, V2, V3),
8u; (V1 +v2,v3) = f34,(v1, v2,v3) (i =1,2),
8u, (V1 + 12, v3) = f3,0,(V1, V2, V3).

By using p = v1 + vz, (2.21) can be rewritten into (2.17), that is,

o =diAp +aMyAvy + f(p, v3),

vy = (di + aMr)Avy + fo(p — v2, v2, v3) (2.23)
+k[hi—2(v3)0 — (ha—1(v3) + hi1-2(v3)) V2],

vy = drAvs + g(p, v3).
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Recall that
s
h15208) = (h1208) + has1(s)) —. (2.24)
M;

We see from (2.24) that (2.23) also possesses the constant equilibrium (p*, vik, v}k), where
p* = u’f, vgk = u? and

N * *
/’11%2(”3):0 U3 _ Uy u*
M I

*
Vy = =
2T Moo () Fhosi (V) T M

and that (2.21) possesses the equilibrium solution (v}, v3, v3) = (p* —v3, v3, v3). The lin-

earized eigenvalue problem for (2.21) around (v}, v3, v3) is reduced to 2k () = 0, where
&1 &12 &13

= 21 §n 623 )

F30, 07, 03, 03) [0, (0], 03, 03) —dao + f30,(V], 05, v3) —

[x]
|

&1 = —d1o + f1,0,(v], V3, 03) — khi2(v3) — w1,

£12 = f1,0,(0], V3, V3) + kho 1 (v3),

£13 = f1,0,(V], V3, v}) + k(B (Vv — B}, (WD),

&1 = fo,0, (0], V3, v3) + khi2(v3),

& = —(d1 + aM2)o + fr, (v, V5, v3) — kha1(V3) — i,

€03 1= f2,0,(V], V3, V}) + k(W) ,(v)v] — By (v)v}).

After some calculation, we can obtain

Mahy 2 (u3)k
uj

= —(h12(u3) + ha1 (W3)KE* () + E(w). (2.25)

Ky = — E*(w) + E%w)

]

We will give the proof of the above equalities in Appendix A.l. It is easy to see that
B =+ 0w,  E'W=—1’+ 0w

as |u| — oo, which together with (1.10), implies that the eigenvalues of the linearized
operator of (2.21) converge to those of (2.20) in a half plane {u € C | Re p > —y}
for an arbitrary positive number y. The relation (2.25) between EF and E* implies two
roots of EK(u) = 0 are close to those of 2*(;) = 0 and that the other is negative. Since
(v} + v, v3) is a stable equilibrium point of (2.20) when « vanishes, the spatially con-
stant equilibrium point (v’f, v;, v§ ) is stable for (2.21) if « vanishes. However, if « is large,
then E*(u) = 0 possesses a positive root because of the cross-diffusion induced instability,



Fast reaction limit 127

which implies that the equilibrium point of (2.21) destabilizes for suitably large k when the
diffusivity of v; is large enough. We can say that in the approximating reaction-diffusion
system (2.21), vz plays the role of activator, while v, has the role of inhibitor. Thus it
turns out that the reaction-diffusion system (2.21) includes the framework of a short range
activator-long range inhibitor reaction-diffusion system for (v3, v2) and that the cross-
diffusion induced instability of (2.20) can be regarded as Turing’s instability of (2.21) if k
tends to oo.

3. Competition-diffusion systems and Stefan problems

In this section we present the proof of the convergence of the solution of Problem (Q*)
to the weak solution of Problem (Q) as k — oo and show that the strong form of the
free boundary Problem (Q) is given by the classical two-phase Stefan Problem (Q*). In
turn these results imply analogous results for the problems (P%), (P) and the classical
two-phase Stefan problem with zero latent heat (P*) by setting A = 0.

Latent heat is absent in Theorems 1.1 and 1.2, and in particular it does not appear in the
interface equation. For a new model which converges to the free boundary problem with
latent heat (cf. [39,40]), recall Problem (Q),

uy =diAuy + f(uy) — stkujur — Asik(l — w)uy, xe,t >0,

uy = dyAuy + g(up) — sokujur — Aspkwus, x e, t>0,

wy = k(1 — w)u; — kwuy, xeQ,t>0, 3.1
duq duy

— ===, x €0R,t>0,

av av

u(x,0) = ub, (x), u(x,0) = ub,(x), wx,0) = wh(x), x €,

where . > 0. When A = 0, (3.1) becomes decoupled and obviously reduces to (2.11).
The third variable w can be regarded as an approximation of the characteristic function
of the habitat of the species u1. In order to be able to give an ecological interpretation of
this problem, we first suppose that the initial distributions for © and u; are completely
segregated and impose

wx,0) =Wi(x), xeQ,

where Wi(x) = 1if u1(x,0) > 0and Wi(x) = 0if u;(x,0) = 0.

Letting k — oo we can expect that w becomes the characteristic function of €21 (¢), and
then show that the first and second equations of Problem (Q) can be derived from (3.1). We
emphasize that, when f = g = 0, the classical two-phase Stefan problem can be derived
from (3.1). We also note that the system (3.1) with large k can be regarded as a variant of
the penalty methods to solve the two-phase Stefan problem [29].

We are now in a position to interpret (3.1) from an ecological viewpoint. Let us intro-
duce variables w; = w and w; into (3.1) and rewrite it as
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uyy = diAuy + f(uy) — stkujur — Astkwouy, x € Q2,¢t > 0,

uy = daAus + g(up) — sokuyuy — Asskwiur, x € Q,t >0, 32)
wi; = kwouy — kwiuy, xe,t>0, .

wor = —kwouy + kwiuy, xeQ,t>0.
The initial condition for w; is
wa(x,0) = Wa(x), x €,

where Wr(x) = 1if up(x,0) > 0 and Wo(x) = 0if up(x,0) = 0.

The complete segregation of initial distributions of #; and u, implies that Wy (x) +
Wa(x) = 1 for each x € Q2. Here we assume that the initial segregating boundary I"(0) is
a smooth hypersurface in 2. Obviously (w; + w); = 0, so that

wi(x, 1) + wax, 1) = wix, 0) + wa(x, 0) = Wi(x) + Wa(x) = 1,

and it turns out that (3.2) coincides with (3.1). The system (3.2) can be interpreted as fol-
lows: u1 and u, are the densities of two competing species with their own habitats €21 (¢)
and Q2 (t), whose shapes are respectively described by the characteristic-like functions w1
and wy (in fact, as k tends to oo, both of them become the corresponding characteristic
functions of the habitats 21(z) and ©2,(¢)). There are two different types of interaction
between u1 and u;. One is the directly competitive interaction (due to the term uv), for ob-
taining their common resource. The other one is the struggle interaction (due to Asjwauq
and Aspwiuz), for constructing their own habitats, where As; (resp. Asp) is the cost rate
when u; (resp. up) attacks the habitat Q,(¢) (resp. €21(¢)). For this reason, we may say
that (3.2) is not a conventional competition-diffusion model, but a new reaction-diffusion
model of two competing species which move by diffusion.

In order to be able to state our main result, we impose the following assumptions on f,
g and the initial datum (ug1, uo2, wo).

A1l (Assumption on f and g) There exist C'-functions f(u) and g(u) and positive con-
stants K| and K> such that

fw) = fuu, g(u) = g(uu,
fw) <0 foru> Ki, gw) <0 foru> K.

A2 (Assumption on the initial datum)

(uhy, uby, wh) € C(Q) x C(Q) x L®(Q),

0<up <a,0<ugp <p,0<w<1

for some positive constants « and .

Define Q, :={x € Q| B(x,2r) C Q}; foreachr € (0, r),

there exists a positive function ¥ (§) satisfying



Fast reaction limit 129
lim (&) = 0 such that
|£]—0
fg lufy (x + &) — ufy; ()] dx < (@),

/ Wk (x + &) — uby (o) dx < 9(8),

>

/ lwf (x + &) — wh (x)| dx < #(&), and where

.
“161 — up1, ”,52 — ug, wg — wy strongly in LZ(Q) as k — oo,
for some functions ug1, ug2, wo € L=(Q).

We do not assume ugjuog2 = (1 —wo)uogr = wougz = 0. In particular, we do not impose
that the supports of ug; and ugy are disjoint.

REMARK 3.1. The parameter X in Problem (Q) corresponds to the latent heat in the Stefan
problem. For sufficiently large k, one can expect that u1 and u; exhibit corner layers on the
interface I'(#), while w has a sharp transition layer, which clearly indicates a segregating
boundary between u and v.

3.1. Some basic properties

In this section A1 and A2 are always assumed. By a sglution oi(3.l) in Qr (T > 0) we
mean a triple of functions (uX, uk, wk) € C([0, T]; C(Q) x C(Q) x L>(R)) such that

uk, ub e C1((0, T1; C(R)) N C((0, T1; WP (),
wk e ([0, TT; L®(R))

for each p € (1, 00) and (u1, uz, w) satisfies Eq. (3.1). There exists a positive number
T = T(||u’61|lc(§), ||u’62||c(§), ||w16||L30(Q)) such that (3.1) possesses a unique solution
(u’l‘, ug, wX) in Q7. This does not immediately follow from the theory of analytic semi-
groups because of the lack of a diffusion term for w. In particular, if w’é is discontinuous at
some point, w* as well as Au]f and Aué may be discontinuous at that point at later times

as well. We refer to [18, Appendix] for the proof. We denote by (u]f, ué wX) a solution of
(3.1)in Q7.

LEMMA 3.2. Let (u]f, ué wX) satisfy Problem (P*). Then :

0 <uj(x,) <maxfe, K1}, 0 <u5(x,1) < max(B, K2},

0<w, <1

Jor (x,1) € Or.
PROOF. We deduce from the maximum principle that u’l‘ , ué > 0. Let x € Q be such that
wlg(x) is defined. Then the condition 0 < w’(j (x) < 1 implies that 0 < wk (x,1) <1 forall
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t > 0. Indeed suppose that at atimet =17, w(x,7) = 0, then w¥(x, 7) > 0; similarly if at
atime 7, w*(x, t) = 1, then w; kix, 0 < < 0. Finally, we apply again the maximum principle
to deduce that ul < max{a, K1} and u2 < max{B, K»}. O

Without loss of generality, we can assume that
a>K; and B> K,

by choosing @ and S so large that the above inequalities hold. The local existence of the

solutions and Lemma 3.2 ensure that the solution (u]f, ué, w) exists globally in time and

satisfies

0<ub(x,n) <o,  0=ub(x,1) <B,
0<wh(x,r) <1 for(x,1) € Q x [0, ). (3.3)
Set
My = max{f(u) |0 <u < a}, Mg = max{g(u) | 0 <u < B}.
LEMMA 3.3. For any positive number T there exist positive constants C; (i = 1,...,5)

independent of k and A such that

Cy
(s1 + sz)uluzdxdt < 7

// As1 (1 — whyukdxdr < ==
or k
C
// )»szw uzdxdt < —3,
or k
// di|Vuk Pdxdr < Cy,
or

// do|Vus|?dxdr < Cs.
or

In this Chapter, positive constants which do not depend on k are denoted by C; for
simplicity of notation.

PROOF. Integration of the equation for # in Q7 yields
// (slkull‘ug + As1k(1 — wk)ulf) dxdt
or

=/(u’51(x)—ulf(x,T))dx+// f@bydxdr
Q Or
< (a+TMy)|2],
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which implies the second estimate. The first and third ones can be shown similarly. Next
we multiply the equation for u’l‘ by u’lC and integrate by parts on 2. This yields

1d kN2 k2
EE/Q(“I) dx+d1/Q|Vu1| dx
+/Q (slk(u’;)zu’; 4 sik(1 — wk)(u’;)z)dx < |QlaM;,

which we integrate on (0, T') to deduce the fourth estimate. The last estimate can be proved
similarly. (]

LEMMA 3.4. Let T be any positive number and set
Qe ={xeQx+r§eQfor0<r <1}

with & € RN. Then there exist positive constants Cg and Cq independent of k and X such
that

T
/ / wh(x + &, 1) — uk(x, 1))*dxdr < 9|g|2, (3.4)
0 Jo d
T CS
/ Wh(x + &, 1) — ub(x, 0)dxdr < =2 &2, (3.5)
0 Jo da
T—1
/0 /Q(ulf(x, t+ 1) — uk(x, 1))*dxdr < Cer, (3.6)
T—1
/ / Wh(x, 1 + 1) — ub(x, )*dxdr < C77, (3.7)
0 Q

for& e RN and t > 0.

PROOF. The first and second inequalities (3.4), (3.5) follow immediately from Lemma 3.3.
Indeed, we have

T
/ (u]f(x + &, 1) — u]f(x, 1))?dxdr
0

$2
T 1 2
C
:/ / / Vu/f(x—i—ré,t)-édr dxdt§—4|5|2.
o Ja: |Jo d

The second one can be shown in a similar way. Next we prove (3.6) and (3.7). We have that
T—1
/ / WX et 4+ 1) — ub(x, 1)) 2dxdr
0 Q

T—-t T
=/ /(ulf(x,t+t)—ulf(x,t))/ u;(x,t + rydrdxdr
0 Q 0
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T—t T
=/ /(u]f(x,t—i—r)—ulf(x,t))/ {dlAu]f(x,t—i-r)
0 Q 0

+ f(u]f(x, t+r)) — slku]f(x, t+ r)ug(x, t+r)
—Astk(1 — wk(x, t+ r))u]f(x, t 4+ r)}drdxdz.

We estimate the three terms on the right-hand side. The first term can be estimated as
follows:

T—t T
/ /(u’f(x,t+f) —u’f(x,t))/ dy Auk(x, t + r)drdxds
0 Q 0

T T—1
= d / / / (Vuk (e, t + 1) = Vuk (x, 1)) - Vb (x, t 4 r)dxdedr
0 Jo Q

T

§2d1rf /|w’;(x,t)|2dxdz
0 Q

< 2Cyrt.

Secondly, we see that

T—1 T
/ / W, r 4+ 1) — ub(x, t))f @, r 4+ r))drdxde
0 Q 0

<aM;T|Qr.

Finally, we have

T—1 T
/0 /Q(ulf(x,t—i—r)—ulf(x,t))x/o slku]f(x,t+r)u§(x,t+r)

+ Astk(l — wF(x, 1 4+ r)uk e, 1 + r)drdxds

T T—1t
505/ / / slku]f(x,t~|—r)u§(x,t+r)
0 JO Q

+as1k(l — wh(x, £+ r)uk (x, £ + r)dxdrdr

T
< ar/ / stkuk G, 0k (e, 1) + as1k(1 — w* (e, ) (x, )dxdr
0 Q

<a(Ci +Co)r.
Thus we have shown that

T—-t

/ / (i (x, t + 1) — ub(x, 1))*dxdr
0 Q

< 2C4+aMsT|Q| + aCy + aCr)r.



Fast reaction limit 133
Similarly, we can prove the following estimate:

T—1
/ / Wb, 4+ 1) — ub(x, 1)) 2dxdr
0 Q
< (2Cs+ BM,T|Q2| + BC + BC3)t.

This completes the proof of Lemma 3.4. (]

3.2. The limiting problem

Choose a positive number T arbitrarily and fix it. We deduce from Lemmas 3.2 and 3.3
that the families {u%} and {u4} are bounded in L%(0, T; H'()) and that the family {w*}
is bounded in L*°(Q7). In order to show that the sequences {u]f} and {ué} are relatively

compact in L2(Q7) we will apply the following Fréchet—-Kolmogorov Theorem (e.g. [5,
Corollary 1V.26, p. 74]).

PROPOSITION 3.5 (Fréchet—Kolmogorov). Let F be a bounded subset of LP(Q7t) with
1 < p < oo. Suppose that
@) for any € > 0 and any subset ® € Qr, there exists a positive constant
8 (<dist(w, 0 Q7)) such that
If(x+8&1)— fx.Dlere 1 fxt+1) = fx, Dllerew) <€
forall &, T, and [ € F satisfying |E|+ | T |< 4,

(i) for any € > 0, there exists w € Qt such that

1 fllLror\w) < €

forall f € F.
Then F is precompact in LP(QT).
This proposition implies that the families {u’]‘ } and {ug} are precompact in L2(Qr).

Therefore there exist subsequences {ulf”} and {ul;’} and {w*"} and functions uy,u, €
L(0, T; H'(2)) and w € L?(Q7) such that

ulf” — uy, u];” —> up strongly in LZ(QT),
weakly in L2(O, T: H () and a.e. in O7, 3.9)
and
whn — weakly in LZ(QT) 3.9)

as k, — 0. It follows from (3.3) that

up >0, up >0, 0O<w=<1 onQr. (3.10)
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Hence we deduce from Lemma 3.3 that
uiuy = (1 —w)u; = wuy = 0. (3.11)

In the sequel we will show that the functions u1, u», and w are determined as the unique
solution of the Stefan-like problem (Q).

However, before doing so, we prove that w** converges strongly to its limit as k,, — oo
(see [19]). A key idea of the proof is that if we would consider Problem (Q%) with
f = g = 0, then the quantity

k,

1 k y 1 k )
— | lujCxe, ) —ui(x,)ldx + — [ uy(x, 1) —uy(x, 1)]dx
S1JQ 2 JQ

+x/ lwk (x, 1) — wk(x, £)|dx
Q

~

with (ulf, ué wk) and (u]f, u’é wk), two solution orbits, would decrease in time.

We set

Q ={xeQ|Bx,2r)C Q}.

LEMMA 3.6. Foreachr € (0, 7), there exists a positive function 5(5) satisfying

lim 9(£) =0
Am &)

and
T ~
// lwk(x + &, 1) — wh(x, 1) dx dr < (&)
0 Q3

foralle e RN, |&| <r.
We give the proof of this lemma in Appendix A.2.

LEMMA 3.7. There exists a positive constant C such that
T—-t
/ /|wk(x,t+t)—wk(x,t)|dxdt§Cr
0 Q

forallt € (0, T).

PROOF. We have

T—t
/ / lwk(x, 1+ 1) — wh(x, )| dx dr
0 Q

ey

T
/ wk(x, 1 + 0)do| dxdr
0
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T—t

T T
= k/ / / (1 — whyuk + b w*)(x, 1 + 0)do dx dr.

Lemma 3.3 immediately implies

T—1
/ /lwk(x,t+r)—wk(x,t)|dxdl
0 Q

/ (1 —wk)ul —uzwk)(x t+o)do| dxdt

§/Tk(/ ((1—wk)u1+u2wk)(x,t)dxdt> do
0 or

<Cr,

which completes the proof.
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O

Applying the Fréchet—-Kolmogorov Theorem (Proposition 3.5) to the sequence

{wk}kzko, we deduce its relative compactness in L! (97).

LEMMA 3.8. Let T be an arbitrary positive number. The functions uy, ua, and w given in

(3.8) and (3.9) satisfy

| oo (522 o
or 51 52

+(f(u1) 3 g(Mz)) ;}dxdt

S1 52

= —/ <@ _ e +Awo> ¢ (x, 0)dx
Q S1 52

for all functions ¢ € C*®°(Qr), such that ¢ (x, T) = 0.

PROOF. We deduce from the equations in Problem (Qk) that

g(ub)

S1 ) S1 52 S1

k k k k k
(ﬂ L uy +Awk> _ dy Au B dr Auy + f@y) 3
t

)

(3.12)

multiply it by a test function ¢ € C*®(Q7) with ¢(x, T) = 0 and integrate by parts to

obtain the identity

k k k k

u u diu dru
// {—(—1——2+/\w">;,+v< =2
Or S1 52 S1 $2

k k
_ (f(u]) _ g(”z)) {}dxdt
51 52
k k
= / <m _ Yo + Awé) Z(x,0)dx.
Q S1 52

).vc
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Letting k = k,, — 0, we deduce (3.12). ]

We will formulate (3.12) in a weak form corresponding to Problem (Q). We use the
notation :

1 (r > 0),
H(r) == 4[0,1] (r =0),
0 (r <0).

LEMMA 3.9. If w € H(z), then ¢, (z + Aw) = z. In particular, the functions uy, uy and
w, which are given in (3.8) and (3.9), satisfy

_ Z— Z
ur = s19: ()", uy =203 (2)", and w= %(), (3.13)
where
e= 2 (3.14)
51 §2

PROOF. The first claim of this lemma follows from the definitions of ¢; and H. We can
deduce from (3.10) and (3.11) that

ui uz
weH|{——-—]).
s1 82

Hence we have

Uy U
(@) =———,
S1 52
which, together with (3.10) and (3.11), implies (3.13). O

DEFINITION 3.10. A function z € L*°(Q7) is a weak solution of Problem (Q) with an
initial datum zg € L°°(Q) if

d(p:(2)) € L*(0, T; H' ()

and

/ / 2g,duds + / Z0(0)¢ (x, 0)dx
or Q

=/Q {(Vd(9i.(2)) - V& = h(p(2))¢}dxdr (3.15)

for all functions { € C*®°(Qr) such that ¢ (x, T) = 0.

REMARK 3.11. It follows from [10] that if z is a weak solution of Problem (Q) and if
1 (z0) € C(R2), then d(¢; (z)) and thus ¢, (z) is uniformly continuous on Qr.
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It is known that the classical two-phase Stefan problem under the Neumann condition
can be formulated as the nonlinear system (Q) with iz = 0. Then z and ¢; (z) correspond to
the internal energy and the temperature, respectively. We note that (Q) can also deal with
the case where the interface fattens. We set

Q1) = {x € Qg (z(x, 1)) > 0},
Q_(1) = {x € Qlgs(z(x, 1) < 0}, (3.16)
T(1) == Q\ () UQ_(1))

for t € [0, T'] and also use the notation

Q= Q40 x {1},

0<t<T

Q_ = U Q_(t) x {1},
0<t<T

r= U T'(t) x {t}.
0<t<T

We could think that Q2 (¢) and 2_(¢) symbolize two distinct phases, and I" (#) represents
a phase boundary (or an interface) at time t.

LEMMA 3.12. The function z defined by (3.14) coincides with the unique weak solution
of Problem (Q) with initial datum zo = uop1/s1 — ug2/s2 + Awy.

PROOF. It follows from Lemma 3.2 that z € L>°(Qr). We observe that (3.13) implies

diuy douy

d(pr(2)) =

52

In particular, d(¢; (z)) € L?(0, T; H'(2)) holds true by Lemma 3.3. We also notice that

1y (2)) = f(sbltl) _ 8u)

52

Therefore (3.12) can be rewritten as (3.15) in terms of z and zo = ug1/s1 — uo2/s2 + Awy.
This completes the proof of this lemma. (]

The uniqueness of the weak solution of the Stefan problem (Q) for zo € L'() fol-
lows from Hilhorst, Mimura and Schitzle [14]. Thus (uo1, uo2, wo) uniquely determines
z, which uniquely gives (u1, u2, w) by (3.13). Consequently we have proved the following
result, which is a variant of Theorem 1.3.

THEOREM 3.13. The function z defined by (3.14) is the unique weak solution of the Stefan
problem (Q) with an initial datum uo1/s1 — uo2/s2 + Awg. As k — oo,

u]f — uy, ug —> up strongly in L2(QT)
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and weakly in L*(0, T; H'()),
wk — w strongly in L2(QT).

Finally we state a result about the relation between (Q) and (Qk ).

THEOREM 3.14. Let z be the unique weak solution of (Q) with initial datum zy and let
Q4 (t) and T'(t) be the sets defined by (3.16). Suppose that (each component of ) I'(t) is a
smooth, closed and orientable hypersurface satisfying T'(t) N 02 = @ forallt € [0, T].
Let n be the unit normal vector on I (t) oriented from Q4 (t) to Q_(t). Also assume that
I'(t) smoothly moves with a velocity V,, in the direction of n and that the functions

up =192, and ur = s0:.(2)”

are smooth on Q0 and Q_, respectively. Then (T, uy, u») satisfies

uy =d1Auy + f(uy), in Q4(1),

uy = drAuy + g(uz), in Q_(t),
dy ouy  dy dup

AMWy=——————= onT(),
s1 on sy on

up :uz:O, on F(t),

0 0

& _ 2y, on 9%,

av v

fort € (0, T] and

{F(O) = {x € Q|ga(z0(x)) = 0}, (3.17)

ur(x,0) = s1(pa(zo)NT,  ua(x, 0) = s2(pa(zo(x)))~ x € Q.

Here 0uy/0n (resp. duy/on) is regarded as a boundary value on 924 (t) (resp. 9Q2_(t)).

PROOF. It follows from the definition of u; and u, that

ulr =uy = 0 on F,
up . uy .
pr(z) =z—A=— inQy, p(z) =z=—— inQ_,
S1 52
which are used in the computations below.

Next we derive the parabolic equations for 11 and u, as well as the Stefan condition on
the interface I". First we rewrite the first term on the left hand-side of (3.15). We see that

T "
// z¢pdxdt =/ {/ <— + Aw) &dx
or 0 Qi) \S1

- E;,dx} dr. (3.18)
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Since w = 1 in Q4(¢),

T
// 2L dxdr =/ {/ (“—‘ +A) dx — Qg“tdx}dt
or 0 Q) \S1 Q_() 52

It follows from u1|r(;) = O that

t=T T d
[/ ulé'dxi| :/ —</ ulg'dx) dr
Q) =0 Jo dr \Ja,

T
Z/ / (u1g; + uy,&)dxde;
0 JQi()

moreover,

t=T T T
f §dxi| =/ / C,dxdt—l—/ / V,¢dodt,
LJo @) =0 0o Joiwm 0o Jre

and similarly since uy |y = 0, we have that

=T T
/ M2§dxi| = / / (w28 +uz&)dxdr.
LJa_ o =0 o Jao_m

Therefore we have that for test functions ¢ which vanishatr =0and¢ =T,

1 T
or St Jo Joym Q_(1)

T
—/ / AV, ¢dodr. (3.19)
o Jro

On the other hand we have that

/ /Q (—Vd(93(2)) - V¢ + higy () )dxdi
T

1 T
——/ / diVuy - V{dxdt—i——/ / dyVuy - Vedxde
s1Jo Jorm Q_()
1 [T 1 (7T
+—/ / Sfu)¢dxde — —/ / g(ur)tdxdt
s1Jo Jerm s2Jo Ja_wm
T
di 0 dr 0
Z/ / {_;ﬂ__zﬂ}gdgd,
0 ') S1 on 2 on

dy o dr 0
/ / SO 2 dedr
90 sp dv 52 N
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1 T
b= [ @+ pancarr
S1 Q4(1)

T
—if f {drAuy + g(uz)}cdxd. (3.20)
Q_(1)

Next we substitute (3.19) and (3.20) into (3.15). This gives

r di 9 dr 9
/ / {_Wn__lﬂ__zﬂ};dad,
o Jro s1 on sp on

1 T
—/ / {—u1; +diAuy + f(uy)}odxde
Q24.(1)

1 T
L / / {2y — dy Atz — gluz)}cdxdr
Q1)

dy 0 dr 0
/ / A 200 rdedr =0 (3.21)
90 sp ov 52 N

for all ¢ € C*°(Qr) such that ¢(x, 0) = ¢(x, T) = 0. Considering successively in (3.21)
test functions with compact support in €2 and test functions with compact support in Q2_,
we deduce the parabolic equations for # and u>. Then, without loss of generality, we may
assume that I'(#) = 9Q4(¢) for t € [0, T]. Taking in (3.21) test functions which vanish
on 92 x [0, T'] and do not vanish on I', we deduce the Stefan condition describing the
interface motion. Since 92 N Q4 (¢) = @, it is clear that

duy
— =0 ondQ2x (0,7).
av

Thus, taking in (3.21) test functions which do not vanish on 92 x (0, T'), we can deduce that

9
2 _ 0 onaQ x (0,T).
av

Finally consider (3.15) with test functions which do not vanish at # = 0. Then we can
replace (3.19) with

// Zé}dxdt
or
= / z(x,0)¢ (x, 0)dx — —/ / u;¢dxdre
Qi (1)
+if f ug,(dxdt—/ / AV,cdodr. (3.22)
s2Jo Je_@®) 0 JIr@

Substituting (3.22) and (3.20) into (3.15) and using the fact that both the partial differential
equations for u; and u, as well as the Stefan condition for the interface motion and the
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Neumann boundary conditions are satisfied, we deduce that
- [ 126,0) = 200, O)cx =0
Q

for all £(-, 0) € L%(S2). Hence
z(x,0) = zo(x) a.e.in 2.

Thus we obtain (3.17). t

REMARK 3.15. If the initial data satisfy :
uoruo2 = (1 — woluor = woupz =0 in Q,
then
ui(x,0) =upi(x), and wu>r(x,0) =ug(x) forallx € 2,

in Problems (P*) and (Q%).

REMARK 3.16. When u| = 0, the system becomes

uy = doAuy + g(up) — Aspkwuy, x € 2,1t > 0,
w; = —kwuy, xeQ,t>0,

which, in a special case where g = 0 and where the initial functions are constant, converges
to the one-phase Stefan problem (Q*) with u; = 0. We refer to the papers by Hilhorst, van
der Hout and Peletier [15-17] and by Eymard, Hilhorst, van der Hout and Peletier [13].
Now let us assume that

supp ug2 N supp wo = @.
‘We use the notations

Qo) = {x € Qlga(z(x, 1)) =0}
T(t) = Q) N Q

instead of Q4 (¢). Then (3.18) is replaced by

T
/f 2L dxdr =/ {f Awg,dx — Egolx}dt.
or 0 Qo) Q_(t) 52
=T T T
[/ w;dx:| = / / (w&r 4+ weg)dxdre +f / wV,¢dodt,
Qo(t) =0 0 JQ() 0 Jr@

Since
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we have for all test functions which vanish att = 0 and ¢t =

// z¢dxdr = // U dxdr — ff wyCdxdrt
or Q_() Qo(t)

—A// wV,cdodt (3.23)
0 ')

instead of (3.19). Substituting (3.23) and (3.20) with u; = 0 into (3.15) implies

dr 0
/ / { v, — 2 2 ”2};d dr — / / w,cdxds
I'(t) Qo (1)
—/ / {uzr — drAuy — g(uz)}¢dxdr = 0.
0o Ja_w

We remark that the support of u» is expanding, and since
w; =0 in Qo(?),

it follows that
w(-,t) =wo 1n Qo(r).

Thus we have

dr 9
—Aonn—s—jg_O on T(1),

where wy in the first term is regarded as the boundary values of €2 (#). Imposing the value
wo =1 in Qp,
we obtain a one-phase Stefan problem, with the interface equation

dr 0
v, =222 _ o onr).
52 On
REMARK 3.17. In order to illustrate extremely exciting patterns which may arise from
problems slightly more complex than the four-component system (3.2), we show numeri-

cal tests (cf. Figure 3) for the solution of a six-component system of the form

u; = d,-Aui + ﬁ(ui) — kZaijujui — kajui
J#i J#
xe,t>0,i=1,...,3), (3.24)
wi=kY wiu' —kY ww (xeQt>0i=1...3).
J#i J#i
This solution is quite remarkable, since the corresponding interfaces exhibit triple junc-
tions.
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U,y 3 Wi, Wa, Wy the cross section

Fig. 3. The snapshots for the solutions of a 6-components system (3.24) with k = 100,d; = 10.0,
aij =1.0 (G # j), f1(w) =2uB —u), fo(u) =3u2 —u), f3(u) =5u(4 —u)att =0,0.2,0.4.

3.3. Error estimates

The purpose of this section is to prove the error estimates of Theorem 1.5. We combine
proofs from two papers of Murakawa [41,42].
To begin with, we recall the definitions of zk, 6 and 6% given in (1.2) and (1.3):

koo k
u u

=12 4wk
51 52

0 =dpn(2)) =di(z =N —drz™,

di dr
ok = —u'f - —ué,
52

S1
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where (u’l‘, u’é, wX) is a solution of (QX) and z is a weak solution of (Q). We also define
the functions:

1) =19 =51 - M7, 2(2) = s200.(2)” = 22"
Using these functions, we set

up=@i1(2) =s1z—M*, uy = p(z) = $22°,
so that in particular

di dy
0 =—ur — —uy,
S 52

and prove the following result.

LEMMA 3.18. The following bounds hold:
ky _ ok k k - €
g1 (z") — M1||L2(QT) + llg2(2") — ”2||L2(QT) = ﬁ’

C
k k
ld(px(z%)) — 6 ||L2(QT) = ﬁ

PROOF. We first estimate | ¢ (zk) — u]f |2. If X = ull‘/s1 — ué/sz + awk < A, then

k k
u u

01 (—1 — —2+Awk> —ulf
S1 52

If u’l‘/sl — ug/sz + Awk > A, then here as well we find that

k k
u u

1 (—1 -2 +Awk> —uk
sio$

which together with Lemma 3.3 implies that

k k
u u

1 <—1——2+kwk> —ull{
S1 52

Next we consider the term |g02(zk) — uélz. If 25 = u]f/s1 — ué/sz +awk > 0, then

k k 2 uk
uyp U kY ok

m|———=+riw us |u2| <szu2 —i—A
S1 52

2
= |u]f| < s—ulu2 +slku1(1 —w )
2

2
< —ulu2 +s1ku (1— wk),
52

Cc
< —.
k

LX(Q1)
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If u’]‘/sl — u’z‘/sz + Aw* <0, then

k k
u u
(P2<—1——2+)»wk>—u§

2 k
k[ Yl k
<suy | — +iw" |,
S1 52 S

which together with Lemma 3.3 implies that

k k
u u
©2 (—1 - —2+)»wk) —ué
51 s

C
< —.
Vk

This completes the proof of the first inequality in Lemma 3.18. Next we show the second
one. We have that

k k
d(g.(2) = 6 = dy {(zk -0 - Z—l} —dy {(zk)_ - 2}
1

LX(Qr1)

5
Therefore
Id (@15 — 0¥l 1200,
di k k da k k ¢
< — — + — —u < —,
= 5 101G — gy + e — il = 2
which completes the proof. U

PROOF OF THEOREM 1.5. As itis done by Murakawa, we define

K=1{¢eH(Qr) ¢, T) =0}

It then follows as in the proof of Lemma 3.8 that

k k
f/ ZkCt +/ Zé(x){(x,O)dx = ff {Vekv; — (M — M) {}
or Q or S 52

for all ¢ € K. Moreover it follows from (3.15) that

// 49 +/ 20(x)¢ (x, 0)dx = // {VQV; _ (f(m) B g(u2)> {}
or @ or 81 52

for all ¢ € K. Thus

/ / el + / €5 () (x, 0)dx
or Q
k k
:// {Wm_ (f(ul) - f(u])>§+ (g(uz) - g%));]’ (325)
or S1 S1 52 52
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where
ezzz—zk, eZO=zO—z/5, and e9=8—9k.

We set

fo
eg(x,s)ds if0 <t <,
C(x, 1) = /t
0 ifto<t<T.

The first term on the left-hand-side of (3.25) is equal to

fo
// el = _/ / €:¢é9,
or 0 JQ
) Iy 0
[ [eer= [ [ ecfo-awen)+ [7 [ efawitn o)
0 Q 0 Q 0 Q

d o d fo
= _1/ / e.(ur — 1(2) — —2/ / ec(u2 — ¢2(2)
sito Jo s2.Jo Je

fo
[0 e{atoncin - o).
0 JQ

and

We remark that
lo1(2) — 012 =511z = VT = & =0T <11z =24,

and since ¢ is monotone, it follows that
d1 dl
—/ (z — DVp1(2) — 1 (2)) = —f 1z — 211 (2) — @1 (2N
51 JQ s1JQ
d
> —2/ l91(2) — o1 ()P
S1 Q
Next we use the fact that
lur = uy 132 = 912 — 01 + 01" = ufl172 g,

<20l¢1@) = 9172, + 201 ) = Uil g

to deduce that

d
l / / (2 — 01 ) — 919
s1JJg,

dq

Z2
51

1 2 k k2
<§||eu1 20y — 191G = 1324, ).



Fast reaction limit 147

where e, '=u; — u’l‘ . In the same way we obtain

d
-5 / / (@ — ) (@2(2) — 92(2))
52

> (] Slle 112 — g2 (5 — ub 2
2 wlip2g,) ~ 1192 22,y )
2

where e,, = uy — u’é Moreover we deduce from the Cauchy—Schwarz inequality, the
uniform boundedness of z¥ and Lemma 3.18 that

’ / /Q e {a.@ - o)

Thus we obtain

ff e:l < ——2( lew 1720, — ||go1<zk)—uﬁ‘||iz(gl))
or 1 0
2

C
< llezll 20, 14 @) = 681 120, ) < 7

_a || Py llea ) — k)2 + £
% euz L2(Q ) §02 e I/t2 Lz(Qro) k

(3.26)
Recall that
d d d d
eg=0—0" =L —ub) — Py —ud) = ey, — Zey,. (3.27)
S1 2 S1 §2
It follows from (3.27) that
[ eaco= [ / 2060
Q
=[], 0 (St =
—e — —e
04 51 uy 5 u
2 d
=< (dl + dZ)T”eZ()”LZ(Q) 2 ||eu| ||L2(QT)
(3.28)

+ E% ”euz ”Lz(QT)'

Next we remark that the first term on the right-hand-side of (3.25) is equal to

fo
// VegVi = // Veg/ Vey
or [ t
1 d AN | o =t
- ([ (v eg) =——/[v/ ee:| .
2‘/“/.Q/0 dt ( t 2 Q t =0
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Therefore

2
(3.29)

1 0
J o=l
or 2 0

We consider the second and the third terms on the right-hand-side of (3.25). By (3.27),

LR
<c// |eu1|f <—| u1|+d|eu2|)

We have that

fo
// dt|eu](x,t)|/ dsley, (x, 5)|
Qto t
s
Zf/ dS|€u1(x,S)|f |eu|(x’t)|dt
Qi 0

fo % s 2 %
gf ds (/ |eu1<x,s>|2dx> (/ (/ |eu1(x,t>dr) dx)
5/ ds (8/ ley, (x, s)] dx+C9/ (/ ley, (x, t)|dt> )
0

fo
=< €||el,t1 ”iz(Qto) + CST‘/OA ||€u1 ||L2(O,X;L2(Q))d ’

fo
// dt|eu1(x,t)|/ dsley, (x, )|
Qto 1
s
:// dSlEMZ(x,S)|f |eu1(-x’t)|dt
04 0

fo
=< 8”9142 ”iz(Qro) + CSTf ”6”1 ”iz(o S'Lz(Q))dS.
0 ,85

LX) .

Similarly

Combining these inequalities, we obtain

LI

¢ (lew 20, + lewslizg, )

0]
2 2
+C.T /0 (e 122 0 0:1200 + w0206 ) 45 (3.30)
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Moreover, one can perform similar computations for the reaction function g. Substituting
(3.26), (3.28), (3.29) and (3.30) into (3.25) yields

dl k k2
s1 < ”eul ”LZ(Q ) ||‘P1 (Z ) — U ||L2(Q10)
d 2 k k2
+ g <§”euz ”LZ(QIO) - ||(/)2(Z ) - quLZ(Q’O)

2

C IH o
_e ! v/ :
Vo2 0

di d
< (dl +d2)T||eZ()”L2(Q) 2”€u| ||L2(QT) + 2 ||eu2||L2(QT)

L2()

+ 8(”6141 ”iz(QrO) + ”euz ||L2(Qr0)) + CST/ (”eu] ||L2(0 S'Lz(Q))
0 585

2
+ ||eu2 ||L2(0,S;L2(Q)))ds’

which implies

2

fp
2 2
e + |le +Cy |V / ey
” ui ”Lz(QtO) ” up ||L2(Qto) ] LZ(Q)

= Clllp1 ) = 112, ) + 102G =12, )

C3 fo
+ = + C4T||ez()||iz(9) + CST /0 (”eul ||i2(0,S;L2(Q))

Jk

+llews 1720.5: 1205245+

Lemma 3.18 implies that

2

]
V/ ey
0

2 2
e + |le +C
” ul ”LZ(QIO) ” u ”LZ(QrO) 2 LZ(Q)

Ce
<—+ C4T||ezo

Jk

fp
2 2
+ CST /0 (”eul ||L2(O,s;L2(Q)) + ||€u2 ”LZ(O,S;LZ(Q)))dS

2
”Lz(Q)

for large k. Applying Gronwall’s inequality and using the fact that eg is uniformly bounded,
we obtain the error estimate
]
Jy e
0

2

2 2
e + |le +Cy
” uj ”LZ(Q[ ) ” up ||L2(Q10) HI(Q)

+ CaT s (3.31)

\/— ”Lz(Q)’

for all 79 € (0, T']. In order to complete the proof of Theorem 1.5, we still need to estimate
the term e.. Let ¢ € H'(2) and let 1y € (0, T) be arbitrary. For § € (0, min(t, T — 1)),
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we define the cut-off function ys = xs(¢) as

1 ift € [0, 19 — J]
to+68—t

xs(t) = (H_T ift e [tg—86, 19+ 8]
0 ift e [tg+6,T].

The function xs converges to the characteristic function of the interval (0, #p) as § — 0.
Taking ¢ (x,t) = ¢ (x) xs(¢) in (3.25), we obtain

to+6
/ z¢+/ezo¢
to—98
k
e o212
or or S1

_ <8(M2) ~ g(u2)> } N
52 s2

Letting 6 — 0, we deduce that

/.

Veg Ve

=< /ez()(z"""
Q Qto

+// Hf(ul)_f(u’,‘) .
Q1 S1 S1

forall p € H'(Q). By (3.31),

glu)  g(ub)
2 §2

o

sp (e (t0), B @) = € (llezll gy +571).
191111y =1

so that

Iz = 2 ) | a1y < Clllezll L2y + 5%
forall ty € (0, T) and thus

lz — Zk”LOO(o,T;(Hl(Q)) ) = C(||€z0||L2(Q) +k” 1/4),

which completes the proof of Theorem 1.5. g

4. The fast reaction limit to nonlinear diffusion systems

First we write the singular limit problem in a slightly more general setting, namely

u; = DAu+ F(u) + kG(u), A.1)
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where u € R™ and F, G are smooth functions from R to R™, D is a diagonal matrix with
positive components. Dividing the above equation by k, we have

“_ D nut e + 6w
— = —Au — u u).
k k k

Letting k — oo, we can expect that
0=Gu).
The sets of the equilibria of the examples in Section 2 are

{(ui,u2) | up >0, u2 > 0} U {(uy, u2) | ug =0, uz > 0},

{(1,0,1) [ur = 0U{(©0,0,w) |0 <w < 1} U{(0, uz,0) [ up > 0},
respectively. Since the sets of equilibria are not smooth at (u1,u3) = (0,0) or
(u1,uz, w) = (0,0,0), (0,0, 1), interfaces may appear. On the other hand, the set cor-
responding to the system (1.5) in Section 2.2 is given by

{(vi, v2,v3) | his2(v3)v1 = o1 (v3)v2)
In the case where the null set of G is smooth, we can expect other limit problems not only
free boundary value problems. For example, Bothe and Hilhorst [4] discussed the following

system:

uy = diAuy +k(ho1(u2) — hi-2(u1)), 4.2)
uy = dyAuy +k(hi2(mr) — has1(u2)). 4.3)

Here h1_2(s) and h_,1(s) are increasing in s and h,(s) = 0 if and only if s = 0, where
#*=1— 2,0r* =2 — 1. Adding (4.2) and (4.3), we have

w; = A(diuy + daun), 4.4)
where w = u1 + uy. As k — 0o, we can expect that

ha—1(u2) = h1-2(uy), ie up = hz_il o hyjo(uy).
Thus we find at the limit,

w=(id+hy"  ohiso)uy), e ur =(id+hy" | ohiso) (w),

which we substitute into (4.4) to obtain

w = A ((@iid +doh3" o hio)id + k5L o s~ ).
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We refer to [4] for a rigorous proof.
Before proving Theorem 1.6, we consider the more general problem

U1, = diAVL + aAD3 + f1(01, 02)

+ 11 (01, 02, U3), t>0,x €,
U2, = d2 Ay + fo(01, 02) + m2(V1, 02, 03), t>0,x € Q, 4.5)
U3, = (d1 + @) AD3 + 13(01, 02, 13)

+ ki (01, V2, V3), t>0,xeQ

with the boundary and initial conditions

907 912 913

E_m_wzo, t>0,x €0, (4.6)
01(0, x) = Vo1 (x), 02(0, x) = Vo2(x),
03(0, x) = ¢ (Vo2(x)Vo1 (x), x € Q 4.7)

and show that it approximates the cross-diffusion system

w1, = Al(dr +ag ()il + f @y, u2), t > 0,x € Q, 4.8)
iy, = da Ay + g(u1, uz), t>0,xeQ
with the boundary and initial conditions
dup  dup
—=—"=0, t>0,x¢€dQ, (4.9)
av av
u1(0, x) = o1 (x), 1200, x) = pa(x), x €Q, (4.10)

where we assume
Vo1(x) >0, Vgp(x)>0 ongQ.

System (4.5) corresponds to (2.17). We note that v3 in (4.5) corresponds to vy in (2.17).
For simplicity we assume that the functions ¢, fi, f2, 71, 72, 3 and « allow non-negative
numbers as their independent variables.

THEOREM 4.1 ([23, Theorem 2]). Let dy, dy, a, Mo be positive numbers and let ¢, f1, fa,
N1, M, N3 and k be smooth functions satisfying

¢(s2) >0, 4.11)
n1(s1, 2, @ (s2)51) = M2(51, 52, P(s52)51) = K (51, 52, P(52)51) =0, (4.12)
k5 (81, 52, 53) > 0, (4.13)
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Kk (81, 82, 83) <0, “4.14)
K5i53(81, 52,53) =0 (4.15)

for (s1,52,53) € [0, Mol’. Suppose that the solution (i, @) = (@i (x, 1), @(x, 1)) of
(4.8), (4.9), (4.10) is sufficiently smooth at least on Q2 x [0, T] and that

(@1 (x, 1), G2(x, 1)) € [0, Mo]? (4.16)

on Q x [0, T1, where T is a positive number. Also suppose that the solution (07, 03, 03) =
(_v~1k(x, 1), 02X (x, 1), 035 (x, 1)) of (4.5), (4.6), (4.7) is sufficiently smooth at least on
Q x [0, T] and that

(@1 (x, 1), 525 (x, 1), B35 (x, 1)) € [0, Mo (4.17)

on Q x [0, T] for k > ko, where ko is a positive number. Then the difference between
(01K, 035, 03%) and (i1, i15) can be estimated by

~k ~ C
sup [[1"(, 1) —ur (L Dl 2y < A
1€[0,T]
—k - C
sup [[v2" (-, 1) —u2(, Dl 2 ) = 7 (4.18)
t€[0,T] k c
sup (1035, 1) — @@ (-, A, Dl L2y < s

te[0,T]

for k > kg. Here C = C(uy, 2, ko, A%, T) is a positive constant independent of k.
We give the proof of this theorem in Appendix A.3.

PROOF OF THEOREM 1.6. It follows from (1.8) and (1.9) that
(r1 —ai(vi +v2) — brv3)vr + klha—1(v3)v2 — hi2(v3)v1] > 0
ifvy=0,v >0,0 < v3 < Mp;
(r1 —ai(vy + v2) — b1va)vy + k[h12(v3)vr — ha—1(v3)v2] > 0
ifv; >0,v,=0,0 <v3 < Mp;
(ra —ba(vi +v2) —a2v3)v3 >0 ifvy > 0,v2 >0, v3 =0;
(r2 = ba2(v1 +v2) —a2u3)v3 <0 ifvy >0,v2 >0, v3 = M.

Hence the region [0, co0) x [0, 00) x [0, M>] for (v, v2, v3) is positively invariant in the
reaction-diffusion system (1.5). In other words, (1.6) and (1.11) imply

e, >0, i, >0, 0<vi(x, 1) <M.
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Rewrite (uy, up) and (v; + vy, v3, v2) as (u1, uz) and (v1, U2, 03), respectively. Set
a = aM; and

(s2) 1= -
#(s2 =

Si1(s1,82) = [r1 — ais1 — bisalsi,

Sa(ss, 82) = [r2 — bas1 — aasalsa,

n1(s1, $2, 83) =0,

n2(s1, 52, 83) =0,

n3(s1, 52, 83) := [r1 — a1s1 — bis2ls3,

Kk (51, 52, 83) = h12(s2)s1 — {h2—1(s2) + h12(s2)}s3

for (s1, 52, 53) € [0, 00)3. Due to (1.7), (1.8), (1.9), (1.10) and (2.22), the assumptions of
Theorem 4.1 are fulfilled. Therefore we obtain not only (1.13) but also

ot C
sup vllc(gt)—{l—w}ul(',l) < -,
1€[0,T] M> ek
k u2('» t)
sup ||v5(-, 1) — u(-, 1) < -
reo.r) | 2 M e k
for k > ky. O

REMARK 4.2. In the proof of Theorem 1.6, we do not need to introduce n; (s, 52, s3) and
n(s1, $2, $3) since they vanish. However, if we take

vir = d1Avy + k[ha—1(v3)v2 — hisa(v3)vil, 1> 0,x € 2,
vy = (d1 +aMz)Avy

+ (r1 —ar(vi +v2) — brv3)(vi + v2)

+k[h1-2(v3)v1 — ha— 1 (v3)v2], t>0,x €,

vy = doAvz + (12 — b (v +v2) —av3)v3, t>0,x € Q

as the approximating reaction-diffusion system to (1.4), the functions 7n(si, 52, s3),
n2(s1, $2, §3) are necessary.
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Appendix A.

A.l. Proof of (2.25)

Here we show

Mahiou3)k _ -
Ky = —u—*2a*(u> +2%mw)
2

= —(h1-2(3) + hos 1 (W) E* () + ().

1]

PROOF. Recall that

&n 3P &13
= & & &3 ;

Fo (0] 05, 03) f3.0, (0], V3, 03) —dao + f3,0, (], V5, 03) — i

]
|

where

11 == —d10 + f10, (], V3, 03) —kh12(v3) — i,

£12 = f1,0,(v], V3, V3) + khos 1 (V3),

£13 = f1,0,(v], V3, v3) + k(R (VDV3 — h_,(vDv]),

&1 = fo,0,(v], V3, V3) + khi_2(V3),

£ = —(di + aMp)o + f2.,(v], V3, v3) — khos1(V3) — i,

€23 1= f2,05 (V] V3, V3) + k(h|_,(D)v] — hy_ (v)v3).
Using (2.22), we see

E11 + &1 = —dio + fu,ul, u3) — 1,

E12+&n = —(di + aM)o + fu, (u}, u3) — 1,

£13 + &3 = fu, (U7, u?).
Then, adding the second row of EF to the first and subtracting the first column from the

second, we have

En+é&1 fintéxn 13+ &3
= & ) &3

8u, Wy, u3) gu, (i, u3) —dao + gu, (Ui, u3) —

]
I



156 D. Hilhorst et al.

§11+81 Sint+8n -5 —é §13+&23
= 21 §x — &1 &23
8u, (uTa u;) 0 —dyo + gu, (uT, M;) —u
—dio + fu,(u}, u3) —pn —aMo Sur 7, u3)
= &1 &n — &1 &3
8uy (MT» u;) 0 —dro + gu, (u’lk, u;) -

We note that the last determinant corresponds to the eigenvalue problem of (2.23). We
derive the linear part of EX in k and rewrite it as follows:

_dlff‘*‘ful(MT,M;) - —aMo fuz(MTyué)
—k
g =k hio(v3) —hy1 (V) —h1oo(3) R,V — k(0303
Quy (U}, u3) 0 —dyo + guy (Ui, u3) — p
0

as k — oo.

By (2.24), we have

/ / / N hi2(s) + hy1(s)
12(8) = (th(Sth_”(s))Vz 4 e = 21(5).
hi-2(5) + has1(s) _ hi2(s)

M, s

and then

* *

u u
/ Y, K / ko % __ 7/ * * 2 % ’ *y 2 %
152V = hy 1 (W3)vy =Ny 5 (uy) (“1 - *“1> - h2a](”2)7M2“1

M;
_ hiso(y) +h2—>1(bt§)u* _ hisp(u)uy
- 1= * :
M, us
The linear part of EX in k can be reduced to
—dio + ful (u’f, u;) — M —aMo . fuz (MT,*Mﬁl
Myh u h ui)u
X o2 w) M 1—;2( 5 1—>2(* Huj
i U
8uy (i, u}) 0 —dro + gu, (ul, u3) — p
kh1a(u?) —dio +fu1(uT7 u;) —u —abMo fuz(MTaué)
A
= a3 uj M, uf
8u, (U7, u3) 0 —dro + gu, (U], u3) —

Multiplying the second row by —ao and adding the product to the first one, we can
calculate the linear part as follows:
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o |—di Faud)o + fu (i, ub) —pn 0 —aoul + fu,(u, u3)
khy—2(u3) . .
E— iy —M> uj

uz * ok * ok
&uy (U7, u3) 0 —dyo + gu,(uj, u3) — i

By the definition of E*, i.e.,

—dio —aujyo + fu, (i, u3) — . —aujo + fu, (Ui, u3)

—~%k
E"(n) = ;
Qu, (U7, u3) —dyo + gu, (ut, u3) — 1

we obtain (2.25). O
A.2. Proof of Lemma 3.6
PROOF. Set

b =uf(x+ &0 —uk, 0, b =wfx+E 1) —whx, ),

o ufx+E D Fulxn o _ vt g tutan

u; = N == )

! 2 2

wi (e t) =ub(x+E,0,  wiaG, ) =ub(x,0),

wir, ) =w@x+E10, wx, 1) =wx, 1.
Using

A+ Az B + B;

A1B) — AB) = T(Bl —B))+ (A — A2)T’

we get

i, =d Aty + furn) — fur2) — sik(uging + iy i)
—As1tk(l — w)ug + Astkwiyg

Uy = daAito + g(ua 1) — g(uz2) — sok(iaity + i1iz)
— Asokwily — Asykitprw

W = k(1 — )ity — kwity — kwiia — kiia .

Let ¢, @5(r) be smooth positive functions satisfying

(p(x) — l (x € 93}’)7
0 (xeQ\),
and
Qs5(r) = Ir| (Ir] = 20), 5 (r) = 0, | D5 < 1,

b5 (—r) = Og(r).
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By definition, we have

d
— D5 (i dx
a Jo, s()e

= / D5 (diAdy + fur,1) — fur2) — sik(iaaiy + igiz)

Q

— As1k(1 — w)ity +)»S1k12)121)§0dx

IA

—d1/ ¢f{(ﬁ1)|Vﬁ1|2¢dx—d1/ @5(i1)Vidy - Vo dx
Q,

Q

+|f|up/ lftllwdx—slk/ O (i) (21 + ityitn)e dx

—)»S]k/ @é(ﬁ])(l—ﬁ))ﬁl(ﬂdx-i-)»slk/ @é(ﬁ])ﬁ]ﬁ)(pdx
Q

r

§d1/ ®a(ﬁ1)A¢dx+|f|Lip/ lii1le dx + 51115

< Cll®s@@)ll 2, + |f|Lipf li1|p dx + 5111,
Q

>

where C is a positive constant independent of k and

Lis= —k/ @g(ﬁl)(ﬁzﬁl + urip)e dx
szr

—Ak/g dbg(ﬁl)(l—ti))ﬁlgodx—f-)»k/ @ (i) )it g dx.

T

Similarly we have

d N A N
5/ Os(u2)p dx < CllPsu2)ll2q,) + |g|Lip/ luzlp dx + 52125,
Q, Q

d
— APs(w)pdx = I35,
& /Qr s(w)pdx =I5
where
L= —k/ @ (i12) (ipthy + i12)g dx
Q

—)»k/ q):g(ﬁz)u_)ﬁz(p dx —)\k/ q)g(ﬁz)b_tzﬁ)(p dx,

Q, Q,

L= k/ O5(W) (1 — W)y — iy — wily — iy W) ¢ dx.
Q
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Adding these inequalities, we obtain

d

1 . 1 . .
— (—d>a(u1)+—d>s(uz)+)\d>a(w)>¢dx
dr K s

| fIL R
< —||c1>a(u1>||Lz<Q>+—||<I>a(u2>||Lz(m+ IP/ i1l dx
Qr

T |gILip

f liolodx + I s + Ios + A3 5.
52 Q

Integration of the above inequality on [0, 7'] implies
1 R 1 R N
— @51, 7)) + —Ps(ua(-, 7)) + 25 (w(-, 7)) | ¢ dx
Q, \S1 52

1 1
=< / (—‘Dzs(ﬁl(', 0)) + —Ps(i2(-, 0) + APs (W (-, 0))) ¢ dx
Q, \51 2

c (r c (r
+ _/ [Ps (D L2(q,)dr + _f ®s@2)ll 12, )d
st Jo 52 Jo

. T R T
+—|f|L”’/ / |121|g0dxdt~|——|g|Llp/ / \iia] dxdt
st Jo Jo, s2 Jo Ja,

T
+ / (Is + I + A3 5) dr.
0

Letting § | 0, we obtain
1, I . W
—lui (-, D)+ — a2, T + AMw(-, T)| | g dx
Q, \51 $2

S/Q (—Im( Ol+ = qu( Ol + Al (-, 0)|>

C . Cc R
+ — ||M1||L2(Q,)dt + — ||142||L2(Q,)dt

|f|L1p/ / o dxdr + |g|L1p/ / \ialg dxds

+ / (11,0 + o+ )»13’0) dr.
0

Noting that
1 ifr >0,

%ii%cbg(r):sgn(r)z 0 ifr=0,
-1 ifr <O,

159
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we have
T
/ (I,0+ 0 + Al30) dr
0

= —k/ sgn(y) (ipity + i) dx — Ak/ sgn(iy) (1 — w)ayedx
Q

Q

—i—kk/ sgn(iy)wit g dx —k/ sgn(ip) (ipt) + ipitn)p dx
Q

—kk/ sgn(ip)witpp dx —Ak/ sgn(iip) Wit dx
Q, Q,
+kk/ sgn(w) ((l — Wi — Wi — Wiy — ﬁ)ﬁg) @ dx.
Q
Forany A and [x| < 1,
Al —Ax = 0.
Thus
T
/ (11,0 + 12,0 + A13,) dt
0
= —k/ (2)iiy| + wyitasgn(ity ) dx — Ak/ (1 —w)li|pdx
Q Q
~|—)J</ sgn(iiy) Wit dx —k/ (upit1sgn(iip) + itq |d2])e dx
Q Q,
—Ak/ Wiy | dx —)Jc/ sgn(iip) Wity dx
Q Q,
—I-)»k/ (1 — wyiysgn() — [D]i; — witpsgn(W) — |Wlia2) ¢ dx
o
= —k/ r(|dy| + dysgn(itn))e dx — k/ iy (lin] + dzsgn(ity))g dx
Q r
— ik [ (= )| = dsenting s~k [ il
Qr Qr
— wsgn(i1))p dx — Ak/ w(|ilz| + tasgn(w))e dx

r

ok / fia (1] + dhsgn(iin))p dx < 0,
Q
where the inequalities 1 — w > 0 and i >0 (i =1, 2) have been used. We obtain

1 1
/ (—Ifu(-, D)l + —lia(, T) + Alw(., T)I) @ dx
S1 52

Q

1 . | N
Ef (—|M1(~,0)|+—|M2(~,0)|+?»|w(~,0)|><ﬂdx
Q, \51 52
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c (T . c (T .
+ - ”Ml”LZ(Qr)dt + i ||u2||L2(Qr)dt
st Jo 52 Jo

. T . T
+—|f|L”’/ / |121|g0dxdt~|——|g|Llp/ / \iia] dxdt.
st Jo Jo, 2 Jo Ja,

The result of the lemma then follows from the assumption for ”]61’ u’éz, and w’é and from
Lemma 3.4. O

A.3. Proof of Theorem 4.1

PROOF. By (4.16) and (4.17) we can assume that fi, f2, n1, 12, 113, k, ¢ and their deriva-
tives which appear in the proof are uniformly bounded independently of (x, #) and in par-
ticular of k. (For a more precise argument we need suitable truncations of fi, f, etc.
around [0, Mo]3; see, e.g., Section 2 of [22].) We denote by ¢; (i = 1, 2, ...) the positive
constants which do not depend on k and on (x, 7). It follows from (4.14) that

Ko == inf _ {—kg(s1,52,53)} > 0. (A.1)
(s1.52,53)€[0,Mo]3

Set

uz = ¢ (Ur)uy, Vi =01 —ui, Vo =102 —u,
V3 = U3 — ¢ ()] = 03 — U3.

It follows from (4.12) that ny (i1, u2, u3) = na(uy, uz, u3) = k (g, 3, u3) = 0. Then we
get

Vi, = di AV +&AV3 + fi(@ + Vi, @ + Vo) — fQ@1, @2)
(@1 + Vi, @2+ Vo, @+ V3) — i (i1, @, @3),

Vay = dy AV + fo(i0] + Vi, it2 + Va) — g (i}, it)
(@ 4 Vi, @+ Va, @3 + V3) — (i, @2, @3),

Vs, = (di +&)AV;
k(@ 4 Vi, @2+ Vo, @3 + V3) — k(@1 + Vi, @2 + Va, 03)}
k(@ 4 Vi, @2 + Va, @3) — (@1, @2, 03))
(1 + Vi, 2+ Vo, @+ V3) — @3, + (d) + &) A

(A.2)

for ¢t > 0 and x € €2, with the boundary condition

Vi vy aVs

— =——=—=0, t>0,x €09,
av av av

and the initial condition

Vi(0,x) = V2(0,x) = V3(0,x) =0, x € Q.
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We denote a primitive function of « (01, U2, 03) with respect to 07 by

vy
K@, 53: 9) ::f (s, 53, 53 ds,
0

where we regard K as a functlon of (v1, 1) € [0, oo)2 parametrized by v3 € [0, 00).
Using K, we define E*(t) of (V1( t), V2( t)) in Lz(Q) by

EN) ::/ (K@i + Vi@ + Vi i3) — K — K Vs — R 72} dr,
Q

where we abbreviate K (111, u2; u3), K (1, 2; u3), etc. by K, K; 5, etc.; hereafter we of-
ten use similar abbreviations for simplicity of notation, such as « (11, 2, #3), f (i1, 2, U3)
to K, f respectively. We also denote the norm and inner product in L?(2) by ||- || and (-, ).

Differentiating EX(¢) in ¢ yields

~ ~

dE* W -~ o~
= (K3 (1 + Vi, + Vo3 53) — Ko — Kg5:Vi — Kisay Vo, 111,)

dr
+ (K (@1 + Vi, @ + Vo u~3)—1?172 — K5V — Kiyis Vo, 103,)
+ (Kay (@ + Vi, @2 + Va; i53) — Ky — Ky Vi — Kz Va, 3,
+ (Kg (@ + Vi, i3 + Vo 13) — Ky Vi)
+ (K@ + Vi, @ + Va3 3) — K3, Vay)
< (Vi + IVaI? + V311
+ (@1 + Vi, i + Vo, i3) = %, di AV + @A V3)
+ (K (@1 + Vi, @2 + Va; 3) — Ky, daAVA).
We can estimate
(K (0 + Vi, @+ Va3 @3) — Ky, daA V)
= —dp [({Ko o (07 + Vi, i + Vo; 3) — K Vil VVz)
+ ({K gy (@1 + Vi, @3 + Vo @3) — K ) Vidz, VV2)
+ ({Kgp (1 + Vi, i + Va; 3) — Uzltg,}V“?n VVz)
+ (Ko G0 + Vi, 3 + Vs 13)VV, VV2)
+ (K3 (@1 + Vi, @3 + Va3 13)VVa, V1))
< a(IVill + V2l + IV Vi + IVV2 DIV VA
and

(k@1 + V1, @3 + Vo, @3) — R, d1AV))

= —dy [({kg; 01 + Vi, @ + Vo, @3) — K7 )Viy, V)
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+ (ks (@1 + Vi, itz + Vo, 3) — K3} Vidz, VV7)
+ (kg (@7 + Vi, @3 + Va, 03) — R} Vi3, VVi)
+ (k5 (@1 + Vi, @i + Vo, @3)VVy, V)
+ (k5 (@1 + Vi, @i + Vo, @3)VVa, V)]
< —dy (k5 (@1 + V1, @ + Vo, @3)VV1, V)

+a(IVil + IVl + IV IV V|

< 3(IVill + V2l + IV V2DV Vi I,

where we have used (4.13). Thus we obtain

dE* ~ o~ e~ - o~
T <& (k@ + Vi, iy + Vo, i3) — K, AV3)

+ea Vil + VAl + 1312
+a(IVill + V2l + IVVI 4+ IV V2 DIV VA

+e3(IVill + 1Vall + IVVaID IV V. (A.3)

Multiply the third equation of (A.2) by —A‘73 and integrate it by parts over 2. Recalling
(4.15), we have

ki (01 + V1, @3 + Vo, 3 + V3) — i (@ + Vi, i + Vo, 13) = 0,
which implies
(k@@ + Vi, @ + Vo, i3 + V3) — k(i) + Vi, i3 + V2, i3), —AVA)
= (g (@1 + Vi, @5 + Va, @3 + V3)
— k5 (@1 + V1, @ + Vo, @)V (@1 + V1), VV3)
+ (ks @1 + Vi, i + Va, 3 + V3)
— kg3 @1 + Vi, @5 + Vo, @3) V(@ + V2), VV3)
+ (ki (@1 + Vi, 2 + Vo, @3 + V5)V V3, V)
+ (kg5 @1 + Vi, @ + Vo, i3 + V3)
— kg3 (@1 + V1, @3 + Va, @3)}Vids, V)
= (ks (@1 + V1, @ + Vo, @3 + V3)
— kg (@1 + V1, @3 + Vo, @3)V(@3 + V2), VV3)
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+ (s (@1 + Vi, @i + Vo, @3 + V3)V V3, VV3)
+ (kg @1 + Vi, @2 + Vo, @3 + V3)
— ke (@1 + V1, @ + Vo, @3)} Vi3, VV3)
By (A.1), we have
(kg5 @1 + Vi, @2 + Va, @3 + V3)V V3, VV3) < —kok|[V V3]
Combining these inequalities, we obtain
ld o502 o >4 ~ o112
S IVl = (Vs —AVR) = —(di + @) AV
+k ({kgs @1 4 Vi, @2 + Va, 3 + V3)
— ke (@1 + V1, @ 4 Vo, 3))(Vita + VV2), VV3)
k(5 (@1 + Vi, i + Vo, 3 + V3)V V3, VT3)
+k ({kegs @1+ Vi, @i + Va, 3 + V3)
— ki (@1 + Vi, @5 + Vo, 3))Vil3, VV5)
—k (k@1 + Vi, i3 + Va, ii3) — %, AVA)
— (131 + Vi, @3 + Vo, @3 + V3) — 773, AVA)
+ (Vidi + &) AT — @3, + 73}, VVA)
< —(d + DNAVI? =k (k@1 + Vi, i3 + Vo, 3) — %, AV)
— kok [V V3112 + cak (I V3]l + IV V2DV V3 |
+es(IVill + V2l + IV3IDIA V3 + c6ll V V3

< —THVVSH —k (k@1 + Vi, 2 + Vo, 03) — K, AV3)

c7 ~ ~ ~ ~ ~
+o+ es(IVIIZ + IV2I2 + 1V312) + cok (13117 + IV VAI). (A4)
On the other hand, it follows from the first and second equations of (A.2) that

1d ~ ~ o~ o~ o~ o~
55||V1||2=—d1||vvl||2—a<vv3,vv1>+(f1(u1+v1,u2+vz>

— f1, Vi) (MG + Vi, i@+ Vo, @3 4 V3) — 1, Vi)

di o5 @ o5
< ——||VV, —||VV.
= =S IV + 51Vl

+eo(IVill + IVall + V3DV (A.5)
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and that
1d ~ ~ o S VR
EEHVzII =—dh |V + (f2(1 + V1, i3 + V2) — f2, V2)
+ (@@ + Vi, i3 + Vo, @3 + V3) — 3, 1)
< —d |Vl + ett (Vi + 1Vall + V3D VAl (A.6)
Similarly, using (A.1) and the third equation of (A.2), we have
ld = ~ o 12 ~ G o~ o~
S 1ValP == + ONVVAI? +k (kg (@1 + Vi, i + Va, i
+0VR)Vs, V3) + k (@) + Vi, it + Va, i53) — R, V3)
+ (3G + Vi, s+ Vo, @3+ V3) — 33,
+(dy + @) A3, V3)
Kok ~ c12 ~ ~
< —7||V3||2 + =0 k(v 12+ 11V, (A7)

where the function 8 = 6(x, ¢, k) is such that & € (0, 1). Choose a positive number y;
satisfying

diko
Y1 = T,

and combine (A.3), (A.4), (A.5), (A.6) and (A.7). For sufficiently large numbers y» and y3,
we obtain

d
dt{Ek(t)Jr A+ 2 ||V2|| + ||V3|| +—||VV3||2}
aKo -~ vidi -~ ~ V3K0 |~
< —7||vvs||2 - TIIVVHIZ — 1dr|[VVL|? — TIIV3||2

~2
nes - ~ ~ ~ ~ ~
+EIIVV3||2+62(|IV1II+||V2||+||VV1||+||VV2||)||VV2||
+ eIVl 4 VAl + IVVAIDIV VI 4 coa(IV Val|? + [ V3]]%)
+ <c1+—)<||v1|| + V2l + 17517

+ rcwlVill + vaen IVaD AV + IVl + V3l

70 + y3c12

+ eIV + 172 + =

< (Vi + 171D + 2 (A.8)

k2
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for k > kq. It also follows from (4.13) that

2
S ~ Y1, o ¢ ~
Ek(t)Z—616||V1||||V2||—Cl7||V2||22—Z||V1||2— cn+ﬁ Va2l

Thus, taking y» larger if necessary, we obtain

Y1, V2.~ Y.~ ~
EX(0) + Envlnz + 3||v2||2 > Z<||v1||2 + IV2l%). (A.9)

Therefore, we can deduce from (A.8) and Gronwall’s inequality that

Y Y2 .5 C18
EX(r) + SIvic, DI+ S IV, DI < =

for t € [0, T]. This inequality and (A.9) imply that

~ ~ 4c
IViC, D17 + IVaG, 0l < PYER

Applying this result to the right-hand side of (A.7), we find

d -~ ~ 19
2 2
—IV3ll” + kok|| V3" = —.
dr
Hence
~ 2 C19
%3¢ 012 < =2,
Kok
which completes the proof. 0
References
[1] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems,

(2]

3]

(4]

(5]
(6]

(7]

(8]

in: H. Schmeisser, H. Triebel (Eds.), Function Spaces, Differential Operators and Nonlinear Analysis,
in: Teubner-Texte Math., vol. 133, 1993, pp. 9-126.

D. Bothe, Flow invariance for perturbed nonlinear evolution equations, Abstr. Appl. Anal. 1 (1996)
417-433.

D. Bothe, The instantaneous limit of a reaction-diffusion system, in: Evolution Equations and Their
Applications in Physical and Life Sciences (Bad Herrenalb, 1998), in: Lecture Notes in Pure and Appl.
Math., vol. 215, Dekker, New York, 2001, pp. 215-224.

D. Bothe, D. Hilhorst, A reaction-diffusion system with fast reversible reaction, J. Math. Anal. Appl. 286
(2003) 125-135.

H. Brezis, Analyse Fonctionnelle, Masson, 1983.

E.C.M. Crooks, E.N. Dancer, D. Hilhorst, On long-time dynamics for competition-diffusion systems with
inhomogeneous Dirichlet boundary conditions, Topol. Methods Nonlinear Anal. 30 (2007) 1-36.

E.C.M. Crooks, E.N. Dancer, D. Hilhorst, M. Mimura, H. Ninomiya, Spatial segregation limit of a
competition-diffusion system with Dirichlet boundary conditions, Nonlinear Anal. Real World Appl. 5
(2004) 645-665.

Y.S. Choi, R. Lui, Y. Yamada, Existence of global solutions for the Shigesada-Kawasaki-Teramoto model
with weak cross-diffusion, Discrete Contin. Dynam. Systems 9 (2003) 1193-1200.



[9]
[10]
[11]
[12]

[13]

[14]
[15]
[16]
(171
[18]
[19]
(20]

[21]
[22]

(23]
[24]
[25]
[26]

(271

(28]
[29]
[30]
(311
[32]
[33]
[34]

[35]

Fast reaction limit 167

E.N. Dancer, D. Hilhorst, M. Mimura, L.A. Peletier, Spatial segregation limit of a competition-diffusion
system, European J. Appl. Math. 10 (1999) 97-115.

E. DiBenedetto, Continuity of weak solutions to a general porous medium equation, Indiana Univ. Math. J.
32 (1983) 83-118.

S.I. Ei, Q. Fang, M. Mimura, Effect of domain-shape on coexistence problems in a competition-diffusion
system, J. Math. Biol. 29 (1991) 219-237.

S.I. Ei, E. Yanagida, Dynamics of interfaces in competition-diffusion systems, SIAM J. Appl. Math. 54
(1994) 1355-1373.

R. Eymard, D. Hilhorst, R. van der Hout, L.A. Peletier, A reaction-diffusion system approximation of a
one-phase Stefan problem, in: J.L. Menaldi, E. Rofman, A. Sulem (Eds.), Optimal Control and Partial
Differential Equations, IOS Press Amsterdam, Berlin, Oxford, Tokyo, Washington DC, 2001, pp. 156-170.
D. Hilhorst, M. Mimura, R. Schitzle, Vanishing latent heat limit in a Stefan-like problem arising in biology,
Nonlinear Anal. Real World Appl. 4 (2003) 261-285.

D. Hilhorst, R. van der Hout, L.A. Peletier, The fast reaction limit for a reaction-diffusion system, J. Math.
Anal. Appl. 199 (1996) 349-373.

D. Hilhorst, R. van der Hout, L.A. Peletier, Diffusion in the presence of fast reaction: The case of a general
monotone reaction term, J. Math. Sci. Univ. Tokyo 4 (1997) 469-517.

D. Hilhorst, R. van der Hout, L.A. Peletier, Nonlinear diffusion in the presence of fast reaction, Nonlinear
Anal. TMA 41 (2000) 803-823.

D. Hilhorst, M. Iida, M. Mimura, H. Ninomiya, A competition-diffusion system approximation to the
classical two-phase Stefan problem, Japan J. Ind. Appl. Math. 18 (2001) 161-180.

D. Hilhorst, M. Iida, M. Mimura, H. Ninomiya, Relative compactness in LP of solutions of some 2m
components competition-diffusion system, Discrete Contin. Dynam. Systems 21 (2008) 233-244.

M.W. Hirsch, Differential equations and convergence almost everywhere of strongly monotone semiflows,
PAM Technical Report, University of California, Berkeley, 1982 .

Y. Huang, How do cross-migration models arise? Mathematical Biosciences 195 (2005) 127-140.

M. Iida, H. Ninomiya, A reaction-diffusion approximation to a cross-diffusion system, in: M. Chipot,
H. Ninomiya (Eds.), Recent Advances on Elliptic and Parabolic Issues, World Scientific, 2006, pp. 145-164.
M. lida, M. Mimura, H. Ninomiya, Diffusion cross-diffusion and competitive interaction, J. Math. Biol. 53
(4) (2006) 617-641.

R. Ikota, M. Mimura, T. Nakaki, A numerical methodology for a singular limit problem, RIMS Kokyuroku
146 (2005) 134-147.

Y. Kan-on, Stability of singularly perturbed solutions to nonlinear diffusion systems arising in population
dynamics, Hiroshima Math. J. 23 (1993) 509-536.

Y. Kan-on, Parameter dependence of propagation speed of travelling waves for competition-diffusion
equations, STAM J. Math. Anal. 26 (1995) 340-363.

Y. Kan-on, M. Mimura, Segregation structures of competing species mediated by a diffusive predator,
in: Mathematical Topics in Population Biology Morphogenesis and Neurosciences, in: Lecture Notes in
Biomath., vol. 71, 1985, pp. 123-133.

P. Kareiva, G. Odell, Swarms of predators exhibit “preytaxis” if individual predator use area-restricted
search, Amer. Natur. 130 (1987) 233-270.

H. Kawarada, M. Natori, Numerical solutions of a two-phase Stefan problem, Theoret. Appl. Mech. 23
(1975) 511-516.

J.B. Keller, P. Sternberg, J. Rubinstein, Fast reaction, slow diffusion and curve shortening, SIAM J. Appl.
Math. 49 (1989) 116-133.

K. Kishimoto, H.F. Weinberger, The spatial homogeneity of stable equilibria of some reaction-diffusion
system on convex domains, J. Differential Equations 58 (1985) 15-21.

Y. Lou, W.-M. Ni, Diffusion vs cross-diffusion: An elliptic approach, J. Differential Equations 154 (1999)
157-190.

Y. Lou, W.-M. Ni, S. Yotsutani, On a limiting system in the Lotka-Volterra competition with cross-diffusion,
Discrete Contin. Dynam. Systems 10 (2004) 435-458.

Y. Lou, W.-M. Ni, Y. Wu, On the global existence of a cross-diffusion system, Discrete Contin. Dynam.
Systems 4 (1998) 193-203.

H. Matano, M. Mimura, Pattern formation in competition-diffusion systems in nonconvex domains, Publ.
Res. Inst. Math. Sci. Kyoto Univ. 19 (1983) 1049-1079.



168

[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]

[46]

D. Hilhorst et al.

M. Mimura, K. Kawasaki, Spatial segregation in competitive interaction-diffusion equations, J. Math. Biol.
9 (1980) 49-64.

M. Mimura, Y. Nishiura, A. Tesei, T. Tsujikawa, Coexistence problem for two competing species models
with density-dependent diffusion, Hiroshima Math. J. 14 (1984) 425-449.

M. Mimura, T. Tsujikawa, Aggregating pattern dynamics in a chemotaxis-model including growth, Physica
A 230 (1996) 499-543.

M. Mimura, Y. Yamada, S. Yotsutani, A free boundary problem in ecology, Japan J. Appl. Math. 2 (1985)
151-186.

M. Mimura, Y. Yamada, S. Yotsutani, Stability analysis for free boundary problems in ecology, Hiroshima
Math. J. 16 (1986) 477-498.

H. Murakawa, A regularization of a reaction-diffusion system approximation to the two phase Stefan
problem, Nonlinear Anal. TMA 69 (2008) 3512-3524.

H. Murakawa, Reaction-diffusion system approximation to degenerate parabolic systems, Nonlinearity 20
(2007) 2319-2332.

A. Okubo, Diffusion and Ecological Problems: Mathematical Models, in: Biomathematics, vol. 10,
Springer-Verlag, 1980.

N. Shigesada, K. Kawasaki, E. Teramoto, Spatial segregation of interacting species, J. Theoret. Biol. 79
(1979) 83-99.

P. Turchin, Quantitative Analysis of Movement: Measuring and Modeling Population Redistribution in
Animals and Plants, Sinauer, 1998.

AM. Turing, The chemical basis of morphogenesis, Phil. Trans. Roy. Soc. London B237 (1952) 37-72.



CHAPTER 3

The Mathematics of Nonlinear Optics

Guy Métivier
Université Bordeaux 1, IMB UMR 5251, 351 Cours de la Libération, 33405 Talence Cedex, France
E-mail: guy.metivier @math.u-bordeauxl.fr

Contents
1. Introduction . . . . . . . . . .. 173
2. Examples of equations arising in nonlinear optics . . . . . . . . ... ..o 177
3. The framework of hyperbolic systems . . . . . . . .. . ... 183
3.1, Bquations . . . ... e e e 183
3.2. The dispersion relation & polarization conditions . . . . . .. ... ... ... L. 185
3.3. Existence and stability . . . . .. ... 188
3.4. Continuation of solutions . . . . . . ... .. ... L 190
3.5, Global eXiStence . . . . . . . .o e e e 191
3.6. Localresults . . . . . . . . ... 193
4. Equations with parameters . . . . . . . . . ... e 195
4.1, Singularequations . . . . . . . .. e e e e 195
4.1.1. The weakly nonlinear case . . . . . . . . . . . . o ittt 196
4.1.2. Thecaseof prepareddata . . . . . . . . . . .. . ... 197
4.1.3. Remarks on the commutation method . . . . . .. ... ... ... .. L. 200
4.1.4. Application 1 . . . . . ... 202
4.1.5. Application 2 . . . ... 203
4.2. Equations with rapidly varying coefficients . . . . . . . ... .. Lo L 207
5. Geometrical Optics . . . . . . . . .. 209
5.1. Linear geometriCc Optics . . . . . . . . . ... e 210
5.1.1. Anexample using Fourier synthesis . . . . . . . .. ... ... ... . ... 210
5.1.2. The BKW method and formal solutions . . . . . ... ... ... ... .......... 211
5.1.3. The dispersion relationand phases . . . . . . ... ... ... ... .. 212
5.1.4. The propagator of amplitudes . . . . . . . . ... ... L 213
5.1.5. Construction of WKB solutions . . . . . . . . . . ... . 219
5.1.6. Approximate Solutions . . . . . ... ... e e e 221
5.1.7. Bxactsolutions . . . . .. .. ... e 222

HANDBOOK OF DIFFERENTIAL EQUATIONS
Evolutionary Equations, Volume 5

Edited by C.M. Dafermos and M. Pokorny

© 2009 Elsevier B.V. All rights reserved

DOI: 10.1016/S1874-5717(08)00210-7

169


mailto:guy.metivier@math.u-bordeaux1.fr

170

6.

7.

G. Métivier

5.2. Weakly nonlinear geometric Optics . . . . . . . . . ... 223
5.2.1. Asymptotic eqUations . . . . . . . ... e 224
5.2.2. The structure of the profile equations I: the dispersivecase . . . . . ... ... ... ... 226
5.2.3. The structure of the profile equation II: the non-dispersive case; the generic Burger’s equation228
5.2.4. Approximate and exactsolutions . . . . . . .. ... o 230

5.3. Strongly nonlinear eXpansions . . . . . . . .. ... e e e 232
5.3.1. Anexample: two levels Maxwell-Bloch equations . . . . . .. ... ... ... ...... 233
5.3.2. Aclass of semi-linear systems . . . . . . ... ..o 234
5.3.3. Field equations and relativity . . . . . . . . ... ... 236
5.3.4. Linearly degenerate oscillations . . . . . . ... . ... L o 236
5.3.5. Fully nonlinear geometric optics . . . . . . . . . . ... 240

54, Caustics . . . .. L 244
5.4.1. Example: spherical waves . . . . . . . ... L 244
5.4.2. Focusing before caustics . . . . . . . ... L 247
5.4.3. Oscillations past caustics . . . . . . . . . .o e 247

Diffractive optics . . . . . . . . L e e e 251

6.1. The origin of the Schrodinger equation . . . . . . . . .. ... ... o 251
6.1.1. Alinearexample . . . . . . . . . ... 251
6.1.2. Formulatingthe Ansatz . . . . . . ... ... .. ... 252
6.1.3. Firstequations forthe profiles . . . . .. .. ... ... L o L 254
6.1.4. The operator S as a Schrodinger operator . . . . . . . . .. . ... ... 255

6.2. Construction of solutions . . . . . .. ... ... L L 257
6.2.1. The non-dispersive case with odd nonlinearities and odd profiles . . . . . ... ... ... 257
6.2.2. Dispersive equations; the Schrodinger equation as a generic model for diffractive optics . . 261
6.2.3. Rectification . . . . . . . . . L e 262

6.3. Other diffractive regimes . . . . . . . . . . . o e e e 265

Wave interaction and multi-phase expansions . . . . . . . . ... ..o 266

7.1. Examples of phase generation . . . . . . . . . ..o e 266
7.1.1. Generation of harmonics . . . . . .. ... L 266
7.1.2. Resonance and phase matching; weak vs. strong coherence . . . . . .. .. ... ... .. 267
7.1.3. Strong coherence and small divisors . . . . . ... ... L oo 268
7.1.4. Periodic initial data may lead to almost periodic solutions . . . . . . ... ... ... ... 269
7.1.5. A single initial phase can generate a space of phases of infinite dimension over R . . . . . 269
7.1.6. Multidimensionaleffects . . . . .. ... ... ... . L L o 270

7.2. Description of oscillations . . . . . . ... oL 271
7.2.1. Group of phases, group of frequencies . . . . . . ... ... ... o L. 271
7.2.2. Thefastvariables . . . . ... .. ... ... ... 272
7.2.3. Profilesandoscillations . . . . ... ... L L L L 272
7.2.4. Profiles in L? and associated oscillating families . . . . .. ... ... ... ... .. .. 273
7.2.5. Multi-scale weak convergence, weak profiles . . . . . ... ... L L. 274

7.3. Formal multi-phases eXpansions . . . . . . . . . .. ... ... 274
7.3.1. Phases and profiles. Weak coherence . . . . . . .. ... ... oL 274
7.3.2. Phases and profiles for the Cauchy problem . . . . ... ... ... ... ......... 276
7.3.3. Formal BKW expansions . . . . . . ... ... ... 277
7.3.4. Determination of the main profiles . . . . . . . . ... .. .. L o 279
7.3.5. Main profiles for the Cauchy problem . . . . .. ... ... ... ... ... ... ... 280
7.3.6. Approximate solutions at order o(1) in L2 283
7.377. Strong coherence . . . .. ... Lo 284
7.3.8. Higher order profiles, approximate solutions atallorder . . . . . .. ... ... ... ... 285

7.4. Exactoscillating solutions . . . . . . .. ... 286
7.4.1. Oscillating solutions with complete expansions . . . . . . . . ... ... ... ... ... 286
7.4.2. Prepared data, continuation of solutions . . . . . . ... ... oL 286
7.4.3. Construction of solutions. General oscillatingdata . . . . . . . ... ... ... ...... 288
7.4.4. The case of constant coefficients and planar phases . . . . . . ... ... ... ...... 290

7.5. Asymptotics of exact SOlutions . . . . . ... 292
7.5.1. The method of simultaneous approximations . . . . . . . . . . ... ... ... ...... 292

7.5.2. Thefilteringmethod . . . . . . . . . ... L 294



The mathematics of nonlinear optics 171

7.6. Furtherexamples . . . . . . . . . . .. e 297

7.6.1. One dimensional resonant €Xpansions . . . . . . . . . . . . . ..o 297

7.6.2. Generic phase interaction for dispersive equations . . . . . . . . ... ... ... ... .. 301

7.6.3. A model for Ramaninteraction . . . . . . .. ... ... L L L 303

7.6.4. Maximal dissipative equations . . . . . . .. ... Lo 306

References . . . . . . . . . . e 309
Abstract

Modeling in Nonlinear Optics, and also in other fields of Physics and Mechanics, yields
interesting and difficult problems due to the presence of several different scales of time,
length, energy, etc. These notes are devoted to the introduction of mathematical tools that
can be used in the analysis of mutliscale PDE’s. We concentrate here on oscillating waves
and hyperbolic equations. The main topic is to understand the propagation and the interaction
of wave packets, using phase-amplitude descriptions. The main questions are first to find the
reduced equations satisfied by the envelops of the fields, and second to rigorously justify
them. We first motivate the mathematical analysis by giving various models from optics,
including Maxwell-Bloch equations and examples of Maxwell-Euler systems. Then we present
a stability analysis of solutions of nonlinear hyperbolic systems, with a particular interest in the
case of singular systems where small or large parameters are present. Next, we give the main
features concerning the propagations of wave trains, both in the regime of geometric optics and
in the regime of diffractive optics. We present the WKB method, the propagation along rays,
the diffraction effects transversal to the beam propagations, the modulation of amplitudes. We
construct approximate solutions and discuss their stability, rigorously justifying, when possible,
the asymptotic expansions. Finally, we discuss the most important nonlinear phenomenon of the
theory, that is the wave interaction. After a small digression devoted to general considerations
about the mathematical modeling of multi phase oscillations, we apply these notions to
introduce important notions such as phase matching, coherence of phases and apply them
in various frameworks to the construction of approximate solutions. We also present several
methods that have been used for rigorously justifying the multi-phase expansion.

Keywords: Nonlinear optics, hyperbolic systems, stability of solutions, multiscale analysis,
oscillations, wave packets, geometric optics, diffractive optics, dispersive optics, wave
interaction, phase matching, resonance, coherence of phases, profiles, Maxwell equations
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1. Introduction

Nonlinear optics is a very active field in physics, of primary importance and with an
extremely wide range of applications. For an introduction to the physical approach, we
can refer the reader to classical text books such as [107,10,6,8,109,49,89].

Optics is about the propagation of electromagnetic waves. Nonlinear optics is more
about the study of how high intensity light interacts with and propagates through matter.
As long as the amplitude of the field is moderate, the linear theory is well adapted,
and complicated fields can be described as the superposition of noninteracting simpler
solutions (e.g. plane waves). Nonlinear phenomena, such as double refraction or Raman
effect, which are examples of wave interaction, have been known for a long time, but the
major motivation for a nonlinear theory came from the discovery of the laser which made
available highly coherent radiations with extremely high local intensities.

Clearly, interaction is a key word in nonlinear optics. Another fundamental feature is
that many different scales are present: the wavelength, the length and the width of the beam,
the duration of the pulse, the intensity of the fields, but also internal scales of the medium
such as the frequencies of electronic transitions etc.

Concerning the mathematical set up, the primitive models are Maxwell’s equations for
the electric and magnetic intensity fields £ and H and the electric and magnetic inductions
D and B, coupled with constitutive relations between these fields and/or equations which
model the interaction of the fields with matter. Different models are presented in Section 2.
All these equations fall into the category of nonlinear hyperbolic systems. A very important
step in modeling is to put these equations in a dimensionless form, by a suitable choice of
units, and deciding which phenomena, at which scale, one wants to study (see e.g. [39]).
However, even in dimensionless form, the equations may contain one or several small/large
parameters. For example, one encounters singular systems of the form

d
Ao)du+ > Aju)dy,u+ ALou = F(u) (L.1)
j=l1

with A > 1. In addition to the parameters contained in the equation, there are other length
scales typical to the solutions under study. In linear and nonlinear optics, one is specially
interested in waves packets

u(t, x) = e®*=y ¢, x) + ce, (1.2)

where cc denotes the complex conjugate of the preceding term, k and w are the central wave
number and frequency, respectively, and where the envelope U (¢, x) has slow variations
compared to the rapid oscillations of the exponential:

WU «w'U, U< KU (1.3)

In dimensionless form, the wave length ¢ = 27” is small («1). An important property

is that & and @ must be linked by the dispersion relation (see Section 5). Interesting
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phenomena occur when ¢ ~ A~!. With this scaling there may be resonant interactions
between the electromagnetic wave and the medium, accounting for the dependence of
optical indices on the frequency and thus for diffraction of light (see e.g. [89]).

More generally, several scales can be present in the envelope U, for instance

U=U(,x, ) (speckles), (1.4)

VGG

U=U(,x,¢et) (longtime propagation) (1.5)

etc. The typical size of the envelope U (the intensity of the beam) is another very important
parameter.

Nonlinear systems are the appropriate framework to describe interaction of waves: wave
packets with phases ¢; = k; - x — w;t create, by multiplication of the exponentials, the
new phase ¢ = ) ¢;, which may or may not satisfy the dispersion relation. In the first
case, the oscillation with phase ¢ is propagated (or persists) as time evolves: this is the
situation of phase matching. In the second case, the oscillation is not propagated and only
creates a lower order perturbation of the fields. These heuristic arguments are the basis of
the formal derivation of envelope equations that can be found in physics books. It is part
of the mathematical analysis to make them rigorous.

In particular, self interaction can create harmonics ng of a phase ¢. Reducing this to a
single small dimensionless parameter, this leads us, for instance, to look for solutions of
the form

uy) = et (£,y). u(g", : ,y), eu(Lyey) 6
€ NG
where y = (¢, x), ¢ = (@1, ..., @) and U is periodic in the first set of variables.

Summing up, we see that the mathematical setup concerns high frequency and
multiscale solutions of a nonlinear hyperbolic problem. At this point we merge with many
other problems arising in physics or mechanics, in particular in fluid mechanics, where this
type of multiscale analysis is also of fundamental importance. For instance, we mention
the problems of low Mach number flows, or fast rotating fluids, which raise very similar
questions.

These notes are intended to serve as an introduction to the field. We do not even try to
give a complete overview of the existing results, that would be impossible within a single
book, and probably useless. We will tackle only a few basic problems, with the aim of
giving methods and landmarks in the theory. Nor do we give complete proofs, instead we
will focus on the key arguments and the main ideas.

Different models arising from optics are presented in Section 2. It is important to
understand the variety of problems and applications which can be covered by the theory.
These models will serve as examples throughout the exposition. Next, the mathematical
analysis will present the following points:

e Basic results of the theory of multi-dimensional symmetric hyperbolic systems are
recalled in in Section 3. In particular we state the classical theorem of local existence and
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local stability of smooth solutions'. However, this theorem is of little use when applied
directly to the primitive equations. For high frequency solutions, it provides existence and
stability in very short intervals of time, because fixed bounds for the derivatives require
small amplitudes. Therefore this theorem, which is basic in the theory and provides a useful
method, does not apply directly to high frequency and high intensity problems.

One idea to circumvent this difficulty would be to use existence theorems of solutions in
energy spaces (the minimal conditions that the physical solutions are expected to satisfy).
But there is no such general existence theorem in dimension >2. This is why existence
theorems of energy solutions or weak solutions are important. We give examples of such
theorems, noticing that, in these statements, the counterpart of global existence is a much
weaker stability.

e In Section 4 we present two methods which can be used to build an existence and
stability theory for high frequency/high intensity solutions. The first idea is to factor out
the oscillations in the linear case or to consider directly equations for profiles U/ (see (1.6))
in the nonlinear case, introducing the fast variables (the placeholder for ¢ /¢ for instance)
as independent variables. The resulting equations are singular, meaning that they have
coefficients of order e~!. The method of Section 3 does not apply in general to such
systems, but it can be adapted to classes of such singular equations. which satisfy symmetry
and have good commutation properties.

Another idea can be used if one knows an approximate solution. It is the goal of the
asymptotic methods presented below to construct such approximate solutions: they satisfy
the equation up to an error term of size ¢™. The exact solution is sought as the approximate
solution plus a corrector, presumably of order ¢” or so. The equation for the corrector
has the feature that the coefficients have two components: one is not small but highly
oscillatory and known (coming from the approximate solution), the other one is not known
but is small (it depends on the corrector). The theory of Section 3 can be adapted in this
context to a fairly general extent. However, there is a severe restriction, which is that the
order of approximation m must be large enough. In practice, this does not mean that m
must necessarily be very large, but it does means that knowledge of the principal term is
not sufficient.

e Geometric optics is a high frequency approximation of solutions. It fits with the
corpuscular description of light, giving a particle-like description of the propagation along
rays. It concerns solutions of the form u(y) = ¢PU (@, v). The phase ¢ satisfies the
eikonal equation and the amplitude {/ is transported along the rays. In Section 5, we
give the elements of this description, using the WKB method (for Wentzel, Kramers and
Brillouin) of asymptotic (formal) expansions. The scaling ¢? for the amplitude plays an
important role in the discussion: if p is large, only linear effects are observed (at least in the
leading term). There is a threshold value py where the nonlinear effects are launched in the
equation of propagation (typically it becomes nonlinear). Its value depends on the structure
of the equation and of the nonlinearity. For a general quasi-linear system, py = 1. This is
the standard regime of weakly nonlinear geometric optics. However, there are special cases
where for p = 1 the transport equation remains linear; this happens when some interaction

IFrom the point of view of applications and physics, stability is much more significant than existence.
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coefficient vanishes. This phenomenon is called transparency and for symmetry reasons it
occurs rather frequently in applications. An example is the case of waves associated with
linearly degenerate modes. In this case it is natural to look for larger solutions with p < 1,
leading to strongly nonlinear regimes. We give two examples where formal large amplitude
expansions can be computed.

The WKB construction, when it is possible, leads to approximate solutions, ugpp. They
are functions which satisfy the equation up to an error term that is of order ¢” with m large.
The main question is to study the stability of such approximate solutions. In the weakly
nonlinear regime, the second method evoked in the presentation above in Section 4 applies
and WKB solutions are stable, implying that the formal solutions are actually asymptotic
expansions of exact solutions. But for strongly nonlinear expansions, the answer is not
simple. Indeed, strong instabilities can occur, similar to Rayleigh instabilities in fluid
mechanics. These aspects will be briefly discussed.

Another very important phenomenon is focusing and caustics. It is a linear phenomenon,
which leads to concentration and amplification of amplitudes. In a nonlinear context, the
large intensities can be over amplified, launching strongly nonlinear phenomena. Some
results of this type are presented at the end of the section. However a general analysis of
nonlinear caustics is still a wide open problem.

e Diffractive optics. This is the usual regime of long time or long distance propagation.
Except for very intense and very localized phenomena, the length of propagation of a laser
beam is much larger than its width. To analyze the problem, one introduces an additional
time scale (and possibly one can also introduce an additional scale in space). This is the
slow time, typically T = et. The propagations are governed by equations in 7', so that the
description allows for times that are O(¢~!). For such propagations, the classical linear
phenomenon which is observed is diffraction of light in the direction transversal to the
beam, along long distances. The canonical model which describes this phenomenon is a
Schrodinger equation, which replaces the transport equation of geometric optics. This is
the well known paraxial approximation, which also applies to nonlinear equations. This
material is presented in Section 6 with the goal of clarifying the nature and the universality
of nonlinear Schrodinger equations as fundamental equations in nonlinear optics, which
are often presented as the basic equations in physics books.

e Wave interaction. This is really where the nonlinear nature of the equations is rich
in applications but also of mathematical difficulties. The physical phenomenon which
is central here is the resonant interaction of waves. They can be optical waves, for
instance a pump wave interacting with scattered and back scattered waves; they can also
be optical waves interacting with electronic transitions yielding Raman effects, etc. An
important observation is that resonance or phase matching is a rare phenomenon : a
linear combination of characteristic phases is very likely not characteristic. This does not
mean that the resonance phenomenon is uninteresting, on the contrary it is of fundamental
importance. But this suggests that, when it occurs, it should remain limited. This is more
or less correct at the level of formal or BKW expansions, if one retains only the principal
terms and neglects all the alleged small residual terms. However, the mathematical analysis
is much more delicate: the analysis of all the phases created by the interaction, not only
those in the principal term, can be terribly complicated, and possibly beyond the scope of
a description by functions of finitely many variables; the focusing effects of these phases
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have to be taken into account; harmonic generation can cause small divisors problems... It
turns out that justification of the formal calculus requires strong assumptions, that we call
coherence. Fortunately these assumptions are realistic in applications, and thus the theory
applies to interesting examples such as the Raman interaction evoked above. Surprisingly,
the coherence assumptions are very close to, if not identical with, the commutation
requirements introduced in Section 4 for the equations with the fast variables. All these
aspects, including examples, are presented in Section 7.

There are many other important questions which are not presented in these notes. We
can mention:

— Space propagation, transmission and boundary value problems. In the exposition, we
have adopted the point of view of describing the evolution in time, solving mainly Cauchy
problems. For physicists, the propagation is more often thought of in space: the beam
propagates from one point to another, or the beam enters a medium etc. In the geometric
optics description, the two formulations are equivalent, as long as they are governed by the
same transport equations. However, for the exact equations, this is a completely different
point of view, with the main difficulty being that the equations are not hyperbolic in space.
The correct mathematical approach is to consider transmission problems or boundary value
problems. In this framework, new questions are reflection and transmission of waves at a
boundary. Another important question is the generation of harmonics or scattered waves at
boundaries. In addition, the boundary or transmission conditions may reveal instabilities
which may or may not be excited by the incident beam, but which in any case make the
mathematical analysis harder. Several references in this direction are [4,104,128,129,21,
25,97,98,39].

— Short pulses. We have only considered oscillating signals, that is of the form ¢'® a
with a slowly varying, typically, 9;a < wa. For short pulses, and even more for ultra
short pulses, which do exist in physics (femtosecond lasers), the duration of the pulse (the
support of a) is just a few periods. Therefore, the description with phase and amplitude is
no longer adapted. Instead of periodic profiles, this leads us to consider confined profiles
in time and space, typically in the Schwartz class. On the one hand, the problem is simpler
because it is less nonlinear : the durations of interaction are much smaller, so the nonlinear
effects require more intense fields. But on the other hand, the mathematical analysis is
seriously complicated by passing from a discrete to a continuous Fourier analysis in the
fast variables. Several references in this direction are [2,3,17-19,16].

2. Examples of equations arising in nonlinear optics

The propagation of an electro-magnetic field is governed by Maxwell’s equation. The
nonlinear character of the propagation has several origins: it may come from self-
interaction, or from the interaction with the medium in which it propagates. The general
Maxwell’s equations (in Minkowski space-time) read (see e.g. [49,107,109]):

0D — curl H = —j,
0B+ curl E =0,
divB =0,

divD =g¢q

@2.1)



178 G. Métivier

where D is the electric displacement, E the electric field vector, H the magnetic field
vector, B the magnetic induction, j the current density and g is the charge density; c is the
velocity of light. They also imply the charge conservation law:

dq + div j = 0. 2.2)

We mainly consider the case where there are no free charges and no current flows (j = 0
and g = 0).

All the physics of interaction of light with matter is contained in the relations between
the fields. The constitutive equations read

D =¢E, B = uH, (2.3)

where ¢ is the dielectric tensor and p the tensor of magnetic permeability. When ¢ and u
are known, this closes the system (2.1). Conversely, (2.3) can be seen as the definition of
¢ and u and the links between the fields must be given through additional relations. In the
description of interaction of light with matter, one uses the following constitutive relations
(see [107,109)):

B =uH, D =¢gE+ P =¢E 2.4)

where P is called the polarization and ¢ the dielectric constant. In vacuum, P = 0. When
light propagates in a dielectric medium, the light interacts with the atomic structure, creates
dipole moments and induces the polarization P.

In the standard regimes of optics, the magnetic properties of the medium are not
prominent and p can be taken constant equal to g with ¢ the speed of light in vacuum
and g the dielectric constant in vacuum. Below we give several models of increasing

complexity which can be derived from (2.4), varying the relation between P and E.

e Equations in vacuum.
In a vacuum, ¢ = ¢g and u = Eo% are scalar and constant. The constraint equations
div E = div B = 0 are propagated in time and the evolution is governed by the classical

wave equation
32E — *AE = 0. (2.5)

e Linear instantaneous polarization.

For small or moderate values of the electric field amplitude, P depends linearly in E. In
the simplest case when the medium is isotropic and responds instantaneously to the electric
field, P is proportional to E:

P =¢oxE (2.6)
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x is the electric susceptibility. In this case, E satisfies the wave equation
n?9’E — ¢*AE =0. 2.7)

where n = /1 4+ x > 1 is the refractive index of the medium. In this medium, light
propagates at the speed % <c.

e Crystal optics.
In crystals, the isotropy is broken and D is not proportional to E. The simplest model
is obtained by taking the dielectric tensor ¢ in (2.3) to be a positive definite symmetric

matrix, while pu = 817 remains scalar. In this case the system reads:
oc

2.8)

0;(eE) — curl H =0,
0 (uH) 4+ curl E =0,

plus the constraint equations div (¢E) = div B = 0, which are again propagated from the
initial conditions. That the matrix ¢ is not proportional to the identity reflects the anisotropy
of the medium. For instance, for a bi-axial crystal ¢ has three distinct eigenvalues.

Moreover, in the equations above, ¢ is constant or depends on the space variable
modeling the homogeneity or inhomogeneity of the medium.

o Lorentz model
Matter does not respond instantaneously to stimulation by light. The delay is captured
by writing in place of (2.6)

t
P(x,t) = 8()/ x(t —tHE(x, t)Hdr, (2.9

modeling a linear relation £ +— P, satisfying the causality principle. On the frequency
side, that is after Fourier transform in time, this relation reads

P(x,7) = sox (1) E(x, 7). (2.10)

It is a simple model where the electric susceptibility x depends on the frequency t.
In a standard model, due to Lorentz [100], of the linear dispersive behavior of
electromagnetic waves, P is given by

332P+8,P/T| +w°P =yE 2.11)

with positive constants w, y, and T (see also [49], chap. I-31, and II-33). Resolving this
equation yields an expression of the form (2.10). In particular

~ Yo 14
- n =¥ 2.12
x(®) w? — 12 +it/T; "= (212)
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The physical origin of (2.11) is a model of the electron as bound to the nucleus by a Hooke’s
law spring force with characteristic frequency w; 77 is a damping time and y a coupling
constant.

For non-isotropic crystals, the equation reads

3?P + R),P + QP = YE (2.13)

where R, €2 and Y are matrices which are diagonal in the the crystal frame.

e Phenomenological modeling of nonlinear interaction
In a first attempt, nonlinear responses of the medium can be described by writing P as
a power series in E:

00 k
P(x,t) = & Z / x5t =ty .t — 1) ® E(x, t)dty ... dty (2.14)
k=1 j=1

where x is a tensor of appropriate order. The symmetry properties of the susceptibilities
x* reflect the symmetry properties of the medium. For instance, in a centrosymmetric and
isotropic crystal, the quadratic susceptibility x> vanishes.

The first term in the series represents the linear part and often splits P into its linear
(and main) part Py, and its nonlinear part Py .

P =Pr+ Pnp. 2.15)

Instantaneous responses correspond to susceptibilities x* which are Dirac measures at
tj = t. One can also mix delayed and instantaneous responses.

e Two examples
In a centrosymmetric, homogeneous and isotropic medium (such as glass or liquid), the
first nonlinear term is cubic. A model for P with a Kerr nonlinearity is P = Pr + PyL
with
3P, + 8 PL/T) + 0*PL = yE, (2.16)
Py = ynLIEPE. 2.17)

In a nonisotropic crystal (such as KDP), the nonlinearity is quadratic and model
equations for P are

3?Pr + R} PL + QP. = YE, (2.18)
Pni = yniL(E2E3, E1Ea, EVE))'. (2.19)
o The anharmonic model

To explain nonlinear dispersive phenomena, a simple and natural model is to replace
the linear restoring force (2.11) with a nonlinear law (see [6,108])
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8t2P+8,P/T1 + (VV)(P) =bE. (2.20)

For small amplitude solutions, the main nonlinear effect is governed by the Taylor
expansion of V at the origin, in presence of symmetries, the first term is cubic, yielding the
equation

3P +0,P/T) +w’P —a|P|*P = yE. (2.21)

e Maxwell-Bloch equations

Bloch’s equation are widely used in nonlinear optics textbooks as a theoretical
background for the description of the interaction between light and matter and the
propagation of laser beams in nonlinear media. They link P and the electronic state of
the medium, which is described through a simplified quantum model, see e.g. [8,107,10,
109]. The formalism of density matrices is convenient to account for statistical averaging
due, for instance, to the large number of atoms. The self-adjoint density matrix o satisfies

ied p =[R2, p] = [V(E, B), p, (2.22)

where 2 is the electronic Hamiltonian in absence of an external field and V (E, B) is the
potential induced by the external electromagnetic field. For weak fields, V is expanded into
its Taylor’s series (see e.g. [109]). In the dipole approximation,

V(E,B)=E-T, P =t(p) (2.23)

where —I" is the dipole moment operator. An important simplification is that only a
finite number of eigenstates of 2 are retained. From the physical point of view, they
are associated with the electronic levels which are actually in interaction with the
electromagnetic field. In this case, p is a complex finite dimensional N x N matrix and I" is
a N x N matrix with entries in C3. It is Hermitian symmetric in the sense that Ty, j= T ok
so that tr(I"p) is real. In physics books, the reduction to finite dimensional systems (2.22)
comes with the introduction of phenomenological damping terms, which would force the
density matrix to relax towards a thermodynamical equilibrium in absence of the external
field. For simplicity, we have omitted these damping terms in the equations above. The
large ones only contribute to reducing the size of the effective system and the small ones
contribute to perturbations which do not alter qualitatively the phenomena. Physics books
also introduce “local field corrections” to improve the model and take into account the
electromagnetic field created by the electrons. This mainly results in changing the values
of several constants, which is of no importance in our discussion.

The parameter ¢ in front of 9, in (2.22) plays a crucial role in the model. The quantities
wj /e = (wj —wy)/e, where the w; are the eigenvalues of €2, have an important physical
meaning. They are the characteristic frequencies of the electronic transitions from the level
k to the level j and therefore related to the energies of these transitions. The interaction
between light and matter is understood as a resonance phenomenon and the possibility of
excitation of electrons by the field. This means that the energies of the electronic transitions
are comparable to the energy of photons. Thus, if one chooses to normalize Q2 ~ 1 as
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we now assume, & is comparable to the pulsation of light. The Maxwell-Bloch model
described above, is expected to be correct for weak fields and small perturbations of the
ground state, in particular below the ionization phenomena.

e A two levels model A simplified version of Bloch’s equations for a two levels quantum

system for the electrons, links the polarization P of the medium and the difference N
between the numbers of excited and nonexcited atoms:

e29,P + QP =y NE, (2.24)
&N = —9,P - E. (2.25)

Here, Q2/¢ is the frequency associated with the electronic transition between the two levels.

e Interaction Laser—Plasma

We give here another example of systems that arise in nonlinear optics. It concerns the
propagation of light in a plasma, that is a ionized medium. A classical model for the plasma
is a bifluid description for ions and electrons. Then Maxwell equations are coupled to Euler
equations for the fluids:

0B +ccurl x E =0, (2.26)
0E —ccurl x B=4me ((ng + ne)ve — (ng + nij)v;), 2.27)
T,
(no + ne) (v +ve - Vo) = — y;l eVne
e
o 1
_ elnotne) <E v, x B) , (2.28)
me c
YiTi
(no +ni) (%vi +v; - Vv;) = —7Vni
1
i 1
4 Clnotni) <E t - % B) , (2.29)
nm; C
ne + V- ((no + nehve) =0, (2.30)
o +V - ((ng +ni)v;) =0, 2.31)

where

x E and B are the electric and magnetic field, respectively,

* v, and v; denote the velocities of electrons and ions, respectively,

* ng is the mean density of the plasma,

x n, and n; are the variation of density with respect to the mean density ng of electrons
and ions, respectively.

Moreover,

* ¢ is the velocity of light in the vacuum; e is the elementary electric charge,

x m, and m; are the electron’s and ion’s masses, respectively,

x T, and T; are the electronic and ionic temperatures, respectively and y, and y; the
thermodynamic coefficients.

For a precise description of this kind of model, we refer to classical textbooks such
as [37]. One of the main points is that the mass of the electrons is very small compared
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to the mass of the ions: m, < m;. Since the Lorentz force is the same for the ions and
the electrons, the velocity of the ions will be negligible with respect to the velocity of the
electrons. The consequence is that one can neglect the contribution of the ions in Eq. (2.27).

3. The framework of hyperbolic systems

The equations above fall into the general framework of hyperbolic systems. In this section
we point out a few landmarks in this theory, concerning the local stability and existence
theory, and some results of global existence.We refer to [35,36,52,53,55,58,94,103,113]
for some references to hyperbolic systems.

3.1. Equations

The general setting of quasi-linear first order systems concerns equations of the form:

d
Aola. w)du+ Y Aj(a,u)ds,u = F(a,u) 3.1
j=1

where a denotes a set of parameters, which may depend on and include the time-space
variables (f,x) € R x RY: the A j are N x N matrices and F is a function with values
in RY; they depend on the variables (a, u) varying in a subdomain of R x RY and we
assume that (0, 0) = 0. (Second order equations such as (2.11) or (2.21) are reduced to
first order by introducing Q = 9;P.)

An important case is the case of balance laws

d
O fo(u) + Y by, £ () = F(u) (3.2)

j=1

or conservation laws if F = 0. For smooth enough solutions, the chain rule can be applied
and this system is equivalent to

d
Ao()du + Y Aj()dygu = F(u) (3.3)
j=1

with A;(u) = V, f;(u). Examples of quasi-linear systems are Maxwell’s equations with
the Kerr nonlinearity (2.17) or Euler—Maxwell equations.
The system is semi-linear when the A; do not depend on u:

d
Ao@du+ Y Aj(@)dyu = F(b, u). (3.4)
j=1
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Examples are the anharmonic model (2.21) or Maxwell-Bloch equations.
The system is /inear when the A j do not depend on u and F is affine in u, i.e. of the form
F(b,u) = f+ E(b)u. This is the case of systems such as (2.7), (2.8) or the Lorentz model.
Consider a solution u#( and the equation for small variations u = uo + ev. Expanding
as a power series in ¢ yields at first order the linearized equations:

d
Ao(a, uo)dv + Y Aj(a, uo)dy;v + E(t, x)v =0 (3.5
j=1
where
d
E(t,x)v = (v V,A0)duo + Y (v VyAj)dxuo — v Vi F
j=1

and the gradients V,,A; and V, F are evaluated at (a, uo(z, x)).
In particular, the linearized equations from (3.2) or (3.3) near a constant solution
uo(t, x) = u are the constant coefficients equations

d
Ao@)dhu + ) AjWu = F'wu. (3.6)
j=1

The example of Maxwell’s equations.
Consider Maxwell’s equation with no charge and no current:

oD — curl H = —}j, 0B+ curl E =0, 3.7
divB =0, divD =0, (3.8)

together with constitutive relations between the fields as explained in Section 2. This sys-
tem is not immediately of the form (3.1): it is overdetermined as it involves more equations
than unknowns and as there is no d; in the second set of equations. However, it satisfies
compatibility conditions?: the first two equations (3.7) imply that

o;divB =0, d;divD =0, 3.9

so that the constraint conditions (3.8) are satisfied for all time by solutions of (3.7) if and
only if they are satisfied at time + = 0. As a consequence, one studies the evolution system
(3.7) alone, which is of the form (3.1), and considers the constraints (3.8) as conditions
on the initial data. With this modification, the framework of hyperbolic equations is well
adapted to the various models involving Maxwell’s equations.

2This is a special case of a much more general phenomenon for fields equations, where the equations are linked through
Bianchi’s identities.
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For instance, the Lorentz model is the linearization of both the anharmonic model and
of the Kerr Model at E =0, P = 0.

3.2. The dispersion relation & polarization conditions
Consider a linear constant coefficient system such as (3.6):

d
Lu = Agdiu+ Y  Ajdyu+ Eu= f. (3.10)
j=1

Particular solutions of the homogeneous equation Lu = 0 are plane waves:
u(t, x) = elmtréy (3.11)

where (7, &) satisfy the dispersion relation:

d
det <itA0+Zi§jAj+E) =0 (3.12)

j=1

and the constant vector a satisfies the polarization condition

d
a € ker (ionJrZisjAjJrE). (3.13)

j=1

The matrix itAg + Z?:l i€;A; + E is called the symbol of L.

In many applications, the coefficients A; and E are real and one is interested in real
functions. In this case (3.11) is to be replaced by u = Re(e!*+*€4).

When A is invertible, the Eq. (3.12) means that —7 is an eigenvalue of )" &; AalAj -
iA, 'E and the polarization condition (3.13) means that a is an eigenvector.

We now illustrate these notions with four examples involving Maxwell’s equations. Fol-
lowing the general strategy explained above, we forget the divergence equations (3.8).
However, this has the effect of adding extra and non-physical eigenvalues t = 0, with
eigenspace {B € R&, D € RE&} incompatible with the divergence relations, which for
plane waves require that £ - B = £ - D = 0. Therefore, these extra eigenvalues must be
discarded in the physical interpretation of the problem.

e For the Lorentz model, the dispersion relation reads

2(8 — y) (r2(3 — ) — c28|s|2)2 =0, S8=t1>—it/Ti—w* (3.14)

The root T = 0 is non-physical as explained above. The roots of § — yp = 0 (that is
T = +J/w?+y in the case Til = 0) do not correspond to optical waves, since the
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corresponding waves propagate at speed 0 (see Section 5). The optical plane waves are
associated with roots of the third factor. They satisfy

Yo

21512 2 = =
. — 1+ , = . . 3.15
CEP =T A+R@D). 2O = T (3.15)
For & # 0, they have multiplicity two and the polarization conditions are
1 s __§
E ek, P =¢gox(7)E, B=—-=-XxE. (3.16)
T

e Consider the two level Maxwell-Bloch equations. The linearized equations around
E =B =P =0and N = Ny > Oread (in suitable units)

;B 4 curlE =0, 0E —curlB = —9, P,

(3.17)
ed’P +Q*P =y NgE, N =0.

This is the Lorentz model with coupling constant y = y1 No, augmented by the equation
d;N = 0. Thus we are back to the previous example.

e For crystal optics, in units where ¢ = 1, the plane wave equations reads

—1 —
{tE—e (§ x B) =0, (3.18)

TB+&x E=0.

In coordinates where ¢ is diagonal with diagonal entries @1 > oy > «3, the dispersion
relation read

2 (- W+ P o©) (3.19)
with

{\If@ = (a1 + @)E7 + (a2 4+ @3)E2 + (@3 + a1)EZ,
D(E) = a1atd + wasEl + azaés.

For & # 0, T = Ois again a double eigenvalue. The non-vanishing eigenvalues are solutions
of a second order equation in 72, of which the discriminant is

W2(E) —4E P D (E) = P2+ QP
with

P = (o) — 02)EF + (a3 — 02)&F + (a3 — a1)E3,
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1 1
0 =2(c1 —az)2 (a1 — a3)2636.
For a bi-axial crystal, ¢ has three distinct eigenvalues. For general frequency &, P2+ Q2 #

1
1\ 2
0 and there are four simple eigenvalues, :I:% (\I! + (P2 + Q2) 2) . There are double roots

exactly when P2 4+ Q% = 0, that is when

£=0, @& +wéf =wE +E) =1 (3.20)

This is an example where the multiplicities of the eigenvalues change with &.

o Consider the linearized Maxwell-Bloch equations around E = B = 0 and p equal to the
fundamental state, i.e. the eigenprojector associated with the smallest eigenvalue w; of €.
In appropriate units, they read

3B+ curl E =0,
8, E — curl B —itr (T[S, p]) +itr (T(E - G)) = 0, (3.21)
oo +i[€2, p] —1E -G =0,

with G := [T, p]. The general expression of the dispersion relation is not simple, one
reason for that is the lack of isotropy of the general model shown above. To simplify, we
assume that the fundamental state is simple, that €2 is diagonal with entries a; and we
denote by w; the distinct eigenvalues of 2, with w1 = «;. Then G has the form

0 -T2 ...
G = ' 0

0

Assume that the model satisfies the following isotropy condition: for all w; > w;:

> (E-T\ Tk =yE (3.22)

{k:ap=w;}

with y; € C. Then the optical frequencies satisty

2 2 ~ o Reyj(w;j — wy) +itImy;
=21 +3@), X =) 2 o~ o1 (3.23)

&

and the associated polarization conditions are

§ _ E-Ty
Ee&t, B = — X E, PLE = Pk,1 = P — (3.24)

with the other entries p; x equal to 0.
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3.3. Existence and stability

The equations presented in Section 2 fall into the category of symmetric hyperbolic sys-
tems. More precisely they satisfy the following condition:

DEFINITION 3.1 (Symmetry). A system (3.1) is said to be symmetric hyperbolic in the
sense of Friedriechs, if there exists a matrix S(a, u) such that

— itis a C* function of its arguments;
— for all j, a and u, the matrices S(a, u)Aj(a,u) are self-adjoint and, in addition,
S(a, u)Ao(a, u) is positive definite.

The Cauchy problem consists of solving the equation (3.1) together with the initial con-
dition

U= = h. (3.25)
The first basic result of the theory is the local existence of smooth solutions:

THEOREM 3.2 (Local Existence). Suppose that the system (3.1) is symmetric hyperbolic.
Then for s > %+ 1, h € H*RY) and a € C°([0; T]; H*(RY)) such that da €
CO([0; T1; H"Y(RY)), thereis T' > 0, T' < T, which depends only on the norms of a,
dra and h, such that the Cauchy problem has a unique solution u € CO([O; T'1; H® (Rd)).

In the semi-linear case, that is when the matrices A; do not depend on u, the limiting

lower value for the local existence is s > %:

THEOREM 3.3. Consider the semi-linear system (3.4) assumed to be symmetric hyper-
bolic. Suppose that a € CO([0; T1; H® (RY)) is such that 3,a € C°([0; T1; H°~1(R?))
where 0 > % + 1. Then, for 4 <s < o, h € H*(R?) and b € C°((0; T]; H*(R?)), there
is T' > 0, T" < T such that the Cauchy problem with initial data h has a unique solution
u € CO[0; T']); HS(RY)).

As it is important for understanding the remaining part of these notes we will give the
main steps in the proof of this important result. The analysis of linear symmetric hyperbolic
problems goes back to [50,51]. For the nonlinear version we refer to [106,103,66,123].

PROOF (Scheme of the proof). Solutions can be constructed through an iterative scheme

d

Ao(a, un)atun—i-l + ZAj(a» un)ax_,-un+l = F(a, uy),

p (3.26)

Upyljr=0 = h.

There are four steps:
1 - [Definition of the scheme.] Prove that if u, € CO([O; T1; HS(R‘I)) and o,u, €
CcY(0; T1: Hs’l(Rd)), the system has a solution u, 4 with the same smoothness;
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2 - [Boundedness in high norm.] Prove that there is 7’ > 0 such that the sequence is
bounded in CO([0; T]; H* (R?)) and C1([0; T']; H*~1(R?)).

3 - [Convergence in low norm.] Prove that the sequence converges in C°([0; T']; LZ(R%)).
Together with the uniform bounds, this implies that the convergence holds in
CO[0; 7'1; H¥ (RY)) and in C'([0; T']; H¥ ~'(R%)) for all s' < 5. Since s > 4 + 1,
the convergence holds in C!([0, T'] x R?) and the limit u is a solution of the Cauchy
problem (3.1) (3.25). The convergence also holds in coo; T'1; H;)/ (R?)) where H; de-
notes the space H* equipped with the weak topology and u € L°°([0, T'], H*(R%)) N
CO([0; T']; Hyy (RY)).

4 - [Strong continuity.] Use the equation to prove that u is actually continuous in time
with values in H*(R%) equipped with the strong topology.

This analysis relies on the study of the linear problems

d
L(a, d)u = Ao(@)du + Y Aj(@)dyu = f.

~ (3.27)

Uir=0 = h.
The main step is to prove a priori estimates for the solutions of such systems.
PROPOSITION 3.4. If the system is symmetric hyperbolic, then for u smooth enough

lu(@)ll s < Coe KK 14 (0) | 5

t/
+Co / eKo+KI=D 1 1 (a, d)ul s di’ (3.28)
t

where Cg [resp. Ko] [resp. K] depends only on the L*° norm [resp. WL normj [ resp.
L% (H®) norm] of a on [0, T] x R<.

They are used first to prove the existence and uniqueness of solutions and next to con-
trol the solutions. In particular, they serve to prove points 1 and 2 of the scheme above.
The convergence in low norm is also a consequence of the energy estimates in L? (s = 0)
applied to the differences u,+1 — u,. The additional smoothness consists in proving that if
a € L®([0,T'); H*) and 9,a € L>®([0, T']; H*~'), then the solution u actually belongs
to C°([0, T'1; H*). O

NOTES ON THE PROOF OF PROPOSITION 3.4. When s = 0, the estimate (with K; = 0)
follows easily by multiplying the equation by S(a)u and integration by parts, using the
symmetry properties of SA; and the positivity of SA.

When s is a positive integer, s > % + 1, the estimates of the derivatives are deduced
from the L? estimates writing

L(a, 3)d7u = Apdy (AalL(a, 8)u> — Aold?, AEIL(a, d)]u (3.29)
and commutation estimates for || < s:

118, Ay ' Lia, )1u(®)ll 2 < Ky lu(®)ll s (3.30)
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where K depends only on the H® norm of a(t).
The bound (3.30) follows from two classical nonlinear estimates which are recalled in
the lemma below.

LEMMA 3.5. Foro > 4,

(i) H®RY) is a Banach algebra embedded in L>°(RY).
(i) Foru € H°'(R?) and v € H®™(R%) withl > 0,m > O and [ +m < o, the
product uv belongs to H° =" (R?) ¢ L2(R%).
>iii) Fors > % and F a smooth function such that F(0) = 0, the mapping u — F(u)
is continuous from H*(R?) into itself and maps bounded sets to bounded sets.

Indeed, the commutator [97, Ay lL(a, d)]u is a linear combination of terms
9 05, Aj(@)dP 0y, u, 1Bl + ly| < la| — 1. (3.31)

Noticing that A;(a(t)) € H® (R%), and applying (ii) of the lemma with o = s — 1, yields
the estimate (3.30). O

REMARK 3.6. The use of L? based Sobolev spaces is well adapted to the framework of
symmetric systems, but it is also dictated by the consideration of multidimensional prob-
lems (see [112]).

Besides the existence statement, which is interesting from a mathematical point of view,
the proof of Theorem 3.2 contains an important stability result:

THEOREM 3.7 (Local stability). Under assumptions of Theorem 3.2, if ug €
CO([0, T1, HS (RY)) is a solution of (3.1), then there exists 6 > 0 such that for all initial
data h such that |h — ug(0)||gs < 8, the Cauchy problem with initial data h has a unique
solution u € C°([0, T1, H*(R?)). Moreover, for all t € [0, T, the mapping h +— u(t)
defined in this way, is Lipschtiz continuous in the H~' norm and continuous in the H s'
norm, for all s' < s, uniformly in t.

3.4. Continuation of solutions

Uniqueness in Theorem 3.2 allows one to define the maximal interval of existence of
a smooth solution: under the assumptions of this theorem, let 7* be the supremum of
T’ € [0, T such that the Cauchy problem has a solution in C°([0, T']; H* (RY)). By the
uniqueness, this defines a (unique) solution u € C 0([0, T*[; H* (R%)). With this definition,
Theorem 3.2 immediately implies the following.

LEMMA 3.8. It T* < T, then

sup |u(t)|lygs = +o0.
tel0,T*[

‘We mention here that a more precise result exists (see e.g. [103]):
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THEOREM 3.9. Ir T* < T, then

sup lu(@)|[ oo + [IVxu(@) | Lo = +00.
te[0,T*[

We also deduce from Theorem 3.2 two continuation arguments based on a priori esti-
mates:

LEMMA 3.10. Suppose that there is a constant C such that if T' €10,T] and u €
CO([0, T'1; H?) is solution of the Cauchy problem for (3.1) with initial data h € H®,
then it satisfies for t € [0, T']:

lu(Ollgs < C. (3.32)

Then, the maximal solution corresponding to the initial data h is defined on [0, T] and
satisfies (3.32) on [0, T'].

LEMMA 3.11. Suppose that there is are constants C and C' > C > ||h||gs such that if
u € CO[0, T'1; H®) is solution of the Cauchy problem for (3.1) with initial data h € H®
the following implication holds:

sup u()llys <C"= sup |lu@®llys <C. (3.33)
te[0,T"] 1€[0,T7]

Then, the maximal solution is defined on [0, T and satisfies (3.32) on [0, T].

3.5. Global existence

As mentioned in the introduction, the general theorem of local existence is of little use for
high frequency initial data, since the time of existence depends on high regularity norms
and thus may be very small. In the theory of hyperbolic equations, there is a huge literature
on global existence and stability results. We do not mention here the results which concern
small data (see e.g. [66] and the references therein), since the smallness is again measured
in high order Sobolev spaces and thus is difficult to apply to high frequency solutions.

There is another class of classical global existence theorems of weak or energy solutions
for hyperbolic maximal dissipative equations, which use only the conservation or dissipa-
tion of energy and a weak compactness argument (see e.g. [99] and Section 7.6.4 below.)

In this section, we illustrate with an example another approach which is better adapted
to our context. Indeed, for most of the physical examples, there are conserved (or dissi-
pated) quantities, such as energies. These provide a priori estimates that are valid for all
time, independently of the size of the data. The problem is to use this particular additional
information to improve the general analysis and eventually arrive at global existence.

The case of two levels Maxwell-Bloch equations has been studied in [42]. Their re-
sults have been extended to general Maxwell-Bloch equations (2.22) in [46] and to the
anharmonic model (2.20) in [77] (see also [83] for Maxwell’s equations in a ferromag-
netic medium). In the remaining part of this section, we present the example of two level
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Maxwell-Bloch equations. Recall the equations from Section 2:

0B+ curl E =0,
0/(E+ P)— curl B=0,

&P+ Q*P =y NE, (3.34)
8;N = —y23tP . E,
together with the constraints
div(E + P)=divB =0. (3.35)

Recall that N is the difference between the number of electrons in the excited state and in
the ground state per unit of volume. Ny is the equilibrium value of N. This system can be
written as a first order semi-linear symmetric hyperbolic system for

U:(B,E,P,atP,N_NO). (3.36)

Since the system is semi-linear, with matrices A; that are constant, the local existence

theorem proves that the Cauchy problem is locally well-posed in H* (R3) for s > %, see

Theorem 3.3. The special form of the system implies that the maximal time of existence is
T* = 4o0:

THEOREM 3.12. If s > 2 and the initial data U(0) € H*(R3) satisfies (3.35), then the
Cauchy problem for (3.34) has a unique solution U € CO([0, +oo[; H* (R3)), which sat-
isfies (3.35) for all time.

NOTES ON THE PROOF (see [42]). The total energy
2 2 Q? 2 1 2 ! 2
E=NolBlly>+NollEl >+ — 1Pl + —110: Pl + — IIN — Noll;»
4! 14! V2

is conserved, proving that U remains bounded in L? for all time.

There is also a pointwise conservation of
1 Q? 1
—|3PP* + —| P+ —|INJ?
Y1 Y1 2

proving that P, 9; P and N remain bounded in L*° for all time.

The H! estimates are obtained by differentiating the equations with respect to x:

0;0B + curl0E =0,

0;0E — curl 0B = —0;0P,
0P + Q*P = yd(N E),
0N = =103, P - E).
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Then
€1 = 10BIZ + 10EIR, + 2 10PI2, + - 18,0 P 122 + L JaN2
1 = L2 12 " L2 " t L2 " L2
satisfies
with

®=—(30Q)IE +d(NE)IQ — d(QE)dN
=—(Q)IE + NIEIQ — N QJE,

with Q = 9; P. Thus, using the known L bounds for N and Q, implies that
9.£1 < C&

implying that £ (r) < e“*£;(0) for all time.

The estimate of the second derivatives is more subtle, but follows the same ideas: use
the known L2, L and H! bounds to obtain H? estimates valid for all time. For the details
we refer to [42]. [l

Using the a priori H' bounds, it is not difficult to prove the global existence of global
H! solutions (see [42]):

THEOREM 3.13. For arbitrary U(0) € H! (R3) satisfying (3.35) and such that
(P(0), 3, P(0), N(0)) € L>®(R3), there is a unique global solution U such that for all
T >0,U e L°([0, T]; H' (R®)) and (P, 3; P, N) € L*®([0, +00[xR?).

3.6. Local results
A fundamental property of hyperbolic systems is that they reproduce the physical idea
that waves propagate at a finite speed. Consider solutions of a symmetric hyperbolic

linear equation

d

L(a, du = Ao(a)du + ZAj(a)iju + E@u=f (3.37)
j=1
on domains of the form:
Q={(t,x):t >0, x| +1trs < R}. (3.38)

Let w = {x : |x|] < R}. One has the following result.

PROPOSITION 3.14 (Local uniqueness). There is a real valued function A(M), which de-
pends only the matrices Aj in the principal part, such that if Ay > A (M), a is Lipschitz
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continuous on Q2 with |a(t,x)| < M on Q, u € H'(Q) satisfies (3.37) on Q with f = 0
and uj—o = 0 on w, thenu =0 on Q.

PROOF. By Green’s formula
0= 2Re/ e V"Lu -udtdx
Q
=/ e V"(yAou — Ku) - udrdx
Q
+ / e V'Lia,v)u-ud®
by

where K = 0,A¢(a) + ZBXjAj(a), Y = {A« + |x| = R}and L(a,v) = ) vjA; is the
value of L in the direction v = (vy, ..., vg), which is the exterior normal to 2. Because
v is proportional to (As, x1|x|, ..., xg/|x]), if Ay is large enough, the matrix L(a, v) is
nonnegative. More precisely, this condition is satisfied if

dx = Ax(M) = sup sup sup|ip(a,§)] (3.39)
la|<M |§|=1 p

where the A, (a, &) denote the eigenvalues of Ao(a)™! Z‘Jfl:] §iAj(a).
If y is large enough, the matrix y Ag — K 1is positive definite, and the energy identity
above implies that u = 0 on . ([l

This result implies that the solution u of (3.37) is uniquely determined in €2 by the val-
ues of the source term f on €2 and the values of the initial data on w. One says that 2 is
contained in the domain of determinacy of .

The proposition can be improved, giving the optimal domain of determinacy €2 associ-
ated to an initial domain w, see [93,96,84] and the references therein.

On domains €2, one uses the following spaces:

DEFINITION 3.15. We say that u defined on € is continuous in time with values in L? if
its extension by O outside €2 belongs to CO([O, Tol; LZ(Rd)); for s € N, we say that u is
continuous with values in H* if the derivatives 0% u for |a| < s are continuous in time with
values in L. We denote these spaces by COH* ().

Proposition 3.14 extends to semi-linear equations, as the domain 2 does not depend on
the source term f(u). The energy estimates can be localized on €2, using integration by
parts on €2, and Theorem 3.3 can be extended as follows:

THEOREM 3.16. Consider the semi-linear system (3.4) assumed to be symmetric hyper-
bolic. Suppose that a € CYH? (Q) is such that da € COH?~1(Q) where o > % + 1
and |lallp=~@) < M. Then, for% < s <o, h € H(w) and b € COH*(Q), there
exists T > 0, such that the Cauchy problem with initial data h has a unique solution
ue COHS(QN{t <T)).

For quasi-linear systems (3.1), the situation is more intricate since then the eigenval-
ues depend on the solution itself, so that A,.(M) in (3.39) must be replaced by a function
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A«(M, M’y which dominates the eigenvalues of Ag(a, u)~! > &jAj(a,u) when |a| < M
and |u| < M’. Note that A,(M, M’) is a continuous increasing function of M’, so that if
A > Ax(M, M') then Ay > A (M, M) foraM” > M’.

THEOREM 3.17. Suppose that the system (3.1) is symmetric hyperbolic. Fix M, M’ and
s > % + 1. Let Q denote the set (3.38) with A, > A(M,M"). Let h € H’(RY) and
a € COH(Q) be such that ||h]| L) < M', da € C°H~1(Q) and ||al| ) < M. Then
there exists T > 0, such that the Cauchy problem has a unique solution u € COH*(Q N
{r=T).

4. Equations with parameters

A general feature of problems in optics is that very different scales are present: for in-
stance, the wavelength of the light beam is much smaller than the length of propagation,
the length of the beam is much larger than its width. Many models (Lorentz, anharmonic,
Maxwell-Bloch, Euler—-Maxwell) contain many parameters, which may be large or small.
In applications to optics, we are facing two opposite requirements:

— optics concerned with high frequency regimes, that is functions with Fourier trans-
forms localized around large values of the wave number &;

— we want to consider waves with large enough amplitude so that nonlinear effects are
present in the propagation of the main amplitude.

Obviously, large frequencies and not too small amplitudes are incompatible with uni-
form H® bounds for large s. Therefore, a direct application of Theorem 3.2 for highly
oscillatory but not small data, yields existence and stability for ¢+ € [0, T] with T very
small, and often much smaller than any relevant physical time in the problem. This is why,
one has to keep track of the parameters in the equations and to look for existence or stability
results which are independent of these parameters. In this section, we give two examples
of such results, which will be used for solving envelope equations and proving the stability
of approximate solutions, respectively.

Note that all the results given in this section have local analogues on domains of deter-
minacy, in the spirit of Section 3.6.

4.1. Singular equations

We start with two examples which will serve as a motivation:

— The Lorentz model (2.11) (see also (2.21) and (2.24)) contains a large parameter @
in front of the zeroth order term. Similarly, Bloch’s equations (2.22) contain a small
parameter ¢ in front of the derivative o;.

— To take into account the multiscale character of the phenomena, one can introduce
explicitly the fast scales and look for solutions of (3.1) of the form

u(t,x)=U(t,x,p(t,x)/e) 4.1
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where ¢ is valued in R, and U is a function of (¢, x) and additional independent variables

Y= Ym)-
Both cases lead to equations of the form

d 1
Ao(a, u)ou + ZAj(a, u)BXju + gﬁ(a, u,d)u = F(a,u) “4.2)
j=1

with possibly an augmented number of variables x; and an augmented number of parame-
ters a. In (4.2)

d
Lla,u,8;) = Lja,u)dy; + Lo(a, u). 4.3)
j=1

We again assume that F (0, 0) = 0. This setting occurs in many other fields, in particular
in fluid mechanics, in the study of low Mach number flows (see e.g. [86,87,115]) or in the
analysis of rotating fluids.

Multiplying by a symmetrizer S(a, u), if necessary, we assume that the following con-
dition is satisfied:

ASSUMPTION 4.1 (Symmetry). For j € {0, ..., d}, the matrices A;(a, u) are self-adjoint
and in addition Ag(a, u) is positive definite.

Forall j € {1,..., m} the matrices L;(a, u) are self-adjoint and Lo(a, u) is skew ad-
joint.

Theorem 3.2 implies that the Cauchy problem is locally well-posed for systems (4.2),
but the time of existence given by this theorem in general shrinks to 0 as ¢ tends to 0. To
have a uniform interval of existence, additional conditions are required. We first give two
examples, before giving hints for a more general discussion.

4.1.1. The weakly nonlinear case  Consider a system (4.2) where all the coefficients
A; and Ly are functions of (ea, eu). Expanding Ly (ea, eu) = L + eAi(e, a, u) yields
systems with the following structure:

d
1
Ag(ea, eu)oru + E Aj(a, u)axju + —L(0y)u = F(a, u) “4.4)
. £
j=1

where £ has the form (4.3) with constant coefficients L ;- We still assume that the symme-
try Assumption 4.1 is satisfied and F(0, 0) = 0. The matrices A; and F' could also depend
smoothly on ¢, but for simplicity we forget this easy extension.

THEOREM 4.2 (Uniform local Existence). Suppose that h € H*(R?) and a €
CO[0; T1; H*RY) N CL([0; T1; H "1 (RY)), where s > & + 1. Then, there exists T' > 0
such that, for all ¢ €]0, 1], the Cauchy problem for (4.4) with initial data h has a unique
solution u € C°([0; T']; H* (RY)).
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SKETCH OF PROOF. Consider the linear version of the equation

d
Le(a, 9)u = Ao(ea)du + Y  Aj(a)dy;u+ ég(ax)u = f. (4.5)
j=1

Thanks to the symmetry, the L2 estimate is found immediately. The following expression
holds

lu(®)ll 2 < CoeXo" lu(0) ;2

t/
+Co / Ko=) (a, d)ull s di’ (4.6)
t

with C [resp. Ko] depending only on the L> norm [resp. W!* norm] of ea.
Next, one commutes A ! L, with the derivatives 9 as in (3.29). The key new obser-
vation is that the derivatives 9% (8_1A5 ! (ea)L j) are bounded with respect to ¢, as well as

the derivatives 97 (A, ! (ea)Aj(a)). The precise estimate is that for s > % + 1, there is K
which depends only on the H* norm of a(¢), such that for |«| < s, there holds

I10Y, Ay ' Le(a, 0)lu()ll 12 < Ky (@)l s - 4.7)

From here, the proof is as in the nonsingular case. (]

4.1.2. The case of prepared data ~ We relax here the weakly nonlinear dependence of the
coefficient Ag and consider a system:

d
1
Ag(a, u)ou + E Aj(a, u)dxu + —L(0y)u = F(a,u) 4.8)
. &
j=1

and its linear version

d
Le¢(a, 0)u = Ag(a)du + ZAj(a)iju + éé(ax)u =f 4.9)
j=1

where L has constant coefficients £ ;- We assume that the symmetry Assumption 4.1 is
satisfied and F (0, 0) = 0.

The commutators [0Y, g} Ay 1(a)Lg] are of order £~!, so that the method of proof of
Theorem 4.2 cannot be used anymore. Instead, one can use the following path: the commu-
tators [d,, e ! £] are excellent, since they vanish identically. Thus one can try to commute
0 and L, (a) directly. However, this commutator contains terms 8,‘?7’8 Ag(a)o; 8)’? u and
hence the mixed time-space derivative o, af u. One cannot use the equation to replace 0;u
by the spatial derivative, since this would reintroduce singular terms. Therefore, to close the
estimate one is led to estimate all the derivatives 8,0‘ 0 d%u. Then, the commutator argument
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closes, yielding an existence result on a uniform interval of time, provided that the initial
values of all the derivatives 9;°9%u are uniformly bounded. Let us proceed to the details.

For s € N, introduce the space C H* ([0, T] x R?) of functions u € C°([0, T']; H* (R%))
such that forall k < s, Blku e C%([0, TT; HS*(RM)). Tt is equipped with the norm

N
lullchs = sup [lu(®)l;. lu@lly =Y 105w | s ey (4.10)
tel0,T] k=0

Fors > %, the space CH* is embedded in L*°. Therefore, the chain rule and Lemma 3.5
imply that for smooth F, such that F(0) = 0, the mapping u +— F(u) is continuous from
C H" into itself and maps bounded sets to bounded sets.

Moreover, the commutator [8;)" +» Le(a, 9)]u is a linear combination of terms

3/ A (@)df u, .11
with
O<|lyl-1=<s—-1, 0=|Bl—=1, |yl-14+1IBl—-1=<s—1

Since A (a(t)) € CH?, (ii) of Lemma 3.5 applied with ¢ = s — 1 implies for s > % +1
the following commutator estimates

1185, Le (@, 3)1u@®) | 2 < Cllu@)ll; (4.12)

t,x>

where C depends on the norm ||a(?)],-

For systems (4.9), the L? energy estimates are again straightforward from the symmetry
assumption. Together with the commutator estimates above, they provide bounds for the
norms ||u(?)||;, uniform and ¢ and &, provided that their initial values ||u(0)||, are bounded.

The initial values 8l"u(0) are computed by induction using the equation: for instance

dup—o = —Ay (a0, uo)

d
(Z Aj(ao, uo)dy;uo + éé(&c)uo — F(ao, uo)) (4.13)

J=1

where ag = aj,—0 and ug = u,—o. In particular, for a fixed initial data u;—¢ = A, the term
0;u ;=0 is bounded independently of ¢ if and only if

L(0:)h = 0. (4.14)

The analysis of higher order derivatives is similar. To simplify the notation, let 8%y
denote a product of derivatives of u of total order k:

0% u...0%u witha; >0 and |og|+- -+ |ap| =k. (4.15)
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LEMMA 4.3. For s > (d + 1)/2 and k € {0, ...,s}, there are nonlinear functionals
Fi (a, u), which are finite sums of terms

e~ o @)@ u), 1<k ptq=<k (4.16)

with ® smooth, such that fora € CH® and h € H® and all ¢ > 0, the local solution of the
Cauchy problem for (4.8) with initial data h belongs to C H® and

O u = Ff(a,h). (4.17)

PROOF. For C* functions, (4.17) is immediate by induction on k. Lemma 3.5 implies
that the identities extend to coefficients ¢« € CH® and u € C 0([0, T'1, H?), proving by
induction that 3*u € C°([0, T'], H*~F). O

In particular, if u is a solution of (4.8) with initial data /, there holds

(0% u) =0 = Hi(a, h) == Ff(a, h)=o (4.18)

Note that Hi is singular as ¢ — 0, since in general it is of order ek,

THEOREM 4.4. Suppose that s > % +1landa € CH*([0, T]1 x R?) and h € H*(R?) are
such that the families Hl"i (a, h) are bounded for ¢ €10, 1].

Then, there exists T' > 0 such that for all & €10, 1] the Cauchy problem for (4.8) with
initial data h has a unique solution u € CH* ([0, T'] x R%).

SKETCH OF THE PROOF (See e.g. [11]). The assumption means that the initial norms
[l (0) ||, are bounded, providing uniform estimates of ||u(¢)||, for t < T’, for some T’ > 0
independent of ¢. This implies that the local solution can be continued up to time 7".  [J

The data which satisfy the condition for Hj (a, h) are often called prepared data. The
first condition (4.14) is quite explicit, but the higher order conditions are less explicit, and
the construction of prepared data is a nontrivial independent problem. However, there is an
interesting application of Theorem 4.4 when the wave is created not by an initial data but
by a forcing term which vanishes in the past: consider the problem

d
1
Aola, )du + Y Aj(a, u)dyu + ~LOJu=Fa.u)+ f (4.19)
j=1

with F(a,0) = 0. (In the notations of (4.8), this means that f = F(a,0)). We con-
sider f as one of the parameters entering the equation. We assume that f is given in
CH*([0, T] x R¥) and vanishes at order s on 7 = 0:

Ffico=0, ke{0,....s—1}. (4.20)
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Then, one can check by induction, that for a vanishing initial data 7 = 0 the traces of the
solution vanish:

3 uj—o =0, kef{o,...,s). 4.21)

Therefore:

THEOREM 4.5. Suppose that s > % +1,ae CH*([0,T] x RY) and f € CH*([0, T] x
R?) satisfies (4.20).

Then, there exists T' > 0 such that for all ¢ €10, 1] the Cauchy problem for (4.19) with
vanishing initial data has a unique solution u € C H* ([0, T'] x R4 and u satisfies (4.21).

4.1.3. Remarks on the commutation method The proofs of Theorems 3.2, 4.2 and 4.4 are
based on commutation properties which strongly depend on the structure of the equation.
In particular, it was crucial in (4.4) and (4.8) that the singular part £(d,) had constant co-
efficients and that Ao depended on (ea, gu) in the former case. Without assuming maximal
generality, we investigate here to what extent the commutation method can be extended to
more general equations (4.2) where £ and Ao could also depend on a.

1. The principle of the method. Consider a linear equation L(¢, x, 9)u = f and assume that
there is a good L? energy estimate. We suppose that the coefficients are smooth functions
of a and that a is smooth enough. Consider a set of vector fields Z = {Z, ..., Z,,}, which
we want to commute with the equation. The commutation properties we use are of the form:

L(t,x,8)Z; = Z;L(t,x, D) + Z R Zy

with bounded matrices R; . The energy estimate is then applied to Z;u. However, one
must keep in mind that one could perform a change of variables u = Vv or pre-multiply
the equation by a matrix before commuting with the Z;. This is equivalent to adding zero
order terms to the Z; and looking for relations of the form

L(t,x,0)(Zj + Bj) = (Zj + C))L(t,x, D)+ Y _RjxZx + Rj 0 4.22)

with matrices B; and C; to be found, depending on a and its derivatives. Together with the
L? estimate, this clearly implies estimates of derivatives Z ji -+ - Zj,u, and knowing similar
estimates for the right hand side f and the initial data.

2. Analysis of the commutation conditions. The operator L is split into a good part, the
linear combination of the Z, and a bad or singular part:

L(t,x,0) =Y Ajt,x)Zj+ Y _ Gi(t, )Ty (4.23)

where the T} are some other vector fields or singular terms which commute with the Z;.
Only the commutation with terms Gy (¢, x) Ty may cause problems, and the commutation
conditions read

Z;i(Gy) = G¢Bj — C;jGy, (4.24)
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assuming that
the [Tk, B;] are bounded. 4.25)

We now analyze the geometric implications of (4.24).

LEMMA 4.6. Suppose that the Gy are smooth matrices and Z is an integrable system of
vector fields. Then, locally, there are smooth matrices B; and C; satisfying (4.24), if and
only if there are smooth invertible matrices W and V, such that

Vj,Vk, [Z;, WGV]=0. (4.26)

In this case, for all n € R™, the rank of Y_ ni Gy is constant along the integral leaves
of Z.

PROOF. If G, = WGV, then
Z;(Go = W (W2, W)Gi + Z(Gi) + Gz, (V)V ) V.

Thus, if Z(Gy) = 0, then (4.24) holds with C; = W~ Z;(W) and B; = —Z;(V)V L.
Conversely, one can assume locally that Z = {9y,, ..., dx,} and prove the result by
induction on m. One determines locally Wi and Vj such that

oy, W1 =WiCy, 0,Vi=-B1V

and£4.24) implies 9y, (W1G1V}) = 0. This finishes the proof when m = 1. Whenm > 1,
let G~k = W1GVi. The commutation properties (4.24) are stable under such a transform:
the Gy satisfy

dy,Gr = Gy Bj — C; G, 4.27)

with new matrices B ; and C 7, which vanish when j = 1. In particular, the ék do not
depend on the first variable x;. Freezing the variable x; at x;, we see that the commuta-
tion relation (4.27) also holds with matrices B ; and c ; that are independent of x;. From
here, one can apply the induction hypothesis for the matrices Gy and the vector fields
{0x;, j > 2} and find matrices W’ and V', independent of x;, such that E)xj(W/ak Vy=0
for j > 2. The property (4.26) follows with W = W/'W; and V = V| V',

The condition (4.26) implies that W(}_niGy)V is independent of the variables
(x1, -, xm). In particular, its rank is constant when the other variables are fixed. O

REMARK 4.7. Suppose that / > 2 and that G; is invertible. Saying that the rank
of > nxGy is independent of x, is equivalent to saying that the eigenvalues of
> k=2 nkGl_l G are independent of x as well as their multiplicity.
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The next lemma shows that the commutation properties imply that the equation can be
transformed to another equivalent equation with constant coefficients in the singular part.

LEMMA 4.8. (i) Suppose that G(a) is a smooth matrix of rank independent of a.
Then, locally near any point a, there are smooth matrices W(a) and V (a) such
that W(a)G(a)V (a) is constant.

(i) Suppose that Go(a) and G(a) are smooth self-adjoint matrices with G positive
definite, such that the eigenvalues of G 'G(a) are independent of a. Then locally,

there is a smooth matrix V (a) such that, with W = V_IGJI, W(a)Go(a)V (a) and
W(a)G(a)V (a) are constant.

In both cases, if a(t, x) is such that the Z ja are bounded, the commutation relations
(4.24) are satisfied with bounded matrices Bj and Cj.

PROOF. (i) If the rank of G is constant equal to i, in a neighborhood of 4, there are smooth
invertible matrices W and V such that

W(a)G(a)V(a) = (I%“ 8) .

(ii) Since Gy is positive definite and G is self-adjoint, G, G is diagonalizable. Since
the eigenvalues are constant, say equal to A ;, there is a smooth invertible matrix V' such that

V@G, (@G @)V (a) = diag(2.)). 0

CONCLUSION 4.9. Lemmas 4.6 and 4.8 give key indications for the validity of the com-
mutation method, applied to equations (4.23).

4.1.4. Application I  Consider a system with coefficients depending smoothly on a

4 1
Ao(@du+ Y Aj(@du+ —Ba) = f. (4.28)
j=1

We assume that the matrices A; are self-adjoint with Ag positive definite and B(a) skew-

adjoint.
o For Z = {0, 9y, ..., Ox,}, the commutation condition reads

the rank of B(a(¢, x)) is independent of (¢, x). (4.29)
Locally in a, this is equivalent to

there are smooth matrices W (¢, x) and V (¢, x) such that

. (4.30)
W(t, x)B(a(t, x))V(t, x) is constant.
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THEOREM 4.10. Suppose that a is a smooth function of (t, x). Under Assumption (4.30),
there are energy estimates in the spaces C H* ([0, T x R?) for the solutions of (4.28), of
the form

t
lu()lly < CeX luO)l; + C /0 KON £l dr. (4.31)

e For Z = {9,,, ..., 0x,}, then 9; becomes a “bad” vector field to be included in the
second sum in (4.23). Following Remark 4.7, the condition reads

the eigenvalues of A ! (a(t, x))B(a(t, x)) have constant

e (4.32)
multiplicity.
Locally in a, this is equivalent to
there is a smooth matrix V (¢, x) such that
(4.33)

V=t x)Ay (a(t, x)) B(a(t, x)) V (t, x) is constant.

THEOREM 4.11. Suppose that a is a smooth function of (t, x). Under Assumption (4.33),
there are energy estimates in the spaces C 0(10, T1; H* (R?)) for the solutions of (4.28), of
the form

t
lu@®)lls < CeX"u)|s + C /0 K= F()lsdr. (4.34)

4.1.5. Application 2 The following systems arise when one introduces fast scales (see
Section 7.4):

d m
Ao(@)du+ Y Aj(@)dgu+ é (Z Bj(a)dp,u + E(a)u) =f. (4.35)
j=1 k=1

j=

We assume that the matrices A ; and By, are self-adjoint with A is positive definite and E is
skew symmetric. The additional variables 6 = (01, ..., 6,,) correspond to the fast variables
¢/€ in (4.1). In this framework, functions are periodic in 8, and up to a normalization of
periods, this means that 6 € T™, T = R/(27wZ). There are other situations where systems
of the form (4.35) occur with no periodicity assumption in the variables 6;, for instance in
the low mach limit analysis Euler equation. The analysis can be adapted to some extent for
this case, but we do not investigate this question in detail here.
An important assumption is that

do,a=0,  je{l,....m). (4.36)
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In this case one can expand u and f in Fourier series in 6, and the Fourier coefficients i,
o € Z™ are solutions of

d
o N 1 . A
Ao(@ity + Y Aj(@)dy;lte + ~Bla, ita = fo (4.37)
j=1
where
B(a,n) = Zinij(a) + E(a). (4.38)
j=1

They are systems of the form (4.28). The conditions (4.29) (4.32) read

for all @ € Z™, the rank of B(a(t, x), «) is independent of (¢, x), (4.39)

for all & € Z™, the eigenvalues of A, ' (a(r, x))B(a(t, x), @) @40
have constant multiplicity, ’

respectively. To get estimates uniform in «, we reinforce their equivalent formulation
(4.29), (4.32) as follows:

ASSUMPTION 4.12. There are matrices W(¢, x, @) and V(¢, x, @) for « € Z™, which
are uniformly bounded, as are their derivatives, with respect to (¢, x), and a matrix B ()
independent of (¢, x) such that

W(t, x, a)B(a(t, x), o)V(t, x, a) = B (). (4.41)
ASSUMPTION 4.13. There are matrices V(a(t, x), @) for @« € Z™, which are uniformly
bounded, as are their derivatives, with respect to (¢, x), and a matrix B (v) independent of

(t, x) such that

V1, x, ot)Aa1 (a(t, x))B(a(t, x), )V(t, x, o) = B*(ax). (4.42)

Note that no smoothness in « is required in these assumptions.

THEOREM 4.14. Suppose that a is a smooth function of (t, x).

(i) Under Assumption 4.12 there are energy estimates in the spaces C H* ([0, T1xR? x
T™) for the solutions of (4.35)

t
llu®lly; < CeX"luO)l; + C fo S TGt (4.43)
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(ii) Under Assumption 4.13, there are energy estimates in the spaces C°([0, T1; H* (R4 x
"))

t
lu@ s < CeX" u(@) s +C / K= £ (] . dr'. (4.44)
0

PROOF. The symmetry conditions immediately imply an L? energy estimate for (4.37).
The commutation properties are satisfied by e~'B(a,«) in the first case, and by
{Ao(a)d;, e "' B(a, &)} in the second case, providing estimates which are uniform in o.
Moreover, the equation commutes with ||, allowing for estimates of the dg derivatives. [J

REMARK 4.15. These estimates extend to equations

d
Ao(a, ew)dju + Y Aj(a, su)dy;u
=1

1 m
+ <Z Bj(a, eu)dp,u + E(a, su)u) =f (4.45)
k=1

since all the additional commutators which involve eu are nonsingular. We stress that
the conditions (4.41) or (4.42) are unchanged and bear on the coefficients Aj(a, v) and
Bj(a, v) at v = 0. This yields existence theorems, which extend Theorem 4.4 for data pre-
pared under Assumption 4.12, and Theorem 4.2 for general data under Assumption 4.13.
‘We refer to [76] for details.

Next we give explicit conditions which ensure that the Assumptions are satisfied. The
first remark is trivial, but useful.

REMARK 4.16. If a(¢, x) = a is constant, the Assumptions 4.12 and 4.13 are satisfied.

Next we consider the case where £ = 0. Though the next proposition does not apply to
geometric optics, it is natural and useful for other applications.

PROPOSITION 4.17. Suppose that E = 0 and there is § > 0 such that for all a and n in
the sphere S™~', 0 is the unique eigenvalue of B(a, n) in the disk centered at 0 of radius
8, and that its multiplicity is constant.

Then, the Assumption 4.12 is satisfied.

In Section 7 we will consider systems of the above form, such that the symmetric system
B(a(t, x), n) is hyperbolic in a direction 7, which we can choose to be n= (1,0,...,0).
We use the notations

n=m,n), B(a,n) = niBi(a) + B'(a, n) (4.46)

and Bj is positive definite. Then the kernel of B(a(t, x), ) is nontrivial if and only if
—n1 is an eigenvalue of B B (a(t,x),n"). In this case, a natural choice for a projector
P(t, x, n) on ker B is to consider the spectral projector, which is orthogonal for the scalar
product defined by Bj(a(t, x)). If —t7 is not an eigenvalue, define P(z, x, n) = 0.
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PROPOSITION 4.18. With E = 0, assume that the symmetric symbol 3 is hyperbolic with
time-like co-direction n € R™ \ {0} and use the notations above. Then, locally in (t, x), the
Assumption 4.12 is satisfied if

(i) for all n € R™ the rank of B(a(t, x), n) is independent of (¢, x),
(i) for all n € R™ the projectors P(t,x,n) are smooth in (t,x), and the set
{P(-,,m)}yermy is bounded in C*.

In particular, the second condition is satisfied when the eigenvalues of B B (a(t,x),n)
have their multiplicity independent of (t, x, '), for 0 in the unit sphere.

PROOF. Condition (i) implies that for all n’, the eigenvalues of Ble/(a(t, x), 1), which
are all real by the hyperbolicity assumption, are independent of (¢, x). By (ii), locally,
there are smooth families of eigenvectors, which are orthonormal for the scalar prod-
uct Agp(a(z, x)), and uniformly bounded in C* independently of n’. This yields matrices
V(t, x, ') such that V(-, ') and V! (-, n’) are uniformly bounded in C* and

V7, x, 0By ta(t, x)B (a(t, x), 1)V(t, x, ') = diag(h; (")) == B ().
Thus, with W = V=B (a(t, x), n’) there holds
Wi(t, x, 1)Ba(t, x), pV(t, x,n') = im1d + B (') = B’ ().

If the eigenvalues of Ble’ (a(t, x), n") have constant multiplicity in (¢, x) and ' # 0,
the spectral projectors are smooth in (¢, x,n") and homogeneous of degree 0 in 7/,
yielding (ii). O

Concerning Assumption 4.13, the same proof applied to it Ay + B(a, n) implies the
following:
PROPOSITION 4.19. With E = 0, the Assumption 4.12 is satisfied locally in (¢, x) if:

(1) for all n € R™, the eigenvalues of Aal(a(t, x))B(a(t, x), n) are independent of
(, x),

(ii) the spectral projectors of Agl(a(t,x))B(a(t,x), n) are smooth in (t,x), and
belong to a bounded set in C*° when n € R™,

In particular, the second condition is satisfied if the multiplicities of the eigenvalues of
Aal (a(t, x))B(a(t, x, n)) are constant in (t, x, n) for n # 0.

In Section 7, we will use the following extensions:

PROPOSITION 4.20. Suppose that
~ rﬁ ~
B(a.7i) =Y iii; Bj(a) (4.47)
j=I

satisfies the assumption of Proposition 4.18 [resp. Proposition 4.19], and that there is a
m X m matrix M such that

B(a, n) = B(a, My). (4.48)
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Then, B satisfies the Assumption 4.12 [resp. Assumption 4.13].

There are analogous results when E # 0, but we omit them here for the sake of brevity.

4.2. Equations with rapidly varying coefficients

In this subsection we consider systems

d
1
Ag(a, u)oru + E Aj(a,u)dx;u + —E(a)u = F(a,u) (4.49)
I3
j=1

with the idea that a and u have rapid oscillations. More precisely, we assume that
a € L°([0, T] x R¥) and that its derivative satisfy 0 < |o| <'s:

=192 all Lo 0. 71xRey- < C1. (4.50)

Following the general existence theory, it is assumed that the integer s satisfies s > % + 1.
We suppose that u = 0 is almost a solution, that is that there is a real number M > 0 such
that f = F(a, 0) is satisfied when || < s

N0 FE O 2 ay < M Co. 4.51)

How large M must be chosen is part of the analysis. Similarly, we consider initial data
which satisfy |o| < s

0% hll 2 gay < M C. (4.52)

Note that these assumptions allow for families of data a, which have amplitude O (¢) at
frequencies |£| &~ e~!. In applications, a will be an approximate solution of the original
equation. The equation (4.49) with coefficients Aj(a, 0) is the linearized equation near
this approximate solution. Its well-posedness accounts for the stability of the approximate
solution and (4.49) can be regarded as an equation for a corrector.

We always assume that the equations are symmetric hyperbolic, that is that the matrices
A are self-adjoint with A positive definite and that E is skew symmetric.

THEOREM 4.21. Under the assumptions above, if M > 1+ d /2, there are &1 > 0 and
Cy, depending only on the constants C1, C2, C3 and the coefficients A and F, such that
for ¢ €10, e1], the Cauchy problem for (4.49) with initial data h, has a unique solution
u € CO([0, T1; H* (RY)) which satisfies

eNo2u®) 2y < e™Ca. (4.53)
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PROOF (See [59]). Write u = ¢Mv, f = eMg and F(a,u) = f + ¢ G(a, u)v. The
equation for v reads

d
L(a, u, d)v = Ag(a, u)d,v + Z Aj(a, u)dy,v

j=1
1
+ —-E(a)v — G(a,u)v = g. (4.54)
&
Introduce the norms
lulls = sup e[10%ull 2Ry (4.55)

loe|<s
The main new ingredient is the weighted Sobolev inequality:
_d
le™ vl oo ey < KM 2 0ll oo, (4.56)
_d_
leMayvll poogay < KeM ™27 ]| s (4.57)

Since M > % + 1, this implies that, if the H;-norm of v is bounded by some constant
C4, then the Lipschitz norms of the coefficients A (a, £My) are bounded by some constant
independent of Cy, if ¢ is small enough.

Therefore the symmetry implies the following L estimate: there are constants C and
K, which depend only on Cq, C», C3, and &g > 0 which depends in addition on Cj4, such
that for ¢ < g and u satisfying (4.53) on [0, T'], there holds for ¢ € [0, T']:

t
lv@)ll;2 < CeX v 1,2 + C/ K= | Lia, u, d)v(t)| , dr’. (4.58)
0

Next, one commutes the equation (pre-mulitplied by Ay 1) with the weighted derivatives
88)(_,.. One proves that for |o| < s,

e la2, AT L@, 0|, = K o)y (4.59)

with K depending only on Cy, C», C3, provided that u satisfies (4.53) and ¢ < g9 where
€0 > 0 depends on Cy, Ca, C3 and C4. Indeed, by homogeneity, Lemma 3.5 implies that
foro > 4 and/ > 0,m > O with [ +m < o, there holds

_d
||MU||Hg—l—m <Ce 2 ”””H;’" ”U”Hglfm . (4.60)
The commutator [¢!¥! 07, Ay 'A j0;j]v is a linear combination of terms

elo‘lafla e quaaglu 0% ud) v
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with0 < |B7| <, [ak| <s,|y| <sand Y |87+ |aX|+|y| < |a|+1 < s+ 1. These
terms belong to L?, as explained in the proof of Proposition 3.4. More precisely, using the
assumptions (4.52) and (4.53) and the product rule (4.60), one obtains that the L? norm of
such terms is bounded by

erccicl vy

for some numerical constant C and

. d
w=lal+pM =3 (81— Dy =3 1ol = Iyl = p3.
If 3" B/| > 0, then }(I8/| — 1)+ < (X |B/]) — L and o = O when p = O and p > 0
when p > 0 since M > %.If2|/31| =0, then p > 0and u > O since M > %—i—l.This
implies that this term satisfies (4.59).
The commutator [¢!¢! 0y, g1 Ay 'E Jv is a linear combination of terms

el =198 98 adl v

with 3|87 + || < || < s and Y |B/| > 0. With (4.50), this term is also dominated as
in (4.59).

Hence, there are constants C and K, which depend only on Cy, C2, C3, and g9 > 0
which depends in addition on Cy, such that for ¢ < gy and u satisfying (4.53) on [0, T'],
there holds for ¢ € [0, T']:

t
@y < Ce* vl g +C / e | Lia, u, )o@ | o dt’. (461
>3 & 0 &

Choose C4 > 2CeXT(C3 + Cy) and & accordingly, and assume that ¢ < gg. There-
fore, (4.61) shows that if u satisfies ||u(#)||gs < C4 on [0, T'], then it also satisfies

luOllgs < %C4 on this interval. By continuation, this implies that the local solution u
of (4.49) can be continued on [0, 7] and satisfies (4.53). O

5. Geometrical Optics

In this section we present the WKB method for two scale asymptotic expansions, applied to
the construction of high frequency wave packet solutions. This method rapidly leads to the
geometric optics equations, of which the main features are the eikonal equations, the po-
larization conditions and the transport equation most often along rays. The formal asymp-
totic solutions can be converted into approximate solutions by truncating the expansion.
The next main step is to study their stability, with the aim of constructing exact solutions
close to them. We first review the linear case and next we consider the general regime of
weakly nonlinear geometric optics where general results of existence and stability of oscil-
lating solutions are available. The transport equations are in general nonlinear. In particular
Burger’s equation appears as the generic transport equations for quasi-linear non-dispersive
systems. However, for some equations, because of their special structure, the general re-
sults do not allow one to reach nonlinear regimes. In these cases one is led to increase the
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intensity of the amplitudes. There are cases of such large solutions where the construction
of WKB solutions can be carried out. However, the stability analysis is much more delicate
and strong instabilities exist. We end this section with several remarks about caustics and
the focusing of rays, which is a fundamental feature of multi-dimensional geometric optics.

5.1. Linear geometric optics

We sketch below the main outcomes of Lax’ analysis (see P. Lax [92]), applied to linear
equations of the form

d
L(a, d)u := Ag(a)osu + ZAj(a)axju + éE(a)u =0 5.1
i=1

where a = a(t, x) is given, with values belonging to some domain O C R,

ASSUMPTION 5.1 (Symmetry). The matrices A; and E are smooth functions on O. The
A are self-adjoint, with Ag positive definite and E skew-adjoint.

5.1.1. An example using Fourier synthesis ~ Consider a constant coefficient system (5.1)

and assume that the eigenvalues of A ! oS¢ jAj + E), which are real by Assumption 5.1,
have constant mutliplicity. We denote them by A, (&) and call IT,(§) the corresponding
eigenprojectors. Then the solution of (5.1) with initial data % is given by

1

u(t,x) = @)

Z/ei(sgx—m,,(ss))/sHp(sg)i,(g)dg_ (5.2)
J2

For oscillating initial data

uf =0 = h(x)e*/e (5.3)
the solution is

V() = W Xp: / ekt kBN /e [ (k 4 o) (8)de

= Y eilkrropiege ;. x) (5:4)
p

with an obvious definition of a}, and @, = A, (k). Expanding the phases to first order in &
yields

Ap(k + e8) = A(k) 4 6 - v, + O(2|E]), vy = Vid,(k)
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and IT,, (k 4+ e&) = I, (k) + O(¢|&]) so that

a;(t, x) =apo(t,x)+ O(et) + O(s) (5.5)

with

1 . ~
apolt,x) = W/e“xs*”wnp(k)h(g)dg

=T, (k)h(x —1V)).

Indeed, using the estimates eCCIE) — | = 1O (e|£ ), I, (k + e&) — T, (k) = O(el§])
implies the precise estimate

|a®t, ) —apo(t, ) ”HS(R,{) < Ce(l+1) |hll gsezgay - (5.6)

Together with (5.4), this gives an asymptotic description of u® with error O (et). The am-
plitudes a o satisfy the polarization condition:

ap,0 = Hp(k)ap,o 5.7
and the simple transport equation:
O +vp - Vyapo =0. (5.8)

The analysis just performed can be carried out without fundamental change for initial
oscillations with nonlinear phase 1/ (x) (see the beginning of the paragraph about caustics
below) and also for variable coefficient operators (see e.g. [92,114,65]). The typical re-
sults of linear geometric optics are contained in the description (5.4) (5.5), with the basic
properties of polarization (5.7) and transport (5.8).

This method based on an explicit writing of the solutions using Fourier synthesis (or
more generally Fourier Integral Operators) is limited to linear problems, because no such
representation is available for nonlinear problems. On the contrary, the BKW method,
which is presented below, is extendable to nonlinear problems and we now concentrate
on this approach. Of course, in the linear case we will recover the same properties as those
presented in the example above.

5.1.2. The BKW method and formal solutions In the BKW method one looks a priori
for solutions which have a phase-amplitude representation:

ul(t, x) = ePUNEGE 1 x), of(t.x) ~ Y "oy (1, x). (5.9)

n>0

We will consider here only real phase functions ¢. That the parameter in front of L has the
same order as the inverse of the wave length, has already been discussed in Section 2: in
this scaling, the zeroth order term L comes in the definition of the dispersion relation and
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in all the aspects of the propagation, as shown in the computations below. Examples are
various versions of Maxwell’s equations coupled with the Lorentz model, or anharmonic
oscillators, or with Bloch’s equations.

Introduce the symbol of the equation:

d
L(a,7,§) =tAo(a) + ZéjAj(a) —iE(a) = Ag(a) (tld +G(a, §)). (5.10)
j=1

Plugging the expansion (5.9) into the equation, and ordering in powers of &, yields the
following cascade of equations:

L(a, d; xp)oo =0 (5.11)
il(a,d; xp)ont1 + Li(a, d)o, =0, n=>0 (5.12)

with L(a, 9) = Aod; + ZAjaxj.

DEFINITION 5.2. A formal solution is a formal series (5.9) which satisfies the equation in
the sense of formal series, that is, it satisfies the equations (5.11) and (5.12) for all n.

5.1.3. The dispersion relation and phases  The first Eq. (5.11) has a nontrivial solution
oo # 0 if and only if

— ¢ solves the eikonal equation
det (L (a(t, x),dp(t,x))) =0 (5.13)
— oy satisfies the polarization condition

oo(t, x) € ker (L (a(t, x),do(t, x))) . (5.14)

DEFINITIONS 5.3. (1) The equation det L(a, 7, &) = 0 is called the dispersion rela-

tion. We denote by C the set of its solutions (a, 7, £).

(i1) A point (a, 7,&) € C is called regular if, on a neighborhood of this point, C is
given by an equation 7 + A(a, £) = 0, where A is a smooth function near (a, £).
We denote by C,., the manifold of regular points. B

(iii) Givena C k function a(t,x), k > 2, ¢ is called a characteristic phase if is satisfies
the eikonal equation (5.13).

(iv) A characteristic phase is said to be of constant multiplicity m if the dimension of
ker L (a(t, x), do(t, x)) is equal to m for all points (z, x).

(v) A characteristic phase is said to be regular if (a (¢, x), dp(t, x)) € C,oq forall (¢, x).

REMARKS 5.4. (1) A point (a, 7, &) belongs to C if and only if —t is an eigenvalue of

G(a, §).
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(2) Because of the symmetry Assumption 5.1, G(a, &) has only real and semi-simple
eigenvalues and the dispersion relation has real coefficients. In particular the kernel and
image of tId + G(a, &) satisfy:

ker(tId + G(a, £)) Nim(zId + G(a, £§)) = {0}. (5.15)

(3) If (a,1,&) € Creg, then for (a, &) in a neighborhood of (a, £), A(a, §) is the only
eigenvalue of G(a, &) close to —1, proving that A(a, &) has constant?nultiplicity. In partic-
ular, a regular phase has constant multiplicity.

(4) If ¢ is a characteristic phase of constant multiplicity, then the kernel
ker £ (a(t, x), do(t, x)) and the image imL (a(z, x), do(t, x)) are vector bundles of con-
stant dimension, as smooth as d¢ with respect to (¢, x).

EXAMPLES 5.5. (1) (Planar phases) If L has constant coefficients, for instance if a = a
is fixed, then any solution of the dispersion relation, that is any eigenvalue —t of G(a, &),
yields a phase

o, x) =Tt +& - x. (5.16)

This phase has constant multiplicity since £ (g , dgp) is independent of (z, x).
(2) (Regular phases) If C = {t + A(a, &) = 0} near a regular point, then one can solve,
locally, the Hamilton—Jacobi equation

0o + Ala(t, x), 0yp) =0 (5.17)

using the method of characteristics (see e.g. [43,65]). The graph of d¢ is a union of integral
curves, called bi-characteristic curves, of the Hamiltonian field

d d
H=0 4 0a(t,x),6)dy; — Y g Malt, x), ). (5.18)
j=1 k=0

Starting from an initial phase, ¢p(x), one determines the initial manifold A9 =
{0, x, —A(0, x, dy@o(x), dy@o(x))},and next, the manifold A which is the union of the bi-
characteristic curves launched from Ag. As long as the projection (¢, x,7,&) — (¢, x)
from A to R!*9 remains invertible, A is the graph of the differential of a function ¢, that
is A = {(¢, x, 9;¢, 0x¢)}, and ¢ is a solution of (5.17).

The projections on the (¢, x) space of the bi-characteristic curves drawn in A are called
the rays. They are integral curves of the field

d
X =0+ Z g M(a(t, x), dyp(t, x))dx, . (5.19)
j=1

5.1.4. The propagator of amplitudes The Eq. (5.12) for n = 1 reads

il(a,d; xp)o1 + Li(a, 9)og = 0.
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A necessary and sufficient condition for the existence of solutions is that Lj(a, d)og be-
longs to the range of L(a, d¢). Therefore, oy must satisfy:

oo € ker L(a, dy), Li(a, d)og € imL(a, dyp). (5.20)

Suppose that a is smooth and ¢ is a smooth characteristic phase of constant multiplicity
m. In this case N'(¢, x) = ker L(a(t, x),do(t, x)) and Z(t, x) = imL(a(t, x), do(t, x))
define smooth vector bundles A and Z with fiber of dimension m and N — m respectively.
Introduce the quotient bundle A := C¥ /T and the natural projection 7 : CV - CVN/Z.
The profile equations (5.20) read

op € CJO\‘}, Lyoo =0 (5.21)
where Cﬁ‘} denotes the C sections of the bundle N and
Ly=mnLi(a,?) (5.22)

is a first order system from C/O\? to CX‘},. We will prove below that the Cauchy problem for
(5.21) is well-posed and thus determines oq. The operator L, acting from sections of A/
to sections of N, is the intrinsic formulation of the propagation operator.

In order to make computations and proofs, it is convenient to use more practical forms
of L,. We give two of them.

e Formulation using projectors. We still assume that ¢ is a smooth characteristic
phase of constant multiplicity m. Thus, there are smooth projectors P (¢, x) and Q(¢, x)
on ker L(a(t, x), de(t, x)) and imL(a(t, x), de(t, x)), respectively, (see Remarks 5.4 4).
They satisfy at each point (¢, x):

(I —Q)L(a,dp) =0, L(a,dp)P =0. (5.23)
With these notations, the conditions (5.20) are equivalent to

oo(t, x) = P(t, x)op(t, x), (5.24)
(I — Q)Li(a, d)op = 0. (5.25)

In this setup, the transport operator reads
d
Lyo = (I — Q)L1(a.9)(Po) = Aopd + I Ajyds, + Ey (5.26)
j=1
where Aj, = (Id — Q)A;jPand E, = (I — Q)L1(a, 9)(P).
REMARK 5.6 (About the choice of projectors). The choice of the projectors P and Q

is completely free. This does not mean a lack of uniqueness in the determination of
oo since all the formulations are equivalent to (5.20). Moreover, if P’ and Q' are other
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projectors on ker £ and imL, respectively, there are matrices & and 8 such that P’ = Pa
and (Id — Q') = B(Id — Q), since P and P’ have the same image and (Id — Q) and
(Id — Q') have the same kernel. Therefore the operators pr =(Id — Q")A;P and L, are
obviously conjugated and thus share the same properties.

Of course, the symmetry assumption suggests a natural choice: one can take P (¢, x) to
be the spectral projector on ker(d;¢ + G(a, d,¢)), that is the projector on the kernel along
the image of 9,0+ G (a, dx¢). By the symmetry assumption, it is an orthogonal pojector for
the scalar product induced by Ag(a(z, x)) so that AgP = P* Ay, and the natural associated
projector on the image is @ = Ao(ld — P)A, "= Id — P*. This choice is natural and
sufficient for a mathematical analysis and the reader can assume that this choice is made
all along theses notes.

o Formulation using parametrization of the bundles. Alternately, one can parametrize
(at least locally) the kernel as

ker L(a(t, x),dp(t, x)) = p(t, x)R™ (5.27)

where p(z, x) is a smooth and injective N xm matrix. For instance, in the case of Maxwell’s
equations, the kernel can be paramametrized by the E component (see Example 5.11 be-
low). Similarly, one can parametrize the co-kernel of L(a, dp) and introduce a smooth
m x N matrix £ of rank m such that

£(t, x)imL(a(t, x),de(t, x)) = {0}. (5.28)
With these notations, the conditions (5.20) are equivalent to

o0 = po’, (5.29)
¢Li(a, d)po’ = 0. (5.30)

For instance, L(a, d¢) being self-adjoint, one can choose £ = p*. In this setup, the trans-
port operator reads

d
L'6" = LL(a,8)(po") = Agds + Y A"y, + E’ (5.31)
j=1

where A?‘ = {A;p and E’ = ¢L(a, d)(p). It is clear that changing p [resp. £] is just a
linear change of unknowns [resp. change of variables in the target space].

For instance, let (rq, ..., r;) be a smooth basis of ker L(a, dp) (the columns of the
matrix p) and let (1, ..., £,) be a smooth dual basis of left null vectors of L(a, d¢) (the
rows of £). They can be normalized so that

Lp(t, x)Ao(a(t, x)ry(t, x)) =8p g, 1<p,g<m. (5.32)
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(One can choose the {r,} forming an orthonormal basis for the Hermitian scalar product
induced by Ag and thus £, = r;). The polarization condition (5.29) reads

o(t,x) =Y op(t, X)ry(t, x), (5.33)

p=1

with scalar functions o,. The equation (5.30) is

d m
dop(t, x) + Z Zz,,(t, )y, (Aj(a(t, x)og(t, X)rg(t,x)) =L, f.  (5.34)

j=lg=1

With ¢ denoting the column m-vector with entries o), the operator in the left-hand side
reads

d
L'G =96+ A6+ E'G (5.35)
j=1

b . . .
where A jis the m x m matrix with entries £,A jr,.

LEMMA 5.7 (Hyperbolicity of the propagation operator). Suppose that ¢ is a smooth
characteristic phase of constant multiplicity. Then the first order system Ly on the smooth
fiber bundle N' = ker L(a, do) is symmetric hyperbolic, in the sense that

() for any choice of projectors P and Q as above, there is a smooth matrix Sy(t, x)
such that the matrices Sy Aj o, occurring in (5.26) are self-adjoint and Sy, Ag,y is
positive definite on N,
or equivalently,

(ii) for any choice of matrices p and £, the m x m system L° (5.31) is symmetric hy-
perbolic.

PROOF. Using the Remark 5.6 it is sufficient to make the proof when P is the spectral
projector and (Id — Q) = P*, in which case the result is immediate with S = Id.

For a general direct proof, note that f € ker(Id — Q) when f € imL(a,dy).
Because of symmetry, imL(a, dp) = ker L(a, d(p)l. Therefore, this space is equal to
(imP)* = ker P*. This shows that ker(Id — Q) = ker P*, implying that there is a smooth
matrix S such that

S1d — Q) = P*.

Therefore SAj , = P*A; P is symmetric and SAg,, P = P*Aq P is positive definite on V.
The proof for the L representation is quite similar. d

The classical existence theory for symmetric hyperbolic systems can be transported to
vector bundles, for instance using the existence theory for L°. It can also be localized on
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domains of determinacy as sketched in Section 3.6. In the remaining part of these notes we
generally use the formulation (5.26) of the equations.

THEOREM 5.8. Suppose that a € C* and that ¢ is a C* characteristic phase of con-
stant multiplicity near Q of (0, x). Given a neighborhood  of x in RY, then, shrinking
Q if necessary, for all C* section h over w of ker L(a(0, x), dp(0, x)) there is a unique
solution o € C*(Q) of

o € kerL(a,dy), Li(a,d)o € imL(a,dy), Oji=0 = h. (5.36)

Equivalently, the equations can be written
o = Po, (Id — Q)L(a,d)Po =0, Poy—o=h (5.37)
for any set of projectors P and Q.

LEMMA 5.9 (Transport equations for regular phases). If ¢ is a regular phase associated
with the eigenvalue A(a, &), then the principal part of the operator Ly is the transport
operator

AO,(pX(t’-x7 at,x) (538)

where Ag,y = (I — Q)AoP and X = 0; + v, - 0x is the ray propagator (5.19).

DEFINITION 5.10 (Group velocity). Under the assumptions of the previous lemma, v, =
VeA(a, 0x@) is called the group velocity. It is constant when a = a is constant and a is a
planar phase.

PROOF. Near a regular point (g, T, §) there are smooth projectors P(a, §) and Q(a, &) on
ker L(a, —A(a, &), &) and imL(a, —A(a, £), &), respectively. Differentiating the identity

(—A(a, &)Ao(a) + ZéjAj(a) — iE(a)) Pa, &) =0 (5.39)
with respect to & and multiplying on the left by (I — Q) implies that

=g, A1 — QAP+ —QA;P=0. (5.40)
Evaluating at § = d, ¢ implies that

(I — Q)A;P = —0gMa,dvp)(I — Q)AoP, (5.41)
that is (5.38). O

EXAMPLE 5.11 (Maxwell-Lorentz equations). Consider the system

B+ curl E=0, &E— culB=—3P, &3*P+P=yE (5.42)
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and an optical planar phase ¢ = wt 4 kx which satisfies the dispersion relation

k|* = o (1 +3 ywz) =1 () (543)

(see (3.15)). The polarization conditions are

1 E
Eckt, B=—-kxE pP=-_"
w 1l—w

3 (5.44)

(see (3.16)). Thus the kernel ker £ is parametrized by E € k* and the transport equation
reads

k
1 ()3, E — Tk 3 E =0. (5.45)

In the general case, the characteristic determinant of £, can be related to the Taylor
expansion of the dispersion relation:

PROPOSITION 5.12. Suppose that ¢ is a characteristic phase with constant multiplicity
m. Then the polynomial in (t, &)
detL(a(t, x), dp(t, x) + 7, 0xp(t, x) + &) (5.46)

vanishes at order m at the origin, and its homogeneous part of degree m is proportional to
the characteristic determinant of L.

PROOF. Fix (¢, x). For small &, there is a smooth decomposition of CV = E (&) 4+ E; (&),
into invariant spaces [E; of G(a, 9,9+ &), such that Eg(0) = ker(d;¢ +G(a, dx¢)). In bases
{rp(&)1<p<m forEg and {r, (&) }ny1<p<n for Eq, G(a, 9 ¢+§&) has a block diagonal form:

ool + 6,000 +6) = (7 g°1>

with Gy = 0 and G invertible at & = 0. Therefore
detL(a, 9 x¢p + (7, §)) = c(z, §) det(z] + Go(§))
where c(0, 0) # 0. Let {1/,} denote the dual basis of {r,}. The entries of Gy are

Up(®) 0l + Gla, deg + £)) 1 () = Y (0)G(a. £)rg (0) + O (&)
= &9 A;(@rg(0) + O
J

forl < p,g < m. At§ = 0, {r|,...,ry} is a basis of kerL(a,dy) and {{,} =
(¥ (Ao)~'} is a basis of left null vectors of ker £(a, dg) which satisfies (5.32). There-
fore the v, (0)A jr,(0) are the entries of the matrix A; introduced in (5.35) and hence
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det(t] 4 Go(§)) = det (‘L’I + ZS/A?) + 0 ((|‘L’| + |$|)m+l) )

The proposition follows. (]

REMARK 5.13. When the phase is regular of multiplicity m, Lemma 5.9 asserts that the
first order part of the propagator is L” = X I, whose characteristic determinant is

m
detL(r,6) = (7 + ) &0, 029))
Therefore, we recover that

det L(a, dxp + (1. 8)) =c(r.§) (r + dp + Aa, dxp + E)"
=cdetL'(r,8) + O ((fzl + D™ ")
From a geometrical point of view, this means that the characteristic manifold of L” is the

tangent space of C,.; at (a, d¢). In general, the geometrical meaning of Proposition 5.12
is that the characteristic manifold of L” is the tangent cone of C at (a, d¢).

EXAMPLE 5.14 (Conical refraction). Consider Maxwell’s equations in a bi-axial crystal.
With notations as in see (3.19), the characteristic determinant satisfies

det£(1, &) = %‘52((2‘52 —0)? — (P2 + 0?%).

There are exceptional points in the characteristic variety C which are not regular: this hap-
pens when P>+ Q =0and 7 = :I:% W, whose explicit solution is given in (3.20). Consider
such a point (w, k) € C \ C,¢, and the planar phase ¢ = wt + kx, which has constant mul-
tiplicity m = 2, see Examples 5.5 (1). Near this point,
det L(3;r¢ + (1. ) = c((4T — £ - W' (k))?
— (G- P'(k)* = (- Q') +hot

Thus the relation dispersion of L, is
(4t — & WH) — (- P'(R)* — (& - Q'(K)* =0.

Because P’(k) and Q' (k) are linearly independent, this cannot be factored and this is the
dispersion relation of a wave equation, not of a transport equation. We refer the reader to
[102,76], for instance, for more details.

5.1.5. Construction of WKB solutions

THEOREM 5.15 (WKB solutions). Suppose that a € C* and that ¢ is a C*° characteris-
tic phase of constant multiplicity m on a neighborhood Q2 of (0, x). Given a neighborhood
w of x, shrinking Q2 is necessary, for all sequence of functions h, € C°(w) satisfying
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P(0, x)h, = hy, there is a unique sequence of functions o, € C*®(2; CN) which satisfies
(5.11) (5.12) and the initial conditions:

Poyji=0 = hy. 5.47)

In addition, oy = Poy is polarized.

SKETCH OF PROOF. The equation (5.12) is of the form
L(a(t, x),do(t, x))o = f. (5.48)

A necessary condition for the existence of o is that f € imL(a, d¢), and equivalently, that
(Id — Q) f = 0 where Q is a smooth projector on the range of L(a, dg). When this condi-
tion is satisfied, this equation determines o up to an element of the kernel. More precisely,
the class & of o in the quotient space C" / ker L(a, d¢) is

& = (L(a,dp)~' f (5.49)

where £ is the natural isomorphism from CV /ker L(a, dg) to imL(a, dp) induced by
L(a,dy).

This relation can be lifted to CV, introducing a partial inverse of £(a, d¢). Given pro-
jectors P and Q on ker L(a, dg) and imL(a, dp) respectively, there is a unique partial
inverse R(¢, x) such that for all (¢, x):

RL(a,dp)=1—-P, PR =0, R(I—-0)=0. (5.50)
In particular, (5.48) is equivalent to
Id—-0)f =0, o =Rf + Po. 5.51)

Using these notations, the cascade of equations (5.11) (5.12) is equivalent to

Poy = oy, (5.52)

(I —-0)Li(a,d)0, =0, n=>0, (5.53)

ont1 =1iRLy(a, 0)o, + Popy1, n>0 (5.54)
and thus to

Poy = oy, (I - Q)Li(a,d)Poy =0, (5.55)

and forn > 1:
(I —Q)Li(a,d)Po, =—i(I — Q)Li(a, D)RL(a, 3)o,_1, (5.56)
(I — P)o, =iRL(a, d)o,_1. (5.57)

By (5.59), The Cauchy problems (5.55) and (5.56), with unknowns Po;,, can be solved
in a neighborhood of (0, x) using Theorem 5.8. (]
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The initial conditions (5.47) can be replaced by conditions of the form
Hopji=0 = hy (5.58)
where H is an m x N matrix, which depends smoothly on x, and such that

ker H (x) Nker L(a(0, x), dp(0, x)) = {0}. (5.99)

THEOREM 5.16. Suppose that a € C* and that ¢ is a C*° characteristic phase of con-
stant multiplicity m on a neighborhood Q2 of (0, x). Given a neighborhood w of x, shrink-
ing Q is necessary, for all sequences of functions h,, € C*®(w; C™), there is a unique
sequence of solutions o, € C*°(L; CcM)y of (5.11) (5.12) and the initial conditions (5.58).

Indeed, the nth initial condition reads
HPoyji=0 =h, — H(Id — P)oy|1=0 = hy, —iHRL0,_11=0.

Knowing 0,1, the assumption (5.59) implies that this equation can be solved and give the
desired initial conditions for Poy|;—o.

REMARK 5.17 (About the choice of projectors). The projector P intervenes in the formu-
lation of the Cauchy condition (5.47). We point out here that the coefficients o, do not
depend on splitting the (5.53) (5.54) equations, where one could use as well other projec-
tors P’ and Q’: the equations are always equivalent to (5.11) (5.12) and the theorem asserts
uniqueness. Moreover, the set of asymptotic solutions obtained by this construction does
not depend on the projector P used for the initial condition.

REMARK 5.18. Imposing initial conditions for the Po;, is natural from the proof. We
follow this approach in the remaining part of these notes. However, in applications, the
formulation (5.58) may be better adapted to physical considerations. For instance, when
considering Maxwell’s equations as in (5.42), it makes sense to impose initial conditions
on the electric field, or on the electric induction (see Example 5.11).

5.1.6. Approximate solutions  Given (oy, ..., 0,) € C solutions of (5.11) (5.12) for
0 < k < n, the family of functions

n
Uapp.n (1, X) = ]; ehon (1, x)e /e (5.60)

satisfies the Eq. (5.1) with an error term of order O (¢"), that is

L(a, Nugyy , = &" fre'?'* (5.61)

where f, = QL1(a, 3)o, is smooth.
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If {0, },en is a family of solutions of (5.11) (5.12), one can use Borel’s Theorem to
construct asymptotic solutions

Ul (t, X) = 0 (2, x)e? /% of(t,x) ~ Zakak(t, x) (5.62)
k>0

where the symbol ~ means that for all » and all m:

of — Zskak =0 incC™. (5.63)

k<n

In this case

L(a, d)us,, = re¥/ (5.64)
where r¢ = 0(&*°) in C*°, meaning that for all n and all m,

rf =0(" inC™. (5.65)
Note that this also implies that

rfe%/® = 0(e>®) in C*. (5.66)

5.1.7. Exact solutions The construction of exact solutions u® of L(a, d)u® = 0 close to

the approximate solutions ujpp amounts to solving the equation for the difference

L(a,d)(u® —u —rel®/e, (5.67)

app) =
Because this system is symmetric hyperbolic and linear, the Cauchy problem is locally
well-posed. The question is how to obtain estimates for the difference u® — ujpp, which are
uniform in &. The symmetry immediately implies uniform L? estimates. The proof of uni-
form Sobolev estimates is more delicate when the term ¢! E (a) is present in the Eq. (5.1),
as discussed in Section 4. In all cases, the method of weighted estimates using H; norms
can be applied. Combining Theorems 5.15 and 4.21, localized on domains of determinacy

as in Section 3.6, implies the following.

THEOREM 5.19. Suppose that a € C* and that ¢ is a C* characteristic phase of con-
stant multiplicity near (0, x), and suppose that {h,},eN is a sequence of C* functions on
a fixed neighborhood of x, such that P(0, x)h,(x) = h,(x). Then there are C* solutions
uf of L(a, d)u® = 0 in a neighborhood of (0, x), independent of ¢, such that

ut = ofel?/?, of ~ E "oy,

n>0
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where the {0y, },eN are the unique solutions of (5.11) (5.12) such that Poy|i1=0 = hy,. In
particular

Pu€|,:0 = hsei¢(0,~)/s’ he ~ Zé‘nhn.

n>0
5.2. Weakly nonlinear geometric optics

To fix the notations, consider here the first order system

d
L(a,u,d)u = <8A0(a, u)o; + ZEA./'(“’ u)axj + E(a)) u
j=1
= f(a,u), (5.68)

where f is a smooth function with f(a,0) = 0,V, f(a,0) = 0. The A; are smooth
and symmetric matrices and E is skew symmetric. To model high frequency oscillatory
nonlinear waves, one looks for solutions of the form

u(t,x) ~ &P Y e"Uy(t, x, 9(t, x) £). (5.69)

n>0

There are two differences with (5.9):

— because of the nonlinearity, harmonics ¢*¢/¢ are expected, yielding to general peri-
odic functions of ¢ /¢ and thus profiles U, (¢, x, 6) that are periodic in 6, see Section 7
for an elementary example.

— aprefactor ¢”, which measures the amplitude of the oscillations. When p is large, the
wave is small and driven by the linear part L(a, 0, 9), the nonlinear effects appear-
ing only as perturbations of the principal term. Decreasing p, the weakly nonlinear
regime is reached when the nonlinear effects are present in the propagation of the
principal term Up.

For general quasi-linear equations (5.68) and quadratic nonlinearities, this corresponds
to p = 1. When the nonlinearities are cubic, then the natural scaling is p = % (see the
general discussion in [41]). In the remaining part of this section, we mainly concentrate on
the most general case with p = 1 (see however the third example in Remarks 5.26).

Other regimes of strongly nonlinear geometric optics will be briefly discussed in the
subsequent sections.

REMARK 5.20 (Other frameworks). In the framework presented here, ug = 0 is a solution
of (5.68) and we study perturbations of this particular solution. The analysis applies as well
to slightly different equations. For instance, one can replace the condition f = O(|u|?) by
f=¢ f and consider perturbations of nonconstant solutions. Examples are systems

d
L(u, d)u = (Ao(u)fit + Y Aj @y, + éE) u= fQu. (5.70)

j=1
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Note that the prefactor £ has to be adapted to this setting. We leave it to the reader to write
down the corresponding modifications. Some of the examples below concern this class of
equations.

5.2.1. Asymptotic equations With p = 1, plug the expansion (5.69) into the equation,
expand in a power series of ¢ and equate to zero the coefficients. We obtain a cascade of
equations:

Lo(a,dg, 39)Up = 0, (5.71)
Lola,de, 39)Upt1 + L1(a, Uo, 0;x,0)Un = Fy, n=>0, (5.72)
where
d
Lo(a,dp. ) = <Z 9jpAja. 0)) % + E(@),
j=0
‘Cl (aa v, 8t,x,9) = Ll(aa 09 8[,)6) + B(av d(pv v)897
with
d d
Li(a,0,0 ) = ZAj(a, 0)9;, B(a,dy,v) = Zajgo v-VyAj(a,0).
j=0 Jj=0
Moreover,

Fo = V2 f(a, 0)(Up, Uy),

d
Fy =2V f(a,0)Uo, Uy) = Y 3¢ Un - VuAj(a,003Up + Gp1
j=0

where G, _1 depends only on (Uy, ..., U,—1).
The operator L has constant coefficients in 6. Using Fourier series,

Ut,x,0) = Z Uy (t, x)e?, (5.73)
aeZ
Lo(a,dp, 9)U = iL(a, ade)Us(t, x)e™*

o

where L(a, 7, £) is the symbol (5.10) associated with the operator L(a, 0, d). For Ly to
have a nontrivial kernel, at least one phase o must be characteristic. Changing ¢ is neces-
sary, we assume that this occurs for « = 1. Next, the analysis is quite different depending
on whether or not E = 0. In the former case, all the harmonics are characteristic; in the
latter, the harmonics are not expected to be characteristic in general, except « = —1 if one
considers real-valued solutions. The following assumptions are satisfied in virtually all
cases of application. They give a convenient framework for the construction of asymptotic
solutions.
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ASSUMPTION 5.21. ¢ € C®(RQ) is a characteristic phase of constant multiplicity for
L(a, 0, 0) on a neighborhood €2 of (0, x).

If E # 0, we further assume that det(}_ djpA;) does not vanish on € and that
for all «, either ag is a characteristic phase of constant multiplicity for L(a, 0, 9), or
det L(a, 0, ad¢) does not vanish on 2.

EXAMPLE 5.22. In the constant coefficient case, a(t, x) = a constant, for planar phase
¢ = tt + &x, the conditions when E # 0 read

det (vo+ ) §A; —iE) =0,  det(tAo+ D EA;) A0 (574

Denote by Z C Z the set of indices « such that «g is a characteristic phase. If E = 0,
then Z = Z and by homogeneity, L(a, 0, adg) = aL(a, 0, dp). On the other hand, if E #
0, by continuity, the assumption above implies that det(} 99 A ; — ié E) # 0on Qif || is
large. Therefore the set Z C Z of indices «, such that «¢ is a characteristic phase, is finite.
In both cases, there are projectors Py, Q4 and partial inverse R, such that for all « € Z.

(I — Qu)L(a,0,ady) =0, L(a,0,adp)Py =0,
RoL(a,0,adp) =1 — Py, Py,R, =0, Ro(I — Qy) =0.

In particular, if¢ ¢ Z, P, =0, Oy =1d and R, = (L(a, 0, ozd<p))_1.

REMARK 5.23. When E = 0, then for « = 0, one has Py = Id, Qg9 = 0 and Ry = 0.
When « # 0, by homogeneity one can choose Py = Pj, Qo = Q1 and Ry = a~'R,. This
is systematically assumed in the exposition below.

In both cases (Z finite or E = 0 with the particular choice above), Assumption 5.21
implies that the matrices P, Q, and R, are uniformly bounded for (¢, x) € Q and ¢ € Z.
Thus one can define projectors P and Q on the kernel and on the image of Lo(a, dg), re-
spectively, and a partial inverse R. In the Fourier expansion (5.73), P is defined by the
relation

PU = Z Py U, (t, x)e®? (5.75)

with similar definitions for Q and R.
With these notations, the cascade (5.71) (5.72) is analyzed as in the linear case. It is
equivalent to

PUy = Uy, (I —9)Li(a, Uy, dHPUy= (I — Q) Fy, (5.76)
and forn > 1:

(I = QLi(a, Vo, )PU, = (I — Q) (Fy — Li(a, Uy, DYUT —P)Uy), (5.77)
(I =P)Up =R (Fp—1 — L1(a, )Up-1) . (5.78)
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REMARK 5.24. As in Remark 5.6, the choice of projectors Py, Q is free. The natural
choice is to take spectral projectors, that is P, (#, x) orthogonal with respect to its scalar
product defined by Ag(a(t, x)) and Q, = Ap(Id — PM)A(;1 =1d — P}.

5.2.2. The structure of the profile equations I: the dispersive case = We consider here the
case where £ # 0. In this case the set Z of characteristic harmonics is finite, and the
polarization condition in (5.76) reads

Uot, x,0) = Y Upa(t, )™, Pyloa =Una (5.79)

ae”Z

and the equation is a coupled system for the {lA]o,a taez:

(I = Q)L1(@,0.0) Pulloa = (I = Q) Y Tapy (U0 Uoy)  (580)
B+y=a

with
f‘a,ﬂ,y (U,V)=—iyB(a,dp,U)V + sz(a)(U, V). (5.81)

The linear analysis applies to the left-hand side in (5.80). It is hyperbolic and is a transport
equation if ag is a regular phase, as explained in Lemmas 5.7 and 5.9. Choosing bases in
the ranges of the Py, it can be made explicit as in (5.34). In general, the quadratic term
in the right-hand side of (5.80) does not vanish, so that the system for Uy appears as a
semi-linear hyperbolic system.

EXAMPLE 5.25 (Maxwell — anharmonic Lorentz equations). Consider the system

0B+ curl E =0, 0E — curl B=—0,P,
e?d?P+ P+ V(P)=yE (5.82)

where V is at least quadratic. We apply the general computations above, that is,
to asymptotic expansions of order O(e). The dispersion relation is the same as for
Maxwell-Lorentz. Consider an optical planar phase ¢ = wt + kx which satisfies the dis-
persion relation

k|* = w? (1 +1 _yw2> = 1 (). (5-83)

The set of the harmonics which satisfies the dispersion relations is Z = {—1, 0, +1}. The
polarization conditions for harmonic +1 and —1 are

VEil

1 —w?

~ ~ 1 ~ ~
Eyj €k, By = _Zk x Eiq, Py = (5.84)
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Physical solutions correspond to real valued fields, that is, they satisfy the conditions

E 1= E 1. The polarization conditions for the harmonic O (the mean field) reduce to
Py = y Ey. (5.85)

The profile equations read

A k A oA
"(w)0, E - O E ————(Vo(Ep, E ,

& By + curl Eg = 0, a+ )/)3;E0 —curl By =0

where V; is the quadratic part of V at the origin and A | is the projection of A on k.

REMARKS 5.26. (1) (Rectification). When only the harmonics —1, 0, +1 are present,
one expects from equation (5.80) a quadratic coupling of Uy and U_; as a source
term for the propagation of U, implying that a mean field Uy can be created by
oscillatory waves. This phenomenon is called optical rectification. It is not present
in the case of (5.86) where, in addition, the propagation equation for Uy is linear.
Rectification occurs in optics, but for different equations.

(2) (Generation of harmonics). For non-isotropic crystals (see (2.18), (2.19)), the dis-
persion relation is non-isotropic in k, and for special values of k the harmonic
(2a) 2k) can be characteristic, see [39]. In this case, the analogue of (5.86) couples
Ey and E». This nonlinear phenomenon is used in physical devices for doubling
frequencies.

EXAMPLE 5.27 (Generic equations for cubic nonlinearities). When V is cubic, the sys-
tem (5.86) is linear. In this case, the regime of weakly nonlinear optics is not reached for
amplitudes O (¢), but for amplitudes 0(8%). All the computations can be carried out with
the prefactor /¢ in front of the sum in (5.69) in place of ¢ (see [39,41]). For instance,
consider the cubic model (2.21) with no damping and oscillations with amplitudes of order

¢7. With mean field Eo =0, the transport equations for E are of the form:

8 E1 + vy, By =i <|El|21§1 n %(él : EI)E_I). (5.87)
The solutions of this system can be computed explicitly using the conservations

@ +ved) [ E1P =0, (@ + vgdn)(Er x E) = 0.
The solutions are determined from their initial data £ 11r=0 = A ekt

Ei(t,x) = eI R(1¢p (x — vgt)) A(x — vgt)

where R(s) is the rotation of angle s in the plane k-, oriented by the direction of k and
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38 ~ 5 i6 —
I = —|Al%, = —k- (A x A).
5 1Al ¢ o (A x A)
Two physical nonlinear phenomena are described by this formula:

e the polarization of the electric field rotates at the speed ¢ in the plane k;
e when incorporated in the phase (wf + kx)/e, the term ¢ corresponds to a self-
modulation of the phase, depending on the intensity of the field.

5.2.3. The structure of the profile equation II: the non-dispersive case; the generic
Burger’s equation ~ We now assume that £ = 0. In this case the set of characteristic
frequencies is Z = Z. By homogeneity, there are only two different possibilities:

a=0: Pp=1d, 0p=0, Ry=0,
055’£O:Pot=Pl’ Qale» Ra2R1~

It is convenient to split a periodic function U (#) into its mean value U = MU = Up and
its oscillating part U* = QsU = U — U. Dropping several subscripts 1 in P; etc, the Eq.
(5.76) reads

PUG = Uf,
(I = Q)Li(a,0,9)PUy = (I — @)0s (T (Vo, Vo)),
Ll((l, 07 8)g0 = M (F(U07 UO))
with
T(U, V) = V2 f(a)(Uo, Uy) — Bla,dg, U)dgV.

REMARKS 5.28. (1) The case of conservation laws. For balance laws (3.2), the matrices
A j(u) are the Jacobian matrices V f; (u) of the fluxes f;. Thus

1
B(dp. U)o = 505 (3 0,0V, /10U V)
1
= 30 (b(dg)(U. U) (5.88)
implying that

M (B(dg, U)dU) = 0.

For conservation laws, the source term f vanishes and the equation for U, decouples and
reduces to the linearized equation L1(0, 9, x)U, = 0. In particular, U, = 0 if its initial
value vanishes and the equation for U reduces to

PUS = U,

1 5.89
(I = Q)L1(a,0.)PUF + > (I ~ Q)3 (b(de) (U, UY)) = 0. (5-89)
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PROPOSITION 5.29 (Self-interaction coefficient for simple modes). Suppose that

(@) AMa,u, &) is a simple eigenvalue of Aal(a, u)y &jAj(a,u) for (a,u, &) close to
(a, 0,§), with eigenvector R(a, u, &) normalized by the condition "RAgR = 1
(which means that R is unitary for the scalar product defined by Ag);

(b) the phase ¢ is a a solution of the eikonal equation

at(p+)‘-(a(t,x)70a ax(”) :0 (590)
for (t, x) close to (0, x), with 3,¢(0, x) = &.

Then,

(i) the polarization condition PUg = U} reads

Ui, x,0) =o(t,x,0)r(t, x),

5.91)
r(t» -x) = R(a(t» -x)a O, 8x¢(t» .x)),
(ii) the equation for o deduced from the equation for U reads
0,0 + Vg - 0y0 + bo(Uy)dgo + y8902 =0sFUy,0) (5.92)

where v, = 0t A(a, 0, 0x) is the group velocity as in (5.19), the self-interaction coefficient
y is

1
y = Er -Vyr(a, 0, 0y ). (5.93)

The term by is linear in Uy and F is at most quadratic.
In particular, for systems of balance laws, bg = 0. For systems of conservation laws
and a = a constant, with a planar phase ¢ = wt + & - x, the equation reduces to

30 + Vg - 30 + ydgo? =0. (5.94)

The coefficient y vanishes exactly when the eigenvalue \(a, -, &) is linearly degenerate at
u=0.

PROOF. We proceed as in Remark 5.6, noticing, that by symmetry, the right kernel of
—AAo + )_£;Aj is generated by ' R. The equation is therefore

'rLi(a,0, 8 ) (or) = @s’rF(QO +or,Uy+or).

The left-hand side is (0; +Vg -0 )0 +co, as explained in Lemma 5.9. Similarly, differentiat-
ing in u the identity (—AAo+Y_§;A;)r = 0, and multiplying on the left by ’r implies that

"rB(a,de,v) =v-V,A(a,0, d.9)'rAp.

This implies the proposition. (]
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REMARK 5.30 (Generic equations). Under the assumptions of Proposition 5.29, the equa-
tions for Uy = U, + or consist of a hyperbolic system for U coupled with a transport
equation for o. In the genuinely nonlinear case, the transport equation is a Burger’s equa-
tion which therefore appears as the generic model for the propagation of the profile of
nonlinear oscillations.

5.2.4. Approximate and exact solutions

PROPOSITION 5.31. The Cauchy problem for (5.76) is locally well-posed.

PROOF. The symmetry of the original problem reflects into a symmetry of the profile
equation

I-0)Li(a,V,0x9)PU = — Q)F. (5.95)

This has been seen in Lemma 5.7 for the 9; , part. The proof is similar for (I — Q)BPdy.
Thus all the machinery of symmetric hyperbolic systems can be used, implying that the
Cauchy problem is locally well-posed. 0

In the cascade of equations for U, only the the first one for Uy is nonlinear. This im-
plies that the domain of existence of solutions for the subsequent equations can be chosen
independent of n. Therefore:

THEOREM 5.32 (WKB solutions). Suppose that a € C* and that ¢ is a C*° character-
istic phase of constant multiplicity near (0, x) of L(a, 0, d). Let P be the projector (5.75).
Given a neighborhood w of x and a sequence of C* functions H, on a (o x T) such that
Pii=0Hn = Hy, there is a neighborhood Q of (0, x) and a unique sequence U, of C*
solutions of (5.76) (5.77) (5.78) on 2 x T such that

PUpji=0 = H,. (5.96)

We suppose below that such solutions of the profile equations are given. One can con-
struct approximate solutions

n
Ueppn(1:%) = 8 ) e Uit x, 91, ) [¢) (5.97)
k=0

which satisfy the Eq. (5.68) with an error term of order O(g"*!). Using Borel’s sum-
mation, one can also construct approximate solutions at order O(¢°°). More precisely,

err, = L(a, ugyy, ,. Mgy, , — fla, ugp, ) satisfies

pp.n
o cerri |l Lo < "1 C. (5.98)

We look for exact solutions

ut = ugpp’n + ve. (5.99)
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The equation for v® has the form (4.49):

d
~ ~ 1 ~
Ao(b, v)ov + Z Aj(b, )0y v+ —E(a)v = F(b,v) (5.100)
3 e
j=l1
where b = (a, ugpp,n) is uniformly bounded and satisfies estimates (4.50) for & > 0O:
e8¢ bl L) < Ca (5.101)

The derivatives of F(b,0) = 8_1err,f are controlled by (5.98). Moreover, A;(b,v) =
Aj(a, ugpp,n + v). Therefore, we are in a position to apply Theorem 4.21, localized on a
suitable domain of determinacy, shrinking €2 if necessary. Consider initial data 4 which

satisfy for |a| < s

0% hl 12y < &"Ca (5.102)

THEOREM 5.33. If n > 1 +d/2, there are &1 > 0 and a neighborhood 2 of (0, x), such
that for ¢ €10, e1], the Cauchy problem for (5.68) with initial data ugpp,,,p:o + h®, has a

unique solution u® € COH* (Q) for all s, and which satisfies

e |02 (1) — ulpp , (D)2 < " Ca. (5.103)
In particular, this implies that

199 (u® () — )L~ < e 271 e,, (5.104)

&
Uapp,n

REMARK 5.34 (About domains of determinacy). All the analysis above is local and we
have not been very careful about large domains 2 where they would apply. This is a tech-
nical and difficult question, we just give some hints.

— The final comparison between u*® and ug,, , must be performed on a domain of deter-
minacy €2 of w for the system (5.68). For quasi-linear equations, the domains of determi-
nacy depend on the solution, as explained in Section 3.6. However, for conical domains of
the form (3.38), it is sufficient that the slope A is strictly larger than A, (M) where M only
involves a L® bound of ujpp, since for small ¢, the L* norm of u® will remain smaller
than M’ with A(M') < A,.

—If Q is contained in the domain of determinacy of w for the full system, then it is also
contained in the domain of determinacy of the propagator L, if ¢ is smooth on €2. For
domains of the form (3.38), it easily follows from the explicit formula (3.39). Thus, if ¢ is
defined on €2, one can solve the profile equations as well as the equation for the residual
on 2 and Theorem 5.33 extends to such domains.
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— There are special cases where one can improve the general result above. Consider
for instance a semi-linear wave equation in R> and the phase ¢ = ¢ + |x|. Consider
Q={(,x):0 <t <min{T, R — |x|}}. Q is contained in the domain of determinacy of
the ball w = {x : |x| < R} but ¢ is not smooth on 2. The transport operator associated
with ¢ is 9, — 9, — 2/r, with r = |x|. If the initial oscillatory data are supported away
from 0, in the annulus {R; < |x| < R}, then the profiles can be constructed for ¢t < Ry,
since the rays launched from the support of the initial profiles do not reach the singular
set {x = 0} before this time. Therefore, if T < R, and decreasing it if necessary because
of the nonlinearity of the first profile equation, one can construct profiles and approximate
solutions on €2, whose support do not meet the set {x = 0} where the phase is singular.
Next one can compare approximate and exact solutions on €2.

5.3. Strongly nonlinear expansions

In the previous section we discussed the standard regime of weakly nonlinear geometric
optics. No assumptions on the structure of the nonlinear terms were made. There are cases
where these general theorems do not provide satisfactory results. Typically, this happens
when interaction coefficients vanish because of the special structure of the equations. This
implies that the transport equations are linear instead of being nonlinear. This phenomenon
is called transparency in [41]. This happens, for instance, in the following two cases:

e for systems of conservation laws and oscillations polarized in a linearly degenerate
mode, since then the self interaction coefficient y in (5.94) vanishes.

e for semi-linear dispersive systems with quadratic nonlinearity f (u, u) when the po-
larization projectors Py and Q, associated with the characteristic harmonic phases
ap, a € Z, satisty

(I — Qu)f(Pg, P,) =0, (a,B,y) € Z°, a=pB+y. (5105

The transparency condition is closely related to the null condition for quadratic inter-
action introduced to analyze the global existence of smooth small solutions, as it means
that some interactions of oscillations are not present. It happens to be satisfied in many
examples from Physics. Note also, that the transparency condition is completely different
from the degeneracy condition evoked in Remarks 5.26 (3) for cubic nonlinearities: there
the nonlinear terms were absent in the main profile equation for all polarizations, because
the nonlinearity was too weak. In the present case, the quadratic term is not identically
zero; only certain quadratic interactions are killed.

To deal with nonlinear regimes, one idea is to consider waves of larger amplitude or,
equivalently, of higher energy. This program turns out to be very delicate. We do not give
a complete report on the available results here but just give several hints and references.
Two questions can be raised:

e What are the conditions for the construction of BKW solutions?
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e When they exist, what are the conditions for their stability, i.e. when are they close to
exact solutions?

It turns out that there is no general answer to the second question: there are (many) cases
where one can construct BKW solutions, which define approximate solutions of the equa-
tion at any order ¢", but which are strongly unstable, due to a supercritical nonlinearity.
This emphasizes the importance of the stability results obtained in the weakly nonlinear
regimes.

5.3.1. Anexample: two levels Maxwell-Bloch equations ~ We first give an example show-
ing that the particular form of the equations plays a fundamental role in the setting of the
problem. Consider the system
0;B +curlE =0, 0E —curlB = —0,P,
2 (5.106)
e0P+P=y1 (No+N)E, N =—yoP - E.

Introducing Q = €90, P and u = (B, E, P, Q, N), it falls into the general framework of
semi-linear dispersive equations (5.68), with quadratic nonlinearity:

d
L(ed)u == edsu + ZeAju + Eu = q(u, u).
j=1

Consider BKW solutions (5.69) associated with a planar phase ¢. The general theory for
quadratic interaction concerns solutions of amplitude O(¢) (p = 1 in (5.69)). Recall that
the wave number 8 = dg satisfies the eikonal equation det L(i8) = 0 and the Fourier
coefficients of the principal term Uy = ) Uo,vei"e satisfy the polarization condition
00,1) = P(v,B)LA/o,U, where P (&) is the orthogonal projector on ker L(i§). The propaga-
tion equations for Uo,,, are a coupled system of hyperbolic equations:

L,Ooy=PwB) Y qWo.. Uouy). (5.107)

Vvi+v=v

When the characteristic phases vg are regular with group velocity v,, L, =08 +v,- 0.

For the Maxwell-Bloch equations (5.106), this analysis is unsatisfactory for two rea-
sons. First, for physically relevant choices of Uy, the interaction terms vanish. Thus
the transport equations are linear and the nonlinear regime is not reached. Second,
Maxwell-Bloch equations are supposed to be a refinement of cubic models in nonlinear
optics, such as the anharmonic oscillator model which is discussed in Remarks 5.26 (3).
Both facts suggest that solutions of amplitude O(4/¢) could exist. Actually, BKW solu-
tions of the equation with p = 1/2, are constructed in [41]. Indeed, for Eq. (5.106), there
is an easy trick, a change of unknowns, which reduces the quadratic system to a cubic one.
Introduce the following inhomogeneous scaling of the amplitudes:

(B,E,P,Q)=+e(B,E,P,Q), N=¢N.
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Then, the Maxwell-Bloch equations read

88,§ + scurlE = 0, ea,l:f —gcurlB = —é,
Satli— 0 29, N £0; 0 + Q’p = VINoE + ey NE,
eN =—»Q-E.

This scaling agrees with the BKW solutions of [41]. The question is to construct oscillatory
solutions i = (B, E, P, Q, N) of amplitude O(1). The difficulty is that the source term in
the last equation is nonlinear and of amplitude O (1). A tricky argument gives the answer.

Consider the change of unknowns

V2

n=ﬁ+
Y1 No

(02 + Q2P).
Then the last equation is transformed into
gorn = S%NQ E = e(cin — 6‘2(62 + 92132))6 E
0

and the source term is now O(¢). Introducing u? = (5, E, 13, é, n), the system is trans-
formed to a system

LP(ed)u? = ef ()

where the key point is that the right hand side is O(¢). For this equation, the standard
regime of nonlinear geometric optics concerns O (1) solutions and thus one can construct
BKW solutions and prove their stability.

This algebraic manipulation yields a result with physical relevance. The transport equa-
tions for the amplitude obtained in this are cubic, in accordance with the qualitative prop-
erties given by other isotropic models of nonlinear optics such as the anharmonic model or
the Kerr model (see [39]).

5.3.2. A class of semi-linear systems The analysis above has been extended to more
general Maxwell-Bloch equations. In [73], one considers the more general framework:

{L(ea)u +ef(u,v) =0, (5.108)

M(ed)v + q(u, u) + eg(u,v) =0,

where f and g are smooth polynomial functions of their arguments and vanish at the origin,
q is bilinear and

L(£d) := &, + ZeAjax_, + Lo :=eL(d) + Lo,
M(ed) = ed, + Y _ eBjdy; + Mo =M, (d) + Mo
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are symmetric hyperbolic, meaning that the A; and B; are Hermitian symmetric while L
and My are skew-adjoint. The main feature of this system is that the principal nonlinearity
q(u, u) appears only on the second equation and depends only in the first set of unknowns
u. The goal is to construct solutions satisfying

u(t,x) ~ Y e"Un(t,x, 9/e), vi(x) ~ D E"Vult,x, p/e)  (5.109)

n=0 n>0

where ¢ = wt + kx is a linear phase. The profiles U, (¢, x, 8) and V,,(¢, x, 0) are periodic
in 6. The difficulty comes from the O(1) interaction term in the second equation. We do
not write the precise results of [73] but we point out the different levels of compatibility
that are needed to carry out the analysis:

Level 1: The transparency condition. The eikonal equation is that det L(id¢) = 0. Denote
by P(pB) the orthogonal projector on ker L(i). Similarly introduce Q(f), the orthogonal
projector on ker M (i8). Assume

det L(ivdp) #0 and detM(ivdyp) # 0 for v large.

The transparency condition states that polarized oscillations Uy in ker L(d¢dy) produce
oscillations g (Uy, Up) in the range of M (dpdyg): For all integers vy and v; in Z and for all
vectors 1 and v,

Q((v1 +v2)de)q (P(vide)u, P(v2dgp)v) = 0. (5.110)

When this condition is satisfied, one can write a triangular cascade of equations for the
(Uy, Vy). Using notations P and Q similar to (5.75) for the projectors on ker L(d¢dyg) and
ker M (d@dy) respectively, and M ™! for a partial inverse of M (ddy), the equations for
Up and \70 = Vo + M~ lq(Uy, Uy) are

PL1(@)PUy = P f (U, Vo), PUy = Uy,

~ ~ o~ (5.111)

OM;(3)QVo + D(Uo, 9x)Up = QG (Uo, Vo), QVop =Wy
where G is a nonlinear functional which involves the projectors P, Q and the partial inverse
M. There are similar equations for the terms (U,, V,,).

Level 2: Hyperbolicity of the profile equations. This assumption can be made explicit (see
again [73]). When it is satisfied, one can construct BKW solutions and approximate solu-
tions at any order.

Level 3: Stability of BKW solutions. The linear and nonlinear, local in time, stability of the
approximate solutions is proved under the following assumption:

Forall v € Z, there is a constant C such that for all wave numbers B B and all vectors
uand u'

|0(8"q (P(vdp)u, P(B)u)| < CIBy — o — vore|lul|u'|
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where By denotes the first component of §. It is shown that this condition implies both the
conditions of levels 1 (easy) and 2 (more intricate).

Level 4: Normal form of the equation. The condition above can be strengthened:
There is a constant C such that for all wave numbers 8, B', B” and all vectors u and u’

108" (P(Byu, P(BU)| < CIB7 — Bo — Bollullu'|.

When this condition is satisfied, the system (5.108) is conjugate, via a nonlinear pseudo-
differential change of unknowns, to a similar system with ¢ = 0. Exceptionally, the change
of variables may be local and not involve pseudo-differential operators, this is the case of
Maxwell-Bloch equations.

5.3.3. Field equations and relativity = The construction of waves using asymptotic
expansions is used in many areas of physics. In particular, in general relativity it is linked
to the construction of nonlinear gravity waves (see [26,27,1]). This also concerns field
equations. An important new difficulty is that these equations are not hyperbolic, due to
their gauge invariance. We mention the very important paper [71], where this difficulty is
examined in detail, providing BKW expansions and rigorous justification of the asymp-
totic expansion for exact solutions, with applications to Yang-Mills equations and rela-
tivistic Maxwell’s equations. For these equations, the transparency condition is satisfied so
that the relevant nonlinear analysis concerns oscillations of large amplitude. An important
feature of the paper [71] is that the compatibility condition is used for the construction of
both asymptotic and exact solutions. The rigorous justification of the asymptotic expansion
given by Y.Choquet-Bruhat for Einstein’s equations, seems to remain an open problem.

5.3.4. Linearly degenerate oscillations  For systems of conservation laws, the interac-
tion coefficient y in the Burger’s transport equation (5.94) vanishes when the mode is
linearly degenerate. We briefly discuss in this paragraph the construction and the stability
of oscillatory waves

W (t,x) ~ ug(t,x) + Y (V) Un (r, X, %((tgw)) (5.112)

n>p
for symmetric hyperbolic systems of conservation laws
d
O fou) + Y by, £ () =0. (5.113)
j=l

The unperturbed state u,, is a solution of (5.113) and the principal term of the phase
@e = @0 + /€1 satisfies the eikonal equation

90 + Aug, dxpo) =0 (5.114)

where A(u, &) is a linearly degenerate eigenvalue of constant multiplicity of the system.
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The standard regime of weakly nonlinear geometric optics corresponds to p = 2.
Because of the linear degeneracy, we consider now the case of larger amplitudes corre-
sponding to the cases p = 1 and p = 0.

e In space dimension d = 1 and for p = 0, a complete analysis is given in [47] for
gas dynamics, and in [62,120,34] in a general framework providing exact solutions
which admit asymptotic expansions of the form.

e In any dimension, associated with linearly degenerate modes, there always exist sim-
ple waves

u(t,x) =vhE - -x —ot)),

that are exact solutions of (5.113), with v(s) a well-chosen curve defined fors € I C
R, & and h an arbitrary C L(R; I) function (cf[103]). Choosing & periodic with period
¢, yields exact solutions satisfying (5.112) with p = 0 and associated with the phase
¢ = & -x —ot. The question is to study the stability of such solutions: if one perturbs
the initial data, do the solutions resemble to the unperturbed solutions? We give below
partial answers, mainly taken from [23,24], but we also refer to [22] for extensions.

1. Existence of BKW solutions for p = 1. It is proved in [23] that in general, one can
construct asymptotic solutions (5.112) with p = 1, the main oscillation U} being polarized
along the eigenspace associated with A. The average u, of Uj is an arbitrary solution of the
linearized equation from (5.113) at u,. When u; # 0, a correction /¢ must be added to
the phase ¢, satisfying

011 + 0x @1 - Vé)\‘(ﬂ07 9x90) +up- VM)V(Z()a Oxpo) =0 (5.115)

so that @, = @p + /€@ satisfies the eikonal equation at the order O(¢), i.e.:

e + M(ug + Veuy, dre) = O(e). (5.116)

Moreover, the evolution of the main evolution Ul* is nonlinear (in general) and coupled to
the evolution of the average of U,. The nonlinear regime is reached.

2. Stability / Instability of BKW solutions. In space dimension d = 1, the linear and
nonlinear stability is proved using the notion of a good symmetrizer cf [34,62,110,119].
When d > 1, the example of gas dynamics shows that the existence of a good symmetrizer
does not suffice to control oscillations which are transversal to the phase and which can
provoke strong instabilities of Rayleigh type, cf. [54,57].

As before, the question is to know whether the approximate solutions constructed by
the BKW method are close to exact solutions, on some time interval independent of ¢. The
main difficulty can be seen from two different angles:

— with ug,, = uy+ JeU(t, x, ps/€) + . . ., the coefficients f;(ugpp) are not uniformly

Lipschtiz continuous, so that the usual energy method does not provide solutions on
a uniform domain,
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. . . . . ool .
— the linearized equations involve a singular term in £~ 2 D, which has no reason to be
skew symmetric.

The first difficulty is resolved if one introduces the fast variable and looks for exact
solutions of the form

U (t, x) = US(t, x, 9p /€). (5.117)

The equation for U? reads

d d
1
E A;j(U®) 0;U* + — E 9 Aj(UHoyU® = 0. (5.118)
‘ € 4
j=0 J=0

The construction of BKW solutions yields approximate solutions Ugfpp. The linearized
equation is of the form

1 1
£E+EG039+—8(G189+H1)+C5 (5.119)

7

where L? is symmetric hyperbolic, with smooth coefficients in the variables (t, x, 6). More-
over, G is symmetric and independent of 6. On the other hand, G is symmetric but does
depend on 0, as it depends on Uj. Therefore the energy method after integration by parts
reveals the singular term

L(DU U) with D:=
\/E s W1 =

This matrix can be computed explicitly: denoting by S(#) a symmetrizer of the system
(5.113) and by E(u, §) = Y &;Sw) fu,

(—8G1 + Hy + H}). (5.120)

N =

(DU, U) = D'(3U1,U,U) + D" (3 Uy, U, U) (5.121)
with

2D (u,v,w) = — ((u-Vy2)v, w) + (v - Vu2u, w) + (w - Vi, 2u, v),
2D" (u, v, w) = ((v- V, M) Su, w) + (w - V1) Suy, v)

where V, 2, V, A and § are taken at u and & = 9, ¢p. Note that D(¢, x, 6) is a symmetric
matrix. Since its average in 6 vanishes, it must vanish if it is nonnegative. Therefore:

the energy method provides uniform L?* estimates for the linearized equations if and
only if D(t,x,0) =0.
Conversely, this condition is sufficient for the existence of Sobolev estimates and for the
nonlinear stability (see [23]):
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THEOREM 5.35. If Ufpp is a BKW approximate solution of order &" with n sufficiently
high and if the matrix D vanishes, there are exact solutions U® of (5.118) such that
U = Ugyp = O(e").

The condition D = 0 is very strong and unrealistic in general, except if U} = 0, in
which case we recover the standard scaling studied before. In gas dynamics, it is satisfied
when the oscillations of U; concern only the entropy but neither the velocity nor the den-
sity: these are what we call entropy waves, but in this case, one can go further and construct
oscillations of amplitude O (1) as explained below. Conversely, the Rayleigh instabilities
studied in [54] for gas dynamics seem to be the general behavior that one should expect
when D # 0.

3. Entropy waves In contrast to the one dimensional case, D. Serre [119] has shown that
the construction of O (1) solutions (p = 0) for isentropic gas dynamics yields ill-posed
equations for the cascade of profiles. The case of full gas dynamics is quite different: one
can construct O (1) oscillations provided that the main term concerns only the entropy and
not the velocity. Consider the complete system of gas dynamics expressed in the variables
(p, v, 5), pressure, velocity and entropy:

P (0v+ (V- Vy)v) + Vip =0,
@@ p+ - Vop) +diveo =0, (5.122)
8[S+(U'VX)S =0

with p(p,s) > 0 and a(p,s) > 0. In [24] (see also [22] for extensions), we prove the
existence and the stability of non-trivial solutions u® = (v®, p?, s¢) of the form

ve(t, x) = volt, x) +eVo(t, x, o(t,x)/e),
pi(t,x) = po+ePi(t, x, p(t,x)/e), (5.123)
sE(t,x) = 8% (¢, x, (t,x)/e)

with V, P and S functions of (¢, x, 8), periodic in 6 and admitting asymptotic expansions
> &"V, etc. The unperturbed velocity vy satisfies the over-determined system

0 vo + (vo - Vx)vg =0, divyvp =0,

for instance vg can be a constant. Moreover, pg is a constant and the phase ¢ is a smooth
real-valued function satisfying the eikonal equation d;¢ + (vo - Vi) = 0. The evolu-
tion of the principal term is governed by polarization conditions and a coupled system of
propagation equations.

For instance, consider the important example where vy is constant (and we can take
vo = 0 by Galilean transformation). We choose a linear phase function solution of the
eikonal equation 9, = 0, and by rotating the axis we have ¢(¢, x) = x1. The components
of the velocity are accordingly split into v = (v, w). For the principal term, the polariza-
tion condition requires that the oscillations of the first components of V and Py, denoted
by V()’f1 and P, vanish. Therefore
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vi(t,x) = eV, (t,x) + O(eD),
wé(t, x) = eWo(t, x, x1/€) + O(e%),
pE(t, x) = po+ ePy(t, x) + O(e?),
s8(t,x) = S(t,x,x1/8) + O(¢).

The profiles Vi (¢, x), Va(t, x,0), P(t, x) and S(z, x, 0) satisfy

(p(po, )0 Vo, + 1P =0, Vo,1)=0 = a1(x),
0(po. $) (3 Wo + Vg 19gWo) + V'P =0, Wo— = az(x,6),
(@(po, SNHP + Vo, + (VW) =0, P,_o=a3(x),

0 S +K0,1395 =0, Sjt=0 = a4(x, 0)

where (U) denotes the average in 6 of the periodic function U (@), and V' and div’ denote
the gradient and the divergence in the variables (x2, ..., x4), respectively.

5.3.5. Fully nonlinear geometric optics  In this paragraph, we push the analysis one step
further and consider an example where the amplitude of the oscillation is so large that the
eikonal equation for the phase and the propagation equation for the profile are coupled.
This example is taken from [95] (see also [127]) and concerns the Klein—Gordon equation

e20%u — e20%u + f(u) =0 (5.124)

with f(u) =uP, p € N, p > 1 and odd. As in [95] one can consider a much more general
f, which may also depend on (, x), but for simplicity we restrict the exposition to this
case. For such equations, the weakly-nonlinear regime concerns solutions of amplitude

2
O (gr-T1). Here we look for solutions of amplitude O (1):

u®(t,x) = U*® (t, X, (p(t,x)) , Us(t,x,0) ~ ZekUk(t,x, 0) (5.125)

€ k=0
with U (¢, x, 0) periodic in 8. The compatibility or transparency condition which is nec-

essary for the construction is stated in Proposition 5.37 below.
Plugging (5.125) into (5.124) yields the following equations

023300 + f(Up) = 0,
023Uy + 8, f(Up)Uy + TdUy = 0,
02392Uk + 0, f(Up)Ug + TogUp—1 + OUs—2 + Ry (x, Up, ..., Up—1) =0

with 0 = 87 — 32,
o = (3,0)° — (0,9)?, T :=2¢3 —2¢.0, + Og. (5.126)

Moreover, the Ry denote smooth functions of their arguments.
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THEOREM 5.36. The profile equations, together with initial conditions, admit solutions
{Uk}.

We sketch the first part of the proof taken from [95].

(1) Since o is independent of 6, the first equation is an o.d.e. in 6 depending on the
parameter o. For o fixed, the solutions depend on two parameters. They are periodic in 6,
the period depending on the energy. Imposing the period equal to 27 determines one of the
parameters. Summing up, we see that

the 2w periodic in 6 solutions of the first equations are

Uo(t, x,0) = Vo(t, x,0 + O, x)) = K (0(t, x),0 + O(t, x)) (5.127)

2
with ® an arbitrary phase shift and K (o, 0) = o »=TG(0), where G(0) is the unique 27 -
periodic solution of BgG + G? = 0 satisfying G'(0) = 0, G(0) > 0.
(2) The second equation is a linear o.d.e.

LU = —-TaUy (5.128)
where L is the linearized operator at Uy from the first equation. The translation invariance
implies that the kernel of L is not trivial. Indeed, for fixed (¢, x), L is self adjoint and ker £

is a one-dimensional space generated by dy Vy(z, x, - + ®). Therefore, the o.d.e. in U7 has a
periodic solution if and only if the right-hand side is orthogonal to the kernel. There holds

—TapUo(t, x,6) = — {T@e Vo + X(@))agvo} (t.x.0 +©)

where X = 2¢/3, — 2¢/.d,. Therefore the integrability condition reads

OZﬂ((Tag Vo)de Vo + Z(®)892 Vodp Vo) d6 = %T 02:1 (39 Vp)>do
=0, (5.129)
that is
0190 J — 0xpdxJ +0eJ =0, (5.130)
where

2w
J(t, x) :=/ (99 K)*do
0

4 2
= aﬁ/ (39 G(6))* db
0
4

= ¢ (@0’ - @p?) "
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Therefore, (5.130) is a second order nonlinear equation in ¢:
@dp —2B8,8:¢ — yd2p =0 (5.131)
with

p—

o=

p—1 1
5 ot + ()P B=dede, y= 0?2 — (0:0)%

Note that this equation is strictly hyperbolic for ¢ > 0. It is a substitute for the eikonal
equation, but its nature is completely different:

¢ is determined by the nonlinear wave equation (5.131)

The compatibility condition (5.129) being satisfied, the solutions of (5.128) are

Ui(t,x,0) = L0gUpy — ,C_IT(agUo) = M10gUpy + Wi (5.132)
where A; is an arbitrary function of (z,x) and £~ denotes the partial inverse on to
ker L+ of the operator £ = 02892 + f'(Up). Note that U;(¢, x, 0) is also of the form

Vilt,x,0 + O(, x)).
(3) The third equation is of the form

1
LUy = F, = TdpU; + 5f”(Uo)Ul2 + OUp. (5.133)

For this o.d.e in Us, the integrability condition reads

2w
/ F(t, x,0)09Up(t, x,0)d6 = 0. (5.134)
0
Using (5.132), it is an equation for A; and ©.

PROPOSITION 5.37 ([95]). If the phase equation (5.130) is satisfied, then the condition
(5.134) is independent of A and reduces to a second order hyperbolic equation for ©.

PROOF. The term in )\% is % f02” f"(Uo)(89Up)>dh. The integral vanishes, since the trans-
lation invariance implies that

(0202 + f'W0)) 33U = — 1" (Uo) (U0’ (5.135)

implying that the right hand side is orthogonal to dy Uy.

The linear term in A is

2 2
/ T (2105 Uo)ds Uodo + / 1 f" (Uo) (39 Up)* Wi do.
0 0
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Using (5.135), the second integral is

2 2w
— | L@3Ux)W1do = / 32Uo (T3pU0)do
0 0

so that the linear term is

2
T (/ A1892U039U0d9> =T(0) =0.
0

Therefore the condition (5.134) reduces to

2
/ <T(8@W1) + %f”(U)(Wl)2 + DU0> dpUpdf = 0. (5.136)
0

There holds

Wit x,0) = — [ £5' (T o Vo) + X (©)L5" 03 Vo) | 1. x.0 + ©),
OU(t, x,0) = {00 39 Vo + 8,04 + 8,0B + OV} (1, x, 6 + ©)

where L) ! denotes the partial inverse of Lo = 02392 + f'(Vy), and A and B depend only
on V. Therefore, (5.136) is a second order nonlinear equation in ®, whose principal part is

2 2
00 | (3Vo)*do + X*0 / L, (33 V)2 Vode.
0 0

O

(4) Construction of BKW solutions. The phase ¢ is constructed from (5.131) and suit-
able initial conditions. The phase shift ©® is given by the nonlinear hyperbolic equation and
initial conditions. This completely determines the principal term Uy, U; up to the choice
of A1, and Uj is also determined from (5.133) up to a function A,3d9Up in the kernel of
L. The fourth equation in the cascade is LUz = F3 and the compatibility condition is
f027z F309Upd0 = 0. It is independent of A, and gives an equation for Aj. The procedure
goes on to any order and provides asymptotic solutions (5.125).

The bad point is that these asymptotic solutions are unstable. This has been used by
G. Lebeau to prove that the Cauchydproblsm Ou + u? is ill-posed in H*(R¥) in the super-

critical case, thatiswhen 1 < s < & — 5.
2 p+1

THEOREM 5.38 ([95]). The BKW solutions constructed in Theorem 5.36 are unstable.

We just give below an idea of the mechanism of instability. The linearized equation is
207 — Oy — f'(ubp)ie = f. (5.137)

The potential f’(ugpp) is a perturbation of o2 f(G(¢/¢ + ©)). Taking ¢ as a new time

variable or restricting the evolution to times t < +/€, one can convince oneself that the
relevant model is the equation:
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20> — 02+ f1(G(t/e)i) = f. (5.138)

Setting s = ¢ /¢ and performing a Fourier transform in x, reduces to the analysis of the Hill
operator

Miii = (83 T f(G(s)) + x) i, A= (5.139)

Let E} (s) denote the 2 x 2 matrix which describes the evolution of (i, 1) for the solutions
of M, = 0. Since the potential f/(G) is 27 -periodic, the evolution for times s > 27 is
given by

Ei(s) = Ex(s) (E»2n)*, s =5+ 2kn. (5.140)

Therefore, the behavior as s — oo is given by the iterates M¥, and depends only on the
spectrum of M.

PROPOSITION 5.39 ([95]). There are 1o > 0 and Lo > 0 such that e"® > 1 is an eigen-
value of M, and for all . > 0 the real part of the eigenvalues of M, are less than or
equal to e"o.

This implies that there are initial data such that the homogeneous equation (5.138) with
f = 0 has solutions which grow as e0’/¢, which are thus larger than any given power of
¢ in times t = O(¢g|Ing|). This implies that expansion in powers of ¢ is not robust un-
der perturbations, and eventually this implies the nonlinear instability of the approximate
solutions. For the details, see [95].

5.4. Caustics

A major phenomenon in multidimensional propagation is focusing: this occurs when the
rays of geometric optics accumulate and form an envelope. The phases satisfy eikonal
equations,

0@ + A(t, x, 0xp) =0 (5.141)

and are given by Hamilton—Jacobi theory. Generically, that is for non-planar planar phases,
the rays are not parallel (and curved) and thus have an envelope which is called the
caustic set.

When rays focus, amplitudes grow and, even in the linear case, one must change the
asymptotic description. In the nonlinear case, the large amplitudes can be amplified by
nonlinearities and therefore strongly nonlinear phenomena can occur.

5.4.1. Example: spherical waves Consider for instance the following wave equation in
space dimension d

Ou® + F(Vy,u®) =0 (5.142)
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and weakly nonlinear oscillating solutions u® ~ U (t, x, ¢/¢) associated with one of the
two phases g+ = t & |x|. The propagation of the oscillation of the principal amplitude Uy,
is given by the following equation for V = 99 Uy:

1 d
2 (a, F ot A F W) V + F(VVgy) = 0. (5.143)

e The rays of geometric optics are the integral curves of 9; F9,, that is the lines x = y=
tl)—l For ¢, all the rays issuing from the circle |y| = a cross, attime t = a, atx = 0.
This is the focusing case (for positive times). The caustic set is C = {x = 0}. For ¢_,
the rays diverge and do not intersect, this is the defocusing case (for positive times).

o For linear equations (F = 0), the local density of energy is preserved along the rays
by the linear propagation. This is a general phenomenon when the linear equations
have conserved energy. This means that if F = 0, e(¢, x,0) = led_1|V(t, X, 9)|2
satisfies

(0 F 0-)e = 0. (5.144)

In the focusing case, |[x| — 0 when one approaches the caustic set along a ray, and there-
fore the conservation of e implies that the intensity |V| — oco.

. . ~ d—1 .
e For nonlinear equations, V =r 2 V satisfies

d—1

@ Fo)V+rTF (f"%l Vwi) =0 (5.145)

From here, it is clear that the nonlinearity can amplify or decrease the growth of the am-
plitude as r — 0 along the rays. We give several examples.

Example 1: Blow up mechanisms
Consider in space dimension d = 3, Eq. (5.142) with F(Vu) = —|8tu|28,u. For the
solution of the focussing equation (5.143) the local energy e(t, x, 0) = lx 2|V (t, x, 0)|*

is satisfied on the ray x = y — tﬁ:

ett.x,0) = 0.9 —x e (5.146)
ST 1e(0,,0) Y= lx| '
IxTiy]

Therefore, if V (0, y, 8) # 0, even if it is very small, e and V blow up on the ray starting
at y, before reaching the caustic set x = 0.

Two mechanisms are conjugated in this example. The first, is due to the nonlinearity
—|V|?V, as in the ordinary differential equation V' — |V |>*V = 0. But for this equation,
the blow up time depends on the size of the data. It is very large when the data are small.
The second mechanism is the amplification caused by focusing, as in the linear transport
equation 9,V — 9|V — \71| V = 0. Even if the data is small, it forces V to be very large be-
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fore one reaches the caustic. Then the first mechanism is launched and the solution blows
up very quickly.

Note that the blow up occurs not only in L but also in L', before the first time of fo-
cusing. It proves that for solutions u?® of (5.142), the principal term in the geometric optics
expansion of Vu® blows up. This does not prove that Vu® itself becomes infinite for a fixed
¢, but at least that it becomes arbitrarily large. This shows that focusing is an essential part
of the mechanism which produces large solutions in a finite time bounded independently
of the smallness of the data.

One can modify the example to provide an example where the exact solution is not ex-
tendable, even in the weak sense, after the first time of focusing. Consider in dimension
d = 5, Eq. (5.142) with F(Vu) = (3;u®)> — |V,u®|? and initial data supported in the
annulus {1 < |x| < 2}:

u®(0, x) =0, du® (0, x) = Ui (x, |x]/e),

Nirenberg’s linearization, v¥ = 1 — exp(—u?), transforms the equation into the linear
initial value problem

v =0, v8(0,x) =0, 9;v°(0, x) = Uy (x, |x|/e).

The solution v is defined for all time and vanishes in the cone C := {|x| < 1 — ¢}, but the
domain of definition of u® is €., defined as the connected open subset of {v¥ < 1}, which
contains C. Focusing make v® arbitrarily large on the focus line {x = 0}, or times ¢ arbitrar-
ily close to 1 as ¢ — 0. One can choose data such that for all § > 0, if ¢ is small enough,
then the sphere Bs, of radius § and centered at (rt = 1, x = 0) (the first focusing point), is
not contained in 2, for € < &g, and (a,ug)2 — |qu€|2 is not integrable on 2, N B (up
to the boundary 9€2;). In particular, u® cannot be extended to Bs, even as a weak solution.
Thus the first focusing time is the largest common lifetime of the (weak) solutions u®.
These examples taken from [76,79] illustrate that focusing and blow up can be created
in the principal oscillations themselves. This is called direct focusing in [76]. But nonlinear
interactions make the problem much harder. Focusing and blow up can be created by phases
not present in the principal term of the expansion, but which are generated after several in-
teractions. This phenomenon is explored in detail in [76] where it is called hidden focusing.

Example 2: Absorption of oscillations

When combined with strongly dissipative mechanisms, focusing can lead to a complete
absorption of oscillations, in finite time. The oscillations disappear when they reach the
caustic set. The following example of such a behaviour is taken from [78]. Consider in
dimension d = 3, the dissipative wave equation

Ou + [8,u|*0,u = 0,
with oscillating initial data

u®(0,x) = elo(x, |x|/e), du(0,x) = Ui (x, |x|/e),
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There are global weak solutions u® € C9([0, oo[; HY) with 9,u® € C°([0, oo[; L?) N
L*([0, oo[ xR*) (see [99]). When Uy is even in 6 and U; = 3y Uy, the asymptotic expan-
sion of u® is given by

u(t, x) = eUp(t, x, (x| +1)/e) + &> .. ..

and V = 0yUj satisfies the transport equation (5.145), which implies that the density of
energy e(t, x, 0) == Ix|2|V (¢, x, 0)|? is also satisfied (compare with (5.146)):

e(0,y,0) . x
e(t,x,@):m, y.=x+tm.
lx[1yl

If V(0, v, 0) # 0, then along the ray x = y — tlf—,l,
|[V]| > +00, but e— +0 as |x|]— 0.

This means that the amplitude V is infinite at the caustic, but the density of energy trans-
ported by the oscillations tends to zero, that is, it is entirely dissipated. This suggests
that the oscillations are absorbed when they reach the caustic set. This is rigourously
proved in [78].

5.4.2. Focusing before caustics Example 1 of the preceding section illustrates a gen-
eral phenomenon. Consider a semi-linear equation and a phase ¢ solution of the eikonal
equation (5.141) associated with a simple eigenvalue A(f, x, §) with initial value ¢g. The
solution ¢ is constructed by the Hamilton—Jacobi method: the graph of d, ¢ at time ¢ is the
flow out A of d,¢p by H,, the Hamiltonian field of A. The phase ¢ is defined and smooth
as long as the projection (x, &) > x from A C R? x R¥ to R? is a diffeomorphism. This
is equivalent to requiring that the flow of the X, the projection of Hj 4, is a diffeomor-
phism. This ceases to be true at the envelope of the integral curves of X, which is called
the caustic set C. The transport equation for amplitudes given by geometric optics is of
the form

U0+ Y de, (. x, 0,9)dx, Up + c(t, x)Ug = F(Up). (5.147)

The coefficient c is precisely singular on the caustic set C and becomes singular along the
rays when one approaches C. Therefore the discussion presented in the example (5.143)
can be repeated in this more general context.

5.4.3. Oscillations past caustics

The linear case
In the linear theory, the exact solutions are smooth and bounded. This means that for
high frequency waves, focusing creates large but not infinite intensities. This is a classi-
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cal device to prove that mutli-dimensional hyperbolic equations do not preserve L? norms
except for p = 2. One idea for studying the behaviour of oscillations near caustics, is to
replace phase-amplitude expansions like (5.9) by Lagrangian integrals (see [43,64,65]).
For constant coefficient equations, they are of the form

Qre)™? // eI ®Ex Y E/e g vy dy dE, (5.148)
where the phase

qD(t’x’ y’E) = _t)\-(é) + (x _)’) E +1/f(Y)

is associated with a smooth piece of the characteristic variety given by the equation
T+ A(§) = 0 (see the representation (5.2)). These integrals are associated with Lagrangian
manifolds, A C T*R!*¥ which are the union of the bi-characteristics

x =y +1tV:r(8), §=dy(y), T = —X(§). (5.149)

The projections in (¢, x) of these lines are the rays of optics. For small times and as long
as it makes sense, Hamilton—Jacobi theory tells us that A is the graph of dg where ¢ is the
solution of the eikonal equation

0 + A(0xp) =0, V=0 = Y.

The projection from A to the base is nonsingular at points where the Hessian 92 SCD of &
with respect to the variables (y, &) is nonsingular. Therefore the caustic set C assomated
with A is

C={(t,x):qy:x=y+1tg(y) and A(t,y) =0} (5.150)

1
where A(t, y) = ‘det 3}2"5613’2 and g(y) = VeA(dy (y)).

The local behaviour of integrals (5.148) is given by stationary phase expansions. Out-
side the caustic set, one recovers geometric optics expansions (5.9). The principal term is

jm.y)

a(t, y)el? /e (5.151)
AL, y) g

{yly+tg(y)=x}

where 2m (t, y) is the signature of 8y2’ £ ®. For small times, for each (z, x) there is one critical
point y, ¥ (y) = ¢(¢, x) and m = 0. When one approaches the caustic set along the ray, the
amplitude tends to infinity, as expected, since A — 0, but after the caustic along that ray,
one recovers a similar expansion, where the phase has experienced a shift equal to m?% .
This explains how the geometric optics expansions (5.9) can be recovered from the in-
tegral representation (5.148) and how this representation resolves the singularity present
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in the geometric optics description. It also explains how geometric optics expansions are
recovered after the caustic.

The detailed behavior of oscillatory integrals near the caustic is a complicated and del-
icate problem (see [43]). In particular, one issue is to get sharp L°° bounds, that is the
maximum value of intensities, depending on ¢. In the simplest case when the singular-
ity of the projection of the Lagrangian A is a fold, there is good nonsingular asymptotic
description using Airy functions (see e.g. [101,65]):

1 2 1 2 .
U = {S_Eas(t, X)Ai(o/e3) + gabg(z,x)Ai/(a/ef)} ele/e (5.152)

where o and p are two phase functions and the amplitudes a, and b, have asymptotic
expansions Y &"a, and ) &"by,, respectively. Moreover, the caustic set is {o = 0}, and
using the asymptotic expansions of the Airy function Ai and its derivative Ai’, one finds
that u®* = O(e*) in any compact subset of the shadow region {o > 0}, and that u® is
the superposition of two wave trains (5.9) in any compact subset of the illuminated region

{o < 0} associated with the phases p + %(—o)%.

The nonlinear case

o The extension of the previous results to nonlinear equations is not easy and most ques-
tions remain open. An important difficulty is that products of an oscillatory integral like
(5.148) involve integrals with more and more variables, hinting that a similar representa-
tion of solutions of nonlinear equations would require an infinite number of variables. Thus
this path seems difficult to follow, except if one has some reason to restrict the analysis to
the principal term of the integrals.

This has been done for semi-linear equations with constant coefficients in two cases:
for dissipative nonlinearities or when the nonlinear source term is globally Lipschtizean.
In these two cases, the structure of the equation implies that one can analyze the exact
solution in low regularity spaces such as L or L? and provide asymptotic expansions us-
ing oscillatory integrals with small errors in these spaces only (see [79,80]). The natural
extension of (5.148) is

1
(2me)d

I°(A) = / / e HEOTCND A1,y Y () /e) dy dE,

associated with profiles

Alt,y,0) =) an(t, y)e".
n#0

There are transport equations for the profile A, which are o.d.e along the lifted rays
y +tg(y) in the Lagrangian A. The phenomenon of absorption is interpreted as the prop-
erty that A = O past the caustic. It occurs if the dissipation is strong enough. For globally
Lipchitzean nonlinearities or weak dissipation, the profile A is continued past the caustic,
providing geometric optics approximations at the leading order. Note that in the analogue



250 G. Métivier

of (5.151), the multiplication by i” of the amplitude a has to be replaced by H™ A, where
‘H is the Hilbert transform of the Fourier series

H < Zane"’e) = Zi“g“"aneme.

n#0 n#0

The very weak point of this analysis is that is leaves out completely the case of conservative
non-dissipative equations.

e In the same spirit, the use of representations such as (5.152) using Airy functions is
not obvious, since a product of Airy functions is not a Airy function. Such an approach
is suggested by J. Hunter and J. Keller in [69] as a technical device to match the geo-
metric optics expansions before and after the caustics. Another output of their analysis is
a formal classification of the qualitative properties of weakly nonlinear geometric optics,
separating linear and nonlinear propagation, and linear and nonlinear effects of the caustic.
R. Carles has rigorously explained this classification, mainly for spherical waves, for the
wave equations

(32 — Aou+alduP'ou=0 p>1l;aeC, (5.153)

(@ > 0,a < 0,a € iR corresponding to the dissipative, accretive and conservative case,
respectively) or the semiclassical nonlinear Schrédinger equation (NLS),

1
ie0;u + EezAxu =% u|*u, U= = f(x)e—mz/zg (5.154)

witha > 1,0 > 0.

In [12], for 1 < p < 2, the reader can find an L™ description near x = 0 of radial
waves in R? for (5.153). As expected, the profiles and the solutions are unbounded (uni-
formly in &) and new amplitudes (of size £17P) must be added to the one predicted in [69]
as correctors near the caustic in order to have a uniform approximation in L°°. In particular,
this gives the correct evaluation of the exact solutions at the caustic set {x = 0}.

Concerning NLS, R. Carles has investigated all the behaviors with different powers
o> 1lando > 0.

— When @ > do and o > 1, the propagation of the main term ignores the nonlinearity,
outside the caustic and at the caustic.

— When o = 1 > do, the propagation before and after the caustic follows the rule of
weakly nonlinear optics, and the matching at the focal point is like in the linear case.

— When o = do > 1, the nonlinear effects take place only near the focal point. A
remarkable new idea is that the transition between the amplitudes before and after
the focal point is given a scattering operator.

‘We refer the reader to [13—15] for details.
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6. Diffractive optics

The regime of geometric optics is not adapted to the propagation of laser beams in dis-
tances that are much larger than the width of the beam. The standard descriptions that can
be found in physics text books involve Schrodinger equations, used to model the diffrac-
tion of light in the direction transversal to the beam along long distances. The goal of
this section is to clarify the nature and range of validity of the approximations leading to
Schrodinger-like equations, using simple models and examples.

6.1. The origin of the Schrodinger equation

6.1.1. A linear example Consider again a symmetric hyperbolic linear system (5.1) with
constant coefficients and eigenvalues of constant multiplicities. Consider oscillatory initial
data (5.3). The solution is computed by Fourier synthesis, as explained in (5.4), revealing
integrals

! iy (kre€)—th,p (k-+e6)) e i
(27 )d/2 /e g I, (k + e&§)h(§)dE

_ ei(kx—twp)/sa[i(t’ x). (6.1)

& —
u,(t, x) =

The error estimates (5.6) show that the approximation of geometric optics is valid as long
ast = o(1/¢). To study times and distances of order 1/¢, insert the second order Taylor
expansion

Ap(k +€8) = @, + €6V, + €25,(6) + O(E)E),

with
1
Sp(®) =5 308, 6,2 p (& &k, 6.2)
ok
into the integral (6.1) to find

&€
a5 (1, x)

= )i / eIV TS, O T, (k) (§)dE + O(671) + O e).

Introduce the slow variable T := ¢t and

apo(T,t,y) = / el =18V eI S (k) h (&) dE. (6.3)

1
(27t)d/2

Then

< C(E*t + &) | hll s gay - (6.4)

&
a,(t,")—a 8t,t,~H
H 1’( ) po ) H* (R9)
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The profile a, ¢ satisfies the polarization conditions ap o = I, (k)a, o and a pair of partial
differential equations:

O +Vp-Voa,o=0, and (idr + S,(0y)) a0 = 0. (6.5)

The first is the transport equation of geometric optics and the second is the Schrodinger
equation, with evolution governed by the slow time T, which we were looking for. These,
together with the initial condition

ap,O(O’ 07 Y) = f()’),

suffice to uniquely determine a,, o.

Note that for ¢ = o(1/¢) one has T — 0, and setting T = 0 in (6.3) one recovers
the approximation of geometric optics. A typical solution of the Schodinger equation has
spatial width which grows linearly in T (think of Gaussian solutions). Thus the typical
width of our solution u® grows linearly in ¢, which is consistent with the geometric obser-
vation that the wave vectors comprising u|;=o = he'**/* make an angle O(e) with k. The
approximation (6.4) clearly presents three scales; the wavelength ¢, the lengths of order 1
on which f varies, and, the lengths of order 1/¢ traveled by the wave on the time scales of
the variations of a, with respect to the slow time 7'.

In contrast to the case of the geometric optics expansion, the analysis above does not
extend to non-planar phases ¢(z, x)/e. Note that the rays associated with nonlinear phases
focus or spread in times O(1). The case of focusing of rays and its consequences for non-
linear waves was briefly discussed in Section 5. On the other hand, with suitable convexity
hypotheses on the wavefronts, nonlinear transport equations along spreading rays yield
nonlinear geometric optics approximations valid globally in time (see [56]). In the same
way, one does not find such Schrodinger approximations for linear phases when the geo-
metric approximations are not governed by transport equations. The classical example is
conical refraction.

However, the analysis does extend to phases (kx — wt + ¥ (et, ex)) /e with slowly
varying differentials, observing that for times + < 7! the rays remain almost parallel.
We refer to [67,45] for these extensions.

CONCLUSION 6.1. The Schridinger approximations provide diffractive corrections for
times t ~ 1/¢ to solutions of wavelength & which are adequately described by geometric
optics with parallel rays for times t ~ 1.

These key features, parallel rays and three scales, are commonly satisfied by laser
beams. The beam is comprised of virtually parallel rays. A typical example with three
scales would have wavelength ~ 107% m, the width of the beam ~ 1073 m, and the prop-
agation distance ~ 1 m.

6.1.2. Formulating the Ansatz  For simplicity, we study solutions of semi-linear sym-
metric hyperbolic systems with constant coefficients and nonlinearity which is or order J
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near u = 0. The quasi-linear case can be treated similarly. Consider

d
L(£d) =eAgd, + ) _eAjdy, +E (6.6)
j=1

with self-adjoint matrices A;, Ao being positive definite, and with E skew-adjoint. The
nonlinear differential equation to solve is

LE@)u® + Fu®) =0 6.7)

where u® is a family of C" valued functions. The nonlinear interaction term F is assumed
to be a smooth nonlinear function of u# and of order J > 2 at the origin, in the sense that
the Taylor expansion at the origin satisfies

F@u) = ®w) + O(jul’™) (6.8)

where ® is a homogeneous polynomial of degree J in u, u.

Time of nonlinear interaction and amplitude of the solution. The amplitude of nonlinear
waves in crucially important. Our solutions have amplitude u® = O(e”) where the expo-
nent p > 0 is chosen so that the nonlinear term F(u) = O(eP”) affects the principal term
in the asymptotic expansion for times of order 1/¢. The time of nonlinear interaction is
comparable to the times for the onset of diffractive effects.

The time of nonlinear interaction is estimated as follows. Denote by S(#) the propagator
for the linear operator L¢. Then in L?(R?), ||S(7)|| < C. The Duhamel representation

t
u(t) = S(t)u(0) —/ S(t — 0)F (u(0)) do
0

suggests that the contribution of the nonlinear term at time ¢ is of order t&”” . For the onset
of diffraction, t ~ 1/& so the accumulated effect is expected to be O (¢?’ ~2) (note that the
coefficient of 9; is ¢). For this to be comparable to the size of the solution we choose p so
that pJ —2 = p:

p=—. (6.9)

The basic Ansatz. It has three scales
u®(x) = ela(e, et, ex,t,x, p(t, x)/e) (6.10)

where ¢(¢,x) = kx —twand a(e, T, X, t, x, 0) is periodic in # and has an expansion:

a:a0+sa1+82a2+.... (6.11)



254 G. Métivier

Since this expansion is used for times ¢ ~ 1/¢, in order for the correctors ¢a; and &2ay
to be smaller than the principal term for such times, one must control the growth of the
profiles in ¢. The most favorable case would be that they are uniformly bounded for
et < Tp, but this is not always the case as will be shown in the analysis below. There-
fore we impose the weaker condition of sublinear growth:

1
lim -~ sup |ai(T, X, t,x,60)| =0. 6.12)
t—>o0 t T,X,y,0

This condition plays a central role in the analysis to follow.

6.1.3. First equations for the profiles  Plugging (6.10) into the equation and ordering in
powers of ¢ yields the equations

L(Bog)ag = 0, (6.13)
L(Bd)ar + L1(d;x)ap =0, (6.14)
L(Bdg)az + L1(9;,x)ar + L1(3r,x)ap + ®(ap) =0 (6.15)

with 8 = dg = (—w, k) and L(Bd) = L1(B)d + E.

Analysis of Eqs (6.13) and (6.14). The first two equations are those met in the geomet-
ric optics regime. They are analyzed using Fourier series expansions in 6. We make the
following assumptions, satisfied in many applications:

ASSUMPTION 6.2. (i) B satisfies the dispersion relation
det(L{(B) —iE) =0. (6.16)

Denote by Z the set of harmonics n € Z such that det(L(n8) —iE) = 0.
(i) If E #£ 0, det(L1(B)) # 0, so that Z is finite.

(iii) Forn € Z, n # 0, the point nf is a regular point in the characteristic set in the
sense of Definitions 5.3.

As in Section 5, we denote by P and Q projectors on the kernel and the image of
L(Bdy), respectively, and by R the partial inverse such that

RLBY)=1d —P, PR=0, RAIAd - Q)=0. 6.17)

They are defined by projectors P, and Q, and partial inverses R, acting on the Fourier
coefficients a, of Fourier series Y_ a, eln?
The first equation asserts that the principal profile is polarized along the kernel of

L(B3s):

ap = Pay & Vn, don = Pydop. (6.18)
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The second equation is equivalent to

(Id — Q)L1(9;,x)Pag =0, (6.19)
(Id —P)a; = —RL1(,x)Pay. (6.20)

Analysis of Eq. (6.15). This is the new part of the analysis. Applying the projectors Q and
Id — Q and using (6.20) the equation is equivalent to

=T (0;,x)a1 = S3r,x, 9, x)ao + (Id — Q)P (ap), (6.21)

(Id — Pyaz = =R (L1(0,x)a1 + L1(dr,x)ao + ®(ap)) (6.22)
with

T (0x) =(d — Q)L (3 x)P (6.23)

S0r,x,01,x) = (d = QL1 (07,x)P — (Id — QL1 (0, x)RL1(3,x)P. (6.24)

CONCLUSION 6.3. One has to determine the range of 7 (9; ), acting in a space of func-
tions satisfying the sublinear growth condition (6.12), so that ag will be determined by the
polarization condition (6.19), the propagation equation (6.21) in the intermediate vari-
ables, and the additional equation:

S@r,x, 9,.x)ao — (I — Q)P (ao) € Range 7 (9, x). (6.25)

In Section 6.2 we investigate this question in different situations with increasing order of
complexity. Before that, we make several general remarks about the operator S.

6.1.4. The operator S as a Schrodinger operator — The linear operators 7 (d;,,) and
S(0r,x, 9;.x) act term by term on Fourier series in 6. On the nth coefficient, we obtain
the operators

7 (0;0) = (1d — Q) L1(3;.x) Py, (6.26)
S, (0r.x, 8.x) = (1d — Q) L1(37.x) P,
—(d — Q) L1(3.)RyL1(3.) Py (6.27)

Following Assumption 6.2, for n # 0, nf is a regular point in the characteristic variety C,
meaning that near ng, C is given by the equation

T+0(6)=0 (6.28)

where A, is an eigenvalue of constant multiplicity. In particular —nw + A, (nk) = 0.

PROPOSITION 6.4. (i) Let X, (0s,x) = 0; + Vy - Vyx With vV, = Vedy(nk). Then

Tn@Brx) = @ + V- VOdu,  Jy=(d — Q) AoP,. (6.29)
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(i) Let
1
Sn(@) = 5 ij 0F & Mn (k) B (6.30)
J»
Then
Sp(37.x, 9r.x) = Or + Va - Vx — i80(00)) Jn + R (1) X (3r.1) (6.31)

where R,, is a first order operator which is specified below.

PROOF. Consider n = 1 and drop the indices n. The first part is proved in Lemma 5.9.
Recall that differentiating the identity

(—iA(S)Ao + ) iEjA; + E) PE =0
J
once, yields

(—i/\(E)Ao + Y igAj + E) 8¢, P(§) = —i(—d, L(E)Ag + Ap) P(&).

J
Multiplying on the left by Id — Q (k) implies
(Id — Q(k))(—0g,A(k)Ag + Ap) P (k) =0, (6.32)
(Id — P(k))dg, P(k) = —iR(k)(—0g,A(k)Ag + Ap) P (k). (6.33)
The first identity implies (6.29).
Differentiating the identity again and multiplying on the left by Id — Q (k) implies that
(Id — O)(—09,AA0 + Ap)dg, P + (Id — Q)(—03g,AAo + Ag) g, P
= agpfq)\(ld — Q)AyP

where the functions are evaluated at § = k. Using (6.32), one can replace d¢, P by
(Id — P)g, p in the identity above. With (6.33), this implies that

(Id — Q)(—ds,AA0 + Ap)R(—0dg, A A0 + Ay) P
+(Id — Q)(—0;,AAo + Ag)R(—d, A Ao + Ap) P
=07 ; » (Id — Q)AoP.

Together with the identity

d
Ly(3,8) = Aoy + V- Vi) + Y (A — 0,1 A0)dx, = AoX (3;.) + L] (3
p=1
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this implies that

(d — Q)L1(3;,x)RL1 (3 x) P = (Id — Q)X (8;,x)RL1(0;,x) P
+(Id — Q)L}(3:)RX (3, ) P

i 2
+ 54 (d — Q)AgP Z 0 ¢, O, O,

implying (6.31). O

COROLLARY 6.5. If a(T, X, t, x) satisfies the polarization condition a = P,a and the
transport equation X (0; xa) = 0, then

S,(0r.x, 0x)a = J, O + V- Vx +iS,(3,)) a.

The conclusion is that for all frequency n, the operator S, acting on the polarized vectors
a is the Shrodinger operator 7 + v - Vx 415, (), that is, for functions independent of X,
the operator (6.5).

6.2. Construction of solutions
We consider first the simplest case:

6.2.1. The non-dispersive case with odd nonlinearities and odd profiles We assume here
that in Eq. (6.7), E = 0 and F (u) is an odd function of u with a nontrivial cubic term, that
is with J = 3, so that we choose p = 1 according to the rule (6.9). We look for solutions

u(t,x) ~ ey eay(et. t,x, 9(t, x)/e), (6.34)

n>0

where ¢(t, x) = kx — tw and the profiles a, (T, ¢, x, 0) are periodic and odd in 6.

We assume that ¢ is a characteristic phase and, more precisely, we assume that d¢ is a
regular point of the characteristic variety det L(t, £) = 0. We introduce projectors P and
0 on the kernel and on the image of L(d¢), respectively, and we denote by R the partial
inverse of L (d¢) with properties as above. We denote by X (9;,x) = 9; + V-V, the transport
operator and similarly by S(9;,,) the second order operator (6.2) or (6.30) associated with
dg. By homogeneity, all the harmonics ng, n # 0 are characteristic and one can choose
the projectors P, to be equal to P, O, = Q. Moreover, all the transport fields have the
same speed and X, (9; x) = X (0;,,). Similarly, S, (dx) = S(0x).

Because we postulate that a is odd in 6, its zeroth harmonic (its mean value) vanishes.
Therefore, the polarization condition (6.20) reduces to

ao(T, t,x,0) = Pao(T, 1, x,0), (6.35)
and the first condition Eq. (6.19) reads

3 +vV)ao(T, t, x,0) = 0. (6.36)
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Because we also postulate that a; is odd, (6.20) is equivalent to
(Id — P)ai(T,t,x,0) = —3; 'RL1 (3 ) Pay (6.37)

where 3, !is the inverse of g acting on functions with a vanishing mean value. Next, Eq.
(6.21)is

— (0 +vVo)(Id — Q)AgPa; = (Id — Q)P (ap) + dr(Id — Q)AoPag
—Id — Q)Ll(at,x)ag_lRLl(S,,x)P, (6.38)

where we have used the following remark:
if ® is odd in u and if ag is odd in 6, then ®(ag) is odd in 6, (6.39)

implying that the mean value of ® (ag) vanishes and that Q® (ag) = QP (ayp).

Next we note that the scalar operator X (9; ) commutes with all the constant coefficient
operators in the right-hand side of (6.38) so that (6.36) implies that the right-hand side fy
of (6.38) satisfies

X(0,x) fo =0, (6.40)
and the equation for a; = (Id — Q)AgPaj reduces to
X (0 ,x)ar = fo. (6.41)

By (6.40), fp is constant along the rays of X, and thus a; is affine on these rays. Therefore,

LEMMA 6.6. If fy satisfies (6.40), Eq. (6.41) has a solution with sublinear growth in t, if
and only if fo = 0. In this case, the solutions a| are bounded in time.

Therefore, we see that Eq. (6.38) has a solution a; with sublinear growth in ¢, if and only
if the following two equations are satisfied:

(Id — Q)®(ap) + ardd — Q)AgPag
—(d — Q)L (3, )95 ' RL1(3; ,)P =0, (6.42)
(3 +VVy)Pa; = 0. (6.43)

Moreover, using Proposition 6.4, we see that for ag satisfying (6.36), the first equation is
equivalent to

drao + 8, ' S(3)ap = Ro®(ap) (6.44)
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where Ry is the inverse of (Id — Q) Ao P from the image of (Id — Q) to the image of P. On
the harmonic 1, 9, 1 —1, and we recover a Schrodinger equation as in (6.5), now with a
source term.

PROPOSITION 6.7 (Existence of the principal profile). Given a Cauchy data ho(x, 9), in
H? (Rd xT), withs > ‘%, odd in 0 and satisfying ho = Phy, there is T, > 0 such that the
two times problem (6.36), (6.44) has a unique solution ag € C°([0, T,] x R; H® (R? x T)),
odd in 0 and satisfying ap = Pagy and

ap(0, 0, x, 0) = ho(x, 0). (6.45)

PROOF. By the first equation we look for ag as a function of x — v

ao(T,t,x,0) =ap(T,x —tv,0). (6.46)
Then the equation for ag(7', y, 0) is:

drag + ;' S(3y)a0 + Ro®(ag) = 0, a9(0, y,8) = h(y, 0). (6.47)

This equation is quite similar to classical nonlinear Schrodinger equations, 9, ! being
bounded and skew-adjoint. Thus it has a local solution in H*, if s is large enough. The
only point is to check that all the terms in the equations preserve oddness. t

Next we show that (6.37), (6.46) and (6.43) imply that a; is of the form
ai(T,t,x,0) =a;(T,x —tv,0) (6.48)

with (I — P)aj determined by ap and thus odd in 6.
In the expansion in powers of ¢ of the equation, the term coming after (6.15) is

L(Bdp)az + L1(8;x)az + L1(Dr.x)a; + ®'(ag)a; =0

(Recall that F is odd, so F (1) = 83<I>(ao)+84d>6(a0)a1 +0(&>)). Projecting with (Id — Q)
and Q, using the facts that (Id — P)a is known, that Paj satisfies (6.43) and that (Id — P)a»
is given by (6.22), we see that the equation is equivalent to

— (@ +vV)(Id — Q)AgPar = (37 + ;' S(3,))(1d — Q) AgPa;
+(Id — Q)®'(ap) Pa; + (Id — Q)bo
where by is determined by ag, together with an explicit determination of (Id — P)as in
terms of ag, ai, ap. In particular, bo(T, t, x, 8) = bo(T, x — tv, 8) with by odd in 6. The

right-hand side f; satisfies (9; + vV,) f1 = 0. Therefore, using Lemma 6.6, we see that a;
has a sublinear growth in 7 if and only if

(3 +VVy)Par = 0, (6.49)
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and Pa(T,t,x,0) = Paj(T, x — tv, 0) is therefore determined by the equation

drar + BQ_IS(By)a1 + Ro®'(ap)a; + Robp = 0. (6.50)

The equations for the higher profiles are derived in a similar fashion. We see that the
profiles a, in (6.34) have the form a, (T, t, x, 0) = a,(T, x — tv, 8), so that

U (t,x) ~ &y e"ay(et,x — v, o(t, x)/e). 6.51)
n>0
The (I — P)a, are determined explicitly in terms of (ag, .. ., a,—1) and the slow dynamics

for Pa, is determined by an equation of the form

dray + 35 S(3y)a, + Ro®'(a0)a, + Roby—1 = 0 (6.52)

with b,,_1 explicitly given in terms of (ag, ..., a,—_1).

THEOREM 6.8 (Existence of profiles at all orders). Suppose that for all n € N, initial
data h, € S(RY x T) are given, odd in 0 and satisfying Ph, = h,. Then there exists
T, €10, 0o] and a unique sequence {a,},>0 of functions in S([0, Ty] x RY x T), odd in 0
and satisfying the profile equations and the initial conditions Pa,(0,y, ) = Ph,(y, 0).

Given such a sequence of profiles, Borel’s theorem constructs

a®(T,y,0) ~ Y &"an(T, y,0)

n>0

in the sense that for all s and m € N, there holds for all ¢ € ]0, 1]:

=< Cs,mgm—H .

€ _ Ja.
a gla;

HS ([0, T, 1x R4 xT)

Then
Ugpp(t, X) = ga®(et, x — tv, @(t, x)/¢)
are approximate solutions of (6.7), in the sense that

L(edy gy, + Fugy,) = 1°(st, x — tv, 9(t, x)/¢),
with r¥ ~ 0 in the sense above.

Using Theorem 4.21 ([59], see also [39,40]), one can produce exact solutions which
have the asymptotic expansion (6.51). Consider initial data

h®(x) ~ uf‘pp(O, x)~e¢ Zs"an(o, x,9(0,x)/¢e).

n>0
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THEOREM 6.9 (Exact solutions). If € is small enough, the Cauchy problem for (6.7) with
initial data h® has a unique solution u® € S([0, T,/e] x R?) which satisfies for all s, m
and ¢:

ué‘

& m
— <
Uapp H s = Csme™.

6.2.2. Dispersive equations, the Schrodinger equation as a generic model for diffractive
optics  Consider now the case of a dispersive equation (6.7) with E # 0 in (6.6). Assume
that the matrices A ; are real symmetric and that E is real skew symmetric, as usual in phys-
ical applications. Therefore the characteristic polynomial p(t, £) = det(tAg+ Y_&;A; —
iE) is real, and thus equal to det(t Ao + ) _&;A; + iE). This implies that p(—t, —§) =
(=D p(t, £) so that the characteristic variety C = {p = 0} is symmetric, i.e. —=C = C.

We fix a planar phase ¢ with 8 = dgp = (—w, k) satisfying Assumption 6.2. We assume
that only the harmonics nf with n € {—1, 0, 1} are characteristic. We further assume that
the nonlinearity F is odd, with a nontrivial cubic term ®. Again, we look for solutions
u® of the form (6.34), with profiles a, (T, t, x, 6) which are odd in 6, so that the charac-
teristic phase 0 never shows up in the computations. All these assumptions are realistic in
applications.

Note that the symmetry assumption of the characteristic variety implies that the eigen-
values A4+ which describe the characteristic variety C near 8 (see (6.28)) satisfy the prop-
erty that

A-(§) = =24 (=8). (6.53)

In particular, the group velocities v = VAi(£k) are equal. We denote their common
value by v.
The projector P on ker £L(B80dg) acting on odd functions reduces to

P ( > akeike) = P_a_1e” + Prare"”

kel+27Z

where Py are projectors on ker £(=£i8). Since L(—if) = m, one can choose P_ = P_+,
and choose similarly projectors O = Q. on the images of £(+if) and partial inverses
R_=R,.

All that which has been done in the non-dispersive case can be repeated in this frame-
work: one can construct asymptotic solutions

u(t,x) ~ ey e"ay(et, x —1v, o(t, x)/e), (6.54)

n>0

with profiles a, which are odd in 6. They are determined inductively. The Fourier coeffi-
cients a, 4 for k # 1 and (Id — Py)a, 4 are given by explicit formulas and Pia, 4
are given by solving a Schrodinger equation.
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In particular, the main term contains only the harmonics +1
ag(T, 1, x) = ap (T, 1,x)e % +ay (T, 1, x)el (6.55)
satisfying the polarization conditions:
a0 41(T,t,x) = Prag (T, 1, x) (6.56)

and the propagation equations

drag 1 FiS(dy)ag £ + B+ P(ag)4; =0 (6.57)

\Ehere By denotes the partial inverse of (Id Q+)Ao P+ on the image of P.. Denoting by
®(u, v, w) the symmetric trilinear mapping such that ® (1) = ®(u, u, u), the harmonic of
d(ag) is

®(ag); = (a0, _140.1,40.1) » (6.58)

and there is a similar formula for C{(a\o)_l.

This is the usual cubic Shrodinger equation for nonlinear optics that can be found in
physics books (see e.g. [6,8,10,107,109]).

The BKW solutions provide approximate solutions of the equations, which can be con-
verted into exact solutions, exactly as in Theorem 6.9. This mathematical analysis was first
made in [39]. We refer to this paper for explicit examples coming from various models in
nonlinear optics, as discussed in Section 2.

6.2.3. Rectification In the two analyses above, two facts were essential:

e Only regular phases were present. In applications, this excludes the harmonic 0. This
was made possible by assuming that both the nonlinearity F and the profiles a were
odd. When F is not odd, for instance when F is quadratic, the harmonic 0 is expected
to be present. In general, and certainly for non-disoersive equations, 0 is not a regular
point of the characteristic variety, implying that there will be no simple analogue of
Lemma 6.6. The creation of a nontrivial mean value field by nonlinear interaction of
waves is called rectification.

e All the characteristic harmonics k8 are regular and have the same group velocities
vi. If not, the Fourier coefficients d;,,k are expected to travel at different speeds vy,
so that the right-hand sides in equations like (6.21) or (6.37) have no definite propa-
gation speed. In this case too, Lemma 6.6 must be revisited.

We now give the general principles which yield the construction of the principal profile
ayp, referring to [81,90] for precise statements and proofs.
For a general Eq. (6.7), with F satisfying (6.10), we look for solutions of the form

u®(t,x) = ela’(et, t,x, ¢/e) (6.59)
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with a® = ag + ea; + £2a; and ¢ a planar phase with 8 = dg satisfying Assumption 6.2.
The polarization condition (6.18) and the first Eq. (6.19) for ag are such that its Fourier
coefficients ag  satisfy Prao ; = ao x and

Ho(3;.x)ap o = 0. (6.60)
0 +Vvi-Voao, =0, k#0 (6.61)

where Hy = (Id — Qo) L1(0;,x) Po. Moreover, the components (Id — Pk)c’z\l, « of the Fourier
coefficients of a; are given by (6.20):

ai x = —RiL1(8;x) Pxao . (6.62)

Next, the equations for Praj .k deduced from (6.21) read

Ho(3,+) Poddi 0 + fo.0 = 0. (6.63)
@ + Vi - VOPdi g+ fox =0, k#0, (6.64)

where
J%,k = (Id — Q)(A0d7) — L1(3;,x) Rk L1(3;,x) Prao j + (Id — Qk)@l«

We recall that the main problem is fo find conditions on the fo’ « Which imply that the
equations for Pyay y have solutions with sublinear growth in time. This is what we briefly
discuss below.

1. Large time asymptotics for homogeneous hyperbolic equations

The operator Hy is symmetric hyperbolic (on the image of Py) with constant coeffi-
cients. For instance, in the non-dispersive case, E = 0, P = Id and Hy = L. This leads
one to consider the large time asymptotics of solutions of

H (3 x)a = f, ap=0=nh (6.65)

when H is a symmetric hyperbolic constant coefficient first order system. The character-
istic variety Cy is a homogeneous algebraic manifold. It may contain hyperplanes, say
Co = {(r,8), T + ¢4 - & = 0}. This does happen for instance for the Euler equation.
The flat part Cqy of C is the union of the C,. We denote by 7, (§) the spectral projector
on ker H(—c¢qy - &, &) and by 7, (Dy) the corresponding Fourier multiplier. The following
lemma is easily obtained by using the Fourier transform of the equation.

LEMMA 6.10. Suppose that h € S(R?) and a is the solution of the initial value problem
H(0;,x)a =0, ay=0 = h. Then

Tim Jat) =Y (D) ¢ = rey)

‘Lw(Rd) -
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2. Large time asymptotics for ® (ag)

For harmonics k # 1, the transport Eq. (6.61) implies that c’zﬁy « 1s a function of x —tvg. In
the dispersive case, there is a finite number of frequencies k in play; in the non-dispersive
case, all the speeds v are equal. Thus, in all cases, a finite number of speeds v occur, and
the Fourier coefficients of ag are the sum of rigid waves moving at the speed ¢, or v; and
of spreading waves which tends to 0 at infinity. The Fourier component d?(a\o)ﬁ % appears as
a sum of products of such waves. Two principles can be observed:

— the product of rigid waves moving at different speeds tends to O at infinity;
— the product of a spreading wave and anything bounded, also tends to O at infinity.

This implies that for all 7', the coefficients fo, « have the form

g(t,x) =) gj(x —tw;) + go(t, x) (6.66)

where the set of speeds is {w;} = {vi} U {4}, and go(¢, -) tends to 0 in H® as t — oo,
uniformly in 7.
3. Large time asymptotics for inhomogeneous hyperbolic equations

Using the equation on the Fourier side, one proves the following estimate:

LEMMA 6.11. Consider g as in (6.66). The solution of H(9; x)a = g, ai=o = 0 satisfies

lirnl a(t,-)—tZ Z To(Dx)gj (- — tCy) =0.

t—oo f .
o {J:W_/':Ca} LOO(RL])

In particular, there is a solution with sublinear growth if and only if
my(9x)g; =0 whenw; =cq. (6.67)

Applied to H = 9; + Vi - Vy, this lemma implies that the equation (9; + v - Vy)a = g
has a solution with sublinear growth if and only if

gi =0 whenw; = v;. (6.68)

These principles can be applied to the equations (6.63) (6.64) to derive (necessary and)
sufficient conditions for the existence of solutions with sublinear growth. These conditions
give the desired equations for ap. Their form depends on the relations between the speeds
v and cq. To give an example, we consider a particular, simple case and refer to [81,90]
for more general statements.

Consider a non-dispersive system. Denote by v the common value of the propagation
speeds v for k # 0. Assume that there is one hyperplane in the characteristic variety of L,
with speed ¢ and projector 7. The principal profile ag is split into its mean value {(ag) = a,
and its oscillation a. The oscillation satisfies the polarization and propagation condition

ay = Pag, as(T,t,x,0) = ag(T,x —1v,0). (6.69)
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Moreover, the mean value satisfies

L1(3,x)ag=0 (6.70)
and
hm Sup ”C_l()(T» t’ ) - T[(Dx)c_l()(Ts tv )”LOO = 07 (671)
1200 7¢0,T]
w(Dy)ay(T, t, x) = w(Dy)ay(T, x — tc). (6.72)

The propagation equations link 7 a, and ag as follows:

Aodrag + m(dy) (P (ay + dag)) = 0, (6.73)
(07) + 3, 'S (@)l + Ro (P (Say +af))* =0, (6.74)

with § = 1 when ¢ = v and § = 0 otherwise. There is no “Schrédinger” term in the
equation for a since the eigenvalue £ - ¢ is flat.

The property (6.71) implies that a, ~ 7 (Dy)a, for large times t = T /e.

This brief discussion explains how one can find the first profile ag and correctors a1 and
ay in order to cancel out the three first terms (6.13), (6.14), (6.15). We refer to [81,90] for
more precise statements and proofs. We note that the sublinear growth of a; does not allow
one to continue the expansion and get approximations at all order. In [81] examples are
given showing that this is sharp.

6.3. Other diffractive regimes

We briefly mention several other problems, among many, which have been studied in the
diffractive regime.

The case of slowly varing phases is studied in [44,45], after the formal analysis given
in [67]. This concerns expansions of the form

u(t, x) ~ ePa(t, x, y(t,x)/e, o(t, x)/e)

or equivalent formulations that can be deduced by rescaling.

In the next section, we study multi-phase expansions in the regime of geometric optics.
This can also be done in the diffractive regime.

The case of transparent nonlinearities can be also studied, in the spirit of what is done
in the regime of geometric optics. See [73,30] for Maxwell-Bloch equations.

The Schrédinger equation is “generic” in diffractive optics. However, in many applica-
tions, there are different relevant multi-scale expansions which yield different dispersive
equations. Among them, KdV in dimension d = 1, Davey—Stewartson equations (see e.g.
[28,31]), K-P equations, (see e.g. [91]), Zakharov system (see e.g. [29]).
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7. Wave interaction and multi-phase expansions

The aim of this section is to discuss a framework which describes wave interaction. We
restrict ourselves here to the regime of geometric optics. The starting point is to consider
multi-phase asymptotic expansion

u(t,x) ~ ePul(t,x, ®(t, x)/¢e) (7.1)

where ® = (¢, ..., ¢n) and possibly u® ~ > ¢"u,. Points to discuss are: what are
the periodicity conditions in 6 for the profiles u; in which function spaces can we look
for the profiles; in which framework can we prove convergence? We start with examples
and remarks showing that the phase generation by nonlinear interaction can yield very
complicated situations, and indicating that restrictive assumptions on the set of phases are
necessary for the persistence and stability of representations like (7.1). After a short digres-
sion concerning the general question of representation of oscillations, the main outcomes
of this section are:

— under an assumption of weak coherence in the phases, there are natural equations for
the main profile which can be solved, yielding approximate solutions of the equa-
tion, that is, modulo errors which tends to zero as ¢ tends to O without any rate of
convergence.

— the stability of such approximate solutions requires stronger assumptions (in general)
called strong coherence.

— the strong coherence framework applies to physical situations and thus provides a
rigorous justification of several asymptotic representations of solutions.

The wave interaction problem is also of crucial importance in the regime of diffractive
optics. Another difficulty appears here: because the intensities are weaker, to be visible the
interaction requires longer intervals of time. We will not tackle this problem in these notes
but refer, for instance, to [44,45,81,90,7,30,31,98,124,125] among many other.

7.1. Examples of phase generation

7.1.1. Generation of harmonics  The first occurrence of nonlinear interaction of
oscillations is the creation of harmonics. Consider the elementary example

dut + cdeu® = W), uf_y=a(x)cos(x/e).
For 0 <t < |lal||z~, the solution is u® (¢, y) = u(t, x, (x — ct)/¢e) with

__aWeost NN g o "
u(t, x,0) = T —r —nz::lt a(x)"(cos(0))".

Thus the solution is a periodic function of the phase & = (x —ct) /e, where all the harmon-
ics nf are present, while the initial data has only the harmonics 1 and —1.
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7.1.2. Resonance and phase matching; weak vs. strong coherence  Given wave pack-
ets with phases ¢ and g7, nonlinearities introduce terms with phases vi¢; + v2¢;. These
oscillations can be propagated: this is resonance or phase matching. To illustrate these
phenomena, consider the system

diu + crouy =0,
iUy + cp0ur =0, (7.2)
0rU3 = Uuy,
with initial data
uj(0,x) =a;(x)eVi’t,  je{l,2,3).
We assume that 0 # ¢1 # ¢ # 0. Then for j € {1, 2},
ujzaj(x—cjt)ei‘/’-f/g, @jt,x) =Y —cjt)
and
w3 (t, x) = az(x)e'3
+ /Ot a1 (x — c18)ax(x — cps)el @16 FR0)/e 4o (7.3)

The behavior of u5 depends on the existence of critical points for the phase ¢ + ¢.

e Resonance or phase matching occurs when ¢ + ¢ is characteristic for the third field o;,
that is when

9 (p1+ ¢2) = 0. (7.4)

In this case,
. . t
us(t, x) = az(x)e'3@® + e‘(‘/’l(x)ﬂh(x))/e/ ai(x —c18)ar(x — c28) ds,
0

showing that the oscillations of #; and u» interact constructively and bring a contribution
of order 1 to us.

o Weak coherence. If
0 (o1 + ¢2) #0 almost everywhere (7.5)
then the integral in (7.3) tends to O as ¢ tends to 0. It is a corrector with respect to the prin-

cipal term agei‘/’3/ €. The oscillations of «# and u, do not interact constructively to modify
the principal term of u3. Note that there is no general estimate of the size of the corrector:
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it is O(/e) if the phase has only non-degenerate critical points, it is O(¢!/?) when there
are degenerate critical points of finite order.

e Strong coherence. Suppose that
9, (p1 + ¢2) #0 everywhere. (7.6)

In this case, and in this case only, one can perform direct integration by parts of the integral
and the corrector is O(¢). Indeed, if the coefficients a are smooth, repeated integration by
parts yields a complete asymptotic expansion in powers of ¢.

CONCLUSION 7.1. Complete asymptotic expansion in powers of € can exist only if all the
phases in play are either resonant or strongly coherent. Otherwise, the convergence to zero
of correctors can be arbitrarily slow.

REMARK 7.2. Resonance is a rare phenomenon. In the example, the phases ¢; and ¢,
satisfy

(0 + c19x)¢1 =0, (0r + 20x)92 = 0, 0 (¢1 +¢2) =0.
Thus

0= (3 + c20x)0: (91 + ¢2) = 8 (3 + c20x)1 = c1(c1 — )Yy (y — c1t),
implying that y{" = 0. Thus | must be a plane phase and ¢; = a1 (x —c17)+ B and, simi-
larly, 92 = a2 (x —cat) + B2. The resonance occurs if and only if a1 ¢ +a2c2 = 0, showing

that not only must the phases be planar but also the coefficients must be suitably chosen.

7.1.3. Strong coherence and small divisors ~ Consider initial data for (7.2) which are pe-
riodic in y/¢e. Thus, for j =1, 2:

u;j(0,x) = Zaj,n(x)ei”"/e, uj(t,x) = (Z ajn(x — cjt)> elnei/e
n n

with ¢; = x — ¢;t. Suppose that u3(0, x) = 0. Then u3 is the sum of integrals

t
Inn = </ a1 (X — c18)ann (x — cas)enertneas/e ds) glmtmx/e
0

Resonances occur when (m, n) € Z? are such that
mcy +ncy = 0. (1.7)

This shows that the presence of resonances also depends on arithmetical conditions. For
instance, if ¢{ /¢y € Q, there will be no resonant interaction.

Since 9, (m@1 +ng7) is a constant, the phases mg; + ng; are either resonant or strongly
coherent, yielding integrals which are either O (1) or O (e). More precisely, in the nonres-
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onant case

o(1)

Iypn=6—.
i mcy + ncy

However, the convergence of the series Y _ I, , depends on the smallness of the denomina-
tors mcy + ncs.

CONCLUSION 7.3. Interaction phenomena also depend on the arithmetic properties of
the spectrum of the oscillations. Moreover, the behavior of correctors may also involve
problems of small divisors.

7.1.4. Periodic initial data may lead to almost periodic solutions — Consider the following
dispersive system

1
oru1 + oxup + —up =0,
€ (7.8)

1
atuz - 8xu2 — —ulp = 0.
&

The phenomenon which we describe below also occurs for non-dispersive system, but in
dimension d > 2. Consider initial data with a planar phase

uj(0,x) =Y aj /e, (7.9)

The solution reads

ury _ i i(ny+ont)/e n+on\ iy—wqn/e
()= () o

with w, = ~/n? + 1. This solution is periodic in y/s. However, the set {w,},c7 of time
frequencies is not contained in a finitely generated Z-module. The solution is not periodic
in time, it is only almost periodic.

CONCLUSION 7.4. Even for periodic initial data, the solution cannot always be written
in the form (7.1) u(x, ®(x)/e) with a finite number of phases ®1, ..., ®, and periodic
profiles u(x, 0). The introduction of almost periodic functions can be compulsory.

7.1.5. A single initial phase can generate a space of phases of infinite dimension over R
Consider (7.8) with initial data

uj0,x) = Y ajae. (7.11)
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We have simply replaced the planar phases nx by the curved phases v, (x) = nx?/2. The
outgoing phases are the solutions of the eikonal equation

o =£/1+ @yo)2  9F0, ) = Yu(y).

All the phases (p,ﬁE are defined and smooth on Q = {(¢, x); x > |¢|, |t| < 1}. One can check
that the phases ¢, are independent, not only over Q, but also over R.

CONCLUSION 7.5. A one dimensional vector space of initial phases can generate a space
of phases of infinite dimension over R. In this case, any description (7.1) must include an
infinite number of phases, whatever the properties imposed on the spectrum of the profiles.

7.1.6. Multidimensional effects ~We have already discussed the effects of focusing in
Section 5.4: the linear amplification can be augmented by a nonlinear term and produce
blow up. We briefly discuss below two other examples taken from [76].

A more dramatic multidimensional effect is instantaneous blow up, which may occur
when the initial phase ¢ has a stationary point. This is illustrated in the following example.
Consider in dimension d = 3

Ty 12
07 — A =0,u,_g =0, duf,_g = h(lx[>)e™/*, 7.12)
0iv° = |97 |v° I, vi_o = vo(x).

Then
WEE,0) = th(De /s uf = 2ie~ " h(t)e /s + O(1).

Therefore, if 7(0) = 1, |3,u®| > ¢~ '#2 in an interval [0, Tp] and if vy(0) = 1,

1
t,0) > ————.
00 = T

This proves that the maximal time of existence of bounded solutions is 7T(¢) < 8%, and
there is no uniform domain of existence of solutions.

When combined with phase interaction, the focusing effects can come from linear com-
binations of the phases, before the initial phase focus. More precisely, the initial data can
launch regular phases ¢;; nonlinear interaction creates new phases ¥ = ) n;¢;, and one
among them may have a critical point at ¢t = 0, producing instantaneous explosion. This
phenomenon is called hidden focusing in [76] and is illustrated by the following example

(% — Apu® =0, uf_y =0, dyuf,_o = eM/*,
(07 — AV +adiv® =0, vfi_y = e/, duf_o = b0, x)e"/*,
(0 = 3A0)w = f5, uf_g =0, duf,_o = e™/F,

2 2
02" = |8x1w8| 12517, Uf,:o =0,
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with

1o = (0,0 + 0, 1%)° (Byu® — %) (0%

1
(b(t.x))?

The phases in play are ¢; = x — ¢, 2 = x + ¢ and the solutions ¢3 and ¢4 of the eikonal
equation for 3> — c A, with initial value x1. If ¢(0, 0) = 2, ¢3 = x + 2t + 0(¢> + |¢x|) and
@4 = x — 2t +0(t> + |tx]). In particular, the phase ¢ = —2¢, + @1 + 293 = O (t> + |tx]),
which is revealed by the interaction f¢, has a critical point at the origin, producing blow
up in the fourth equation as in the previous example:

PROPOSITION 7.6 ([76]). One can choose the functions a(t, x), b(t, x) and c(t, x) such
that ¢(0, 0) = 2 and the maximal time of existence of bounded solutions is T (¢) < 8%.

7.2. Description of oscillations

In this section we deviate slightly from the central objective of nonlinear optics, and evoke
the more general question of how one can model oscillations.

7.2.1. Group of phases, group of frequencies In the representation (7.1), ® is thought
of as a vector-valued function of (#, x), for instance ® = (¢, ..., ¢n), and the phases are
linear combinations ¢ = )« ;¢; = « - ®; the important property of the set of « is that it
must be an additive group, to account for wave interaction. As explained in the examples
above, this group is not necessarily finitely generated, for instance in the case of almost
periodic oscillations. This leads to the following framework:

ASSUMPTION 7.7. A is an Abelian group (called the group of frequencies) and we have
an injective homomorphism from A to C*®($2; R) where € is an open set in R!7¢. We
denote itby o« > « - .

The set F = A - ® is an additive subgroup of C*(2; R) (the group of phases) assumed
to contain no nonzero constant function.

We also assume that for all ¢ € F \ {0}, dp # 0 a.e.in Q.

We denote by « - ®(t, x) the value at (¢, x) of the phase o - &, and by « - d_CD(t, X)
its differential. The notation « +— « - @ for the homomo_rphism from A > C*®(2; R) is
chosen to mimic the case where A C R™ and ® € C®(Q; R™).

EXAMPLES 7.8. (a) When F is finitely generated, one can choose a basis over Z and
we are reduced to the case where A = Z?.

(b) Another interesting case occurs when the R-vector space generated by F, called ]-'
is of finite dimension m over R. Then one can choose a finite basis (Y of F and
denote by -W the mapping § - ¥ = Z]<l<m Bey* from R™ to F. Then, we have a
group homomorphism M : A — R™ such that

a-®=(Ma)- V. (7.13)
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7.2.2. The fast variables  The question is to know what is the correct space ® for the
fast variables 6 in the profiles u(z, x, 0). In the periodic case, ©® is a torus T™, the set of
frequencies is Z™, and the link is clear in Fourier expansions: the substitution § = ®/e,

el?? > gle®/e (7.14)

transforms the exponential into the desired oscillation. This approach extends to general
Abelian group, using the corresponding Fourier analysis. We refer for instance to [126,63]
for a detailed presentation of Fourier analysis on groups.

The group A is equipped with the discrete topology. Its characters are the homomor-
phisms from A to the unit circle § I = C, and the set of characters is another Abelian
group, denoted by ®, which is compact when equipped with point-wise convergence. The
duality theorem of Pontryagin—Van Kampen asserts that the group of characters of ® is A.
We denote this duality by

(@.0) e AxO > e40) €S (7.15)

This extends to the general setting, the functions e for the duality o € Z™, 0 € T™.

One advantage of working on a compact group ® is that there is a nice L> Fourier the-
ory. Equipped with the Haar probability d@, the {e,, @ € A} form an orthonormal basis of
L?*(®) and any u € L?(©) has the Fourier series decomposition

u@) = Zﬁ(a)ea(Q), a(e) = / u(f)ey(0) do.
A (S}

The spectrum of u is the support of @ in A.

7.2.3. Profiles and oscillations  Profiles are functions u(z, x, 8) on Q x ®. The simplest
examples are trigonometric polynomials, that is finite linear combinations of the characters
eq (0) with coefficients G, € C®(R).

We now present the intrinsic definition of the substitution ® /¢ in place of 6 in profiles.
For all (r,x) € Q and ¢ > 0 the mapping a > e* @/ s a character on A, and
therefore defines p®(¢, x) € © such that

eia-CD(t,x)/s =e, (pg(l‘, x)) (716)
Foru € CY(Q x ©®) one can define the family of oscillating functions:
P, x) = u(t, x, p°(t, x)). (7.17)

This coincides with the expected definition for trigonometric polynomials u = ) 04eq,
since then

PPt x) =) lig(r, x) el PD/E,
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7.2.4. Profiles in LP and associated oscillating families  The definition of the substitu-
tion can be extended to profiles u € L?, p < 400, not for a fixed ¢, but in an asymptotic
way. The result is a class of bounded families in L?, modulo families which converge
strongly to 0. The key observation is the following:

PROPOSITION 7.9. Foru e C8(§ X ®)and 1 < p < +o00, there holds

lullLr@xe) = lim [p®W)||Lr(q)-
e—0

PROOF. v=|ul|? € C8(§ X ©) and it is sufficient to prove that

/ v(t,x,0)drdxdd = lim/ p®(v)(z, x) dedx.
Qx0 e—0Jq

By density one can assume that v is a trigonometric polynomial. In this case

/pg(u)(t,x)dtdxzf Zﬁ(t,x,a)ei“'q)(”x)/s dedx
Q Q

e—0

— ﬁ(t,x,O)dtdx:/ u(t, x, 0) drdxdé
Q QxO

where the convergence follows from Lebesgue’s lemma and the assumption that d (« - ®) #
0,a.e.ifa #£0. O

DEFINITION 7.10. Let £ () denote the space of families (x°) which are bounded in
L?($2). Two families (u°) and (v®) are equivalent if (#® — v®) tends to 0 in L?(2). This is
denoted by (u®) ~ (v®).

Consider the following semi-norm on LZ (Q):

@ p = limsup [[u” || Lr (). (7.18)
0

E—>

The set N of families (#°) such that |(@®)]l, = 0 is the subspace of families (u*) ~ 0
which converge strongly to zero in L”(£2). The quotient space L£Z/NY is a space of
bounded families in L” modulo families which converge strongly to 0. With the norm
(7.18) it is a Banach space.

Foru € Cg (Q x ©) the family (u®) = (p®(u)) is bounded in L? (). Seen in the quo-
tient space LY, Proposition 7.9 implies that p® defined on Cg (Q x ©) is an isometry for
the norms of L” (22 x ©) and L (). Thus by density, p extends as an isometry p® from
LP(Q x ®)into LY.

DEFINITION 7.11 (F-oscillating families in LP). Lf]_- denotes the image of L? (2 x ®)
by p°. A family (x°) in £Z is called F-oscillating, if its image in the quotient LY belongs
to Lf - The space of such families is denoted bu Ef FC Lr.
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Because p° is an isometry, for (uf) € Ef}-, there is a unique u € LP (2 x ®) such that

(u®) € p°(u). This u is called the profile of the oscillating family (u®) and we can think of
it as

u(t, x) ~u(t, x, p°(t, x))

where the ~ is taken in the sense that the difference converges to 0 in L?, the substitution
is exact if u is continuous, and taken in the extended sense if u € L?.

7.2.5. Multi-scale weak convergence, weak profiles

PROPOSITION 7.12. If A is countable, then for all (u®) € L), 1 < p < 409, there is
a sequence ¢, — 0 and alsou € LP(Q2x ©), such that for all trigonometric polynomials a:

/ug”(t,x)pg”(a)(t,x)dtdx—> u(t,x,0)a(, x,0)dedxdd. (7.19)
Q a@a—>0 Joxe

This u is called the weak profile with respect to the group of phases F of the family (u®).
In other contexts it is also called the two-scale weak limit.

If u®) € Lff is JF oscillating with profile u, then u is also the weak profile of the
family and no extraction of subsequence is necessary.

We do not investigate these notions further. They have been used in the context of geo-
metric optics in [79,80], see also Section 7.6.4 below. They are also useful in other situa-
tions such as homogeneisation.

7.3. Formal multi-phases expansions

The goal of this section is to show that the formal analysis of Section 5.2 can be carried out
in the more general setting of multi-phase expansions. We consider the weakly nonlinear
framework, that is equations of the form

4 1
Aola, ew)dju + Y Aja, eu)dyu +
j=1

—E(a)u = F(u) (7.20)
e

where the coefficient a = a(t, x) is smooth and given. The matrices A; and E are as-
sumed to be smooth functions of their arguments. Moreover, the A; are self-adjoint with

Ay positive definite and E is skew-adjoint. The source term F' is a smooth function of its
arguments.

7.3.1. Phases and profiles. Weak coherence  Following the general principles, we con-
sider a group of phases F and also introduce the vector space F they span. The character-
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istic phases play a prominent role. We use the notations

{Aj(a) =A;(a,0), (7.21)

L(a.d) = Ao(@)d + Y Aj(@)dy; + E(a) = L(a. ) + E(a).

ASSUMPTION 7.13 (Weak coherence). We are given an additive subgroup F of
C*°(22; R) such that the vector space F generated by F is finite dimensional over R. We
assume that

@i) for all p € F , either det L(a(t, x), idg(t, x)) vanishes everywhere on Q and the
dimension ker L(a(t, x), ide(t, x)) is independent of (¢, x), or the determinant
det L(a(t, x),ide(t, x)) is different from zero almost everywhere.

(i) forall ¢ € F \ {0}, do(t, x) # O for almost all (¢, x) € 2.

This condition is called weak coherence. The condition (i) means that either ¢ is a char-
acteristic phase of constant multiplicity in the sense of Definitions 5.3, or it is characteristic
almost nowhere. For the model (7.2), and F generated by the phases ¢; and ¢2, weak co-
herence occurs when «d;¢1 + a20;¢2 # 0 almost everywhere when (a1, «2) # (0, 0). We
also refer to Section 7.6.1 for generic examples in dimension d = 1.

In dimension d > 1, an example (which is indeed strongly coherent as explained below)
is the case where @ = a is constant and F is a group of planar phases {Bof + > B;x;, B €
A C Rty

Taking a basis (Y1, ..., ¥p) for F, then any phase ¢ € Fis represented as ¢ =
B-W =3 B;y; with B € R™. The subgroup F corresponds to frequencies § in a sub-
group A C R™. There are three possibilities:

e The group F (or A) is finitely generated of rank p = m. Then one can choose a basis of
over Z which is also a basis of F over R. Then the oscillations are naturally represented as

u®(t,x) =u(t, x, ¥(t, x)/e), (7.22)
with u(¢, x, 8) 27 periodic in (0y,...,6,). The space for the variables 6 is T" =
R/2xZ)™.

e The group F is finitely generated of rank p > m. Then one can choose a basis
(@1,...,¢p) of Fsuch that F = {a - ® = ) «aj@;;a € ZP}. Writing the ¢; in the
base (Y1, ..., ¥,) yields am x p matrix M as in (7.13), such that

A= MZP, O, x) ="MU(t,x). (7.23)
The oscillations can be represented in two forms:

u®(t,x) =u(t, x, ¥, x)/e), (7.24)
(1, x) = V{1, x, (1, x)/¢), (7.25)
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with u(t, x, Y) quasi-periodic in Y with its spectrum contained in A, or with v(z, x, 6)
periodic in (61, ..., 0)p). In accordance with (7.23), the link between u and v is that

u(t,x,Y) = v(t, x,' MY). (7.26)

Identifying periodic functions with functions on the torus, the variables € can be seen as
living in ® = TP.

e The group F is not finitely generated. Then the representation (7.22) involve profiles
u(t, x, Y) which are almost periodic in Y € R™. Recall that the space of almost periodic
functions of Y, with values in a Banach space B, is the closure in L°°(R™; B) of the set of
finite sums »_ elPY bg, with B € R™ and bg € B, called trigonometric polynomials.

The analogue of (7.25) involves a Bohr compactification of R™ (see e.g. [63,126]). The
dual group of the discrete group, A, is a compact group ® (see Section 7.2.2). There is
a natural mapping 7 : R” +— @ defined as follows. A point ¥ € R™ is mapped to the
character o > ¢'®Y . In the quasi-periodic case, 7 = @ oM, where w is the natural map
from R? to T?. The link between almost periodic profiles with spectra contained in A and
functions on the group ® is that

u(t,x,Y)=v(t,x,nY). (7.27)

Similarly, the mapping p® in (7.16) is p® = w(¥/e). In this setting, the oscillations can be
written

ub(t,x) =v(t,x, m(®(, x)/¢)), (7.28)
with v(¢, x, 0) defined on Q x ©.

7.3.2. Phases and profiles for the Cauchy problem  We make the elementary but impor-
tant remark that giving initial oscillating data for the solution u® is not the same as giving
initial data for the profile u, since taking t = 0 in (7.22) yields:

u?(0, x) = u(0, x, (0, x)/e). (7.29)
Given initial oscillations
u®(0,x) = h®(x) ~ h(x, Wp(x)/e) (7.30)

we have to make the links between ¥y and W and between u and h which do not depend
on the same set of fast variables. The situation is that we have a group F for the phases in
2 and a group Fy of initial phases. Clearly, the first relation is that Fo = {¢,—0; ¢ € F}.
But this is not sufficient: we also want to show that for all g € Fy the solutions of the
eikonal equation with initial value ¢g belong to F. This is a very strong assumption indeed.
It is satisfied for instance in the framework of planar phases and also in other interesting
circumstances. The conditions can be summarized in the following assumption:
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ASSUMPTION 7.14 (Weak coherence for the Cauchy problem). Let F = A -V C Fc
C>®(Q; R) satisfy Assumption 7.13. We denote by C, the set of frequencies & € A such
thatdet L(a, ida - W) = 0. When o & Cp let P, = 0 and when o € Cp let P, (t, x) denote
the spectral projector of

d
Ay @ (Z iy, (o - W)Aj(a) + E(a))

=1

associated with the eigenvalue —i9, (« - V).

Withw = QN {r =0} let Fy € Fy C C*® () be the group and vector space of the
restrictions to 1 = 0 of the phases ¢ in F and F, respectively. We assume that for all
@o € Fo, deo # 0 almost every where on w.

Fo is finite dimensional, of dimension my < m; choosing a basis, defines ¥y €
C®°(w; R™0) and a group Ag C R™0 such that Fy = Ag - V.

The mapping ¢ +— ¢;—o induces a surjective group homomorphism from A to Ay,
called p, such that

a- Y=o = (p(a)) - Yo. (7.31)
We assume that

Yoo € Ag, Vxecm: > Pu0.x)=1d. (7.32)

aep!(ap)

Note that the sum in (7.32) has at most N terms different from zero, since different «’s
in ,o_1 (atg) correspond to different eigenvalues of Ay ! (Z iaxj (ap - WA + E) That the
sum is equal to the identity means that all the eigenvalues are present in the sum and thus
correspond to a characteristic phase o - ¥ € F with initial value ap - Wp.

LEMMA 7.15. For a trigonometric polynomial h(x, Yp) = Zﬁao (x)ei“O'YO, define

u(0.x,¥) =Y Po(0, )y (x)e Y. (7.33)
Then
u(0, x, W(0, x)/¢) = h(x, Wy(x)/e). (7.34)

We note that (7.33) also defines a trigonometric polynomial, since there are finitely
many « such that P, # 0 and p(«) belongs to the spectrum of h. The identity (7.34) is an
immediate consequence of (7.31) and (7.32).

This lemma, when extended to more general classes of profiles, will provide the initial
data for u, when the profile h of the initial data is known.

7.3.3. Formal BKW expansions Given a basis (¥, ..., ¥,) of F , we look for solutions

ut ~ Zs”un (t,x, W(t, x)/€) (7.35)

n>0
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with profiles u, (¢, x, Y) which are periodic/quasi-periodic/almost periodic in ¥ € R™.
They have Fourier expansions

W (6, Y) = Y Byt x)

aEA

and for the moment we leave aside the question of convergence of the Fourier series.

As in Section 5.2, one obtains a sequence of equations
L(a, dy)ug =0 (7.36)

and forn > 0

L(a, oy )41 + Li(a, up, at,x,Y)un = Fy(ug,...,u,) =F, (7.37)
where
m
La,dy) =) Li(a,dy;)dy, + E(a) (7.38)
j=1
m ~
Li(a,v,dxy) =Li(a. d)+ Y _v-VyLi(a,0,dy;)dy,. (7.39)
j=1

Here Zl(a, v, T, &) denotes the complete symbol tAg(a, v) + ZéjAj(a, v). Moreover,
Fo = F(up) and forn > 0, F, = F’(up)u,+ terms which depend only on (uy, ..., u,_1).

The equations are analyzed in (formal) Fourier series. In particular,
L(a,dy)er =e“YLa,id(a V), aeA.

By Assumption 7.26:

(1) either the phase « - W is characteristic of constant multiplicity and we can introduce
smooth projectors Py (¢, x) and Q,(t, x) on the kernel and the image of L(a(¢, x), id(« -
W)(t, x)), respectively, and the partial inverse Ry, such that R,(Id — Q) =0, Py R, =0,
RyL(a,d(a - V)) =0.

(2) or the phase o - W is almost nowhere characteristic, and we define
Py =0, Qq =1d, Ry = (L(a(t, x), id(a - W)(1,x)) " (7.40)

They define operators P, Q and R, acting on Fourier series (at least on formal Fourier
series). The Eq. (7.36) reads

uy = Puy & Ve, lg o € ker L(a, id(a - V). (7.41)
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The Eq. (7.37) is projected by Q and Id — Q; the first part gives

dd = Pyuyi1 = R(F, — Li(a, 9;,x,y)un) (7.42)
and the second gives the equation

Id — Q)(Li(a,ug, d,x,y)u, —Fy) =0. (7.43)
In particular, the equation for the principal profile is

dd — Q) Li(a, g, 9,x,y)Pug = (Id — Q) F (up). (7.44)

Knowing ug, (7.42) with n = 0 determines (Id — P)uy; injecting in (7.43) for n = 1 gives
an equation for Puy, and so on, by induction.

This is the general scheme at the formal level. To make it rigorous, we have to define
the operators P, Q and R in function spaces and solve the profile equations.

7.3.4. Determination of the main profiles It is important that Eq. (7.44) depends only
on the definition of the projectors P and O, and not on the partial inverse R. To fix
the idea, we assume from now on that the projectors P, (¢, x) are the projectors on
ker L(a(t, x), i) which are orthogonal for the scalar product induced by Ag(a(t, x)),
and that O, = Ao(Id — P)Aa1 ={d - P)).

By the symmetry assumption for L, the projectors P, and Q, are uniformly bounded in
a. Moreover, smoothess in x for fixed o follows from the constant multiplicity assumption.
However, when studying the convergence properties of the Fourier series defining P and
Q, we need a little bit more:

ASSUMPTION 7.16 (Uniform coherence). The projecto_rs P, and Q, are bounded, as well
as their derivatives, uniformly with respectto (f,x) € Q and o € A.

EXAMPLE 7.17. This condition is trivially satisfied if a(z, x) = a is constant, since then
the projectors are bounded and independent of (¢, x). As in Proposition 4.18, it also holds
if the symbol L(a(t, x), ) is symmetric hyperbolic in a direction 1 with constant multi-
plicities in (¢, x, n) for n # 0. B

Several frameworks can be considered:

(H1) The group F is finitely generated of rank p > m.
In this case, instead of the quasi-periodic representation (7.22) one uses the periodic one
(7.25). With obvious modifications, the equation reads

Id — Q) Li(a, g, 3 x,0)Pug = (Id — Q)F (up). (7.45)

The profiles are sought in Sobolev spaces H* (2 x T?). One key argument for the conver-
gence of Fourier series is Plancherel’s theorem: for u(x, 6) = Y 1, (x)e'®? the following
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expression holds
0 s ey & D Ml oy + I a7, - (7.46)
o

The profile equation inherits symmetry from the original equation and can be solved by an
iterative scheme, in the spirit of the general theory of symmetric hyperbolic systems (see
Theorem 3.2).

(H2) The equation is semi-linear and the nonlinearity F is real analytic.
In this case, one can use Wiener’s algebra of almost periodic functions

A = lu(x,Y) = Zﬁa(x)eiay; Z [ | s < oo} :
o

The profile equation on Fourier series reads

(Id — Qu)L1(a, 3 ) Palige = (Id — Qu)Foa. o € A. (1.47)

For each o, (Id — Qqy)L1(a, 9; x) Py is a hyperbolic system (Lemma 5.7). Assuming Fy
given, or given by an iterative process, the coefficients fig , can be determined from their
initial values. Because the projectors are uniformly bounded the equations (7.47) can be
uniformly solved. Next, we note that because F is real analytic, it maps the space E° into
itself if s > 4.

To simplify the exposition we use the following notations and terminology:

NOTATIONS 7.18. Qis a truncated cone {(t,x) : 0 <t < T At +|x| < R}withT < Ty
and Ay will be chosen large enough so that Q2 will be contained in the domain of determi-
nacy of w = {x : |x| < R} whenever this is necessary (see the discussion in Section 3.6).

Recall also from this section, u defined on 2 is said to be continuous in time with values
in L? if its extension by 0 outside 2 belongs to co([0, Tol; Lz(Rd));for s € N, we say that
u is continuous with values in H® if the derivatives 0%u for |o| < s are continuous in time
with values in L%. We denote these spaces by COH* (Q).

There are analogous definitions and notations for functions defined on Q x TP or
Q x R™,

THEOREM 7.19 (Existence of the principal profile under the uniform weak coherence as-
sumption). Suppose that Assumptions 7.13, 7.16 and (HI) [resp. (H2)] are satisfied. For
all initial data Pug;—o given in H*(w x TP) with s > d# + 1 [resp. E¥ (w) with s > %],
there exists T > 0 such that the profile equations (7.41) (7.44) have a unique solution
u € COHS (QN{t < TY) x TP) [resp. COAS(QN{t < T)]

For details, we refer the reader to [74,75].
7.3.5. Main profiles for the Cauchy problem  The previous theorem solves the profile

equations knowing the value of ug at time + = 0. When considering the Cauchy problem
with oscillating data (7.30), one has to lift the initial profile h to an initial condition for uy.
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We consider the framework of Assumption 7.14 with a group of phases 7 = A - W
and Fyp = Ag - Wp. We choose a left inverse ¢ from Fo to F of the restriction map
P 1@ = @)=, SO that

F=tFooF, Fi =kerp. (7.48)

We can choose accordingly a basis in .%0 and a basis in fo, defining, accordingly, functions
Yy € C®(w; R™) and ¥y € C*°(L; R™!). The former is lifted in £Wy € C*(Q; R™),
so that the functions in F can be represented as o - €Wy + a1 - Wq, with ag € R™0 and
a1 € R™ . The group F C F can be written in this decomposition showing that one can
assume that

A C Ap x Aq, A CR™ (7.49)

and that for o = (o, 1) € A
a-V=ay ¥ +a- V. (7.50)
The Lemma 7.15 gives the natural lifting h — wg;—¢ for trigonometric polynomials.

To extend it to spaces of profiles, we need some assumptions to ensure the convergence of
Fourier series.

ASSUMPTION 7.20. With the notations of Assumption 7.14 we suppose that A is finitely
generated.

Choosing a Z-basis in Fy, we determine a matrix M such that Ag = MoZ?°. Let g =
" M. We represent the initial oscillations with profiles h(x, 8), which are periodic in 6y:

h(r.00) = Y e () e H (0 x T). (7.51)

ageZPo
In accordance with (7.50) we define for ag € ZP° and a; € A
(ag, 1) - D@ =g - LDy + a1 - ¥y, (Mag) - £V + a1 - Yy (7.52)
and accordingly we look for profiles u which are functions of (¢, x) € 2, 6y € TP and

Y e R,
For fixed ¢, the profiles u we will consider will live in spaces

E* = CY),(R™; H* (w x T™)) (7.53)

of almost periodic functions of Y| valued in H*(w x T??). This space is the closure in
L®@R™ : H*(w x TP0)) of the space of trigonometric polynomials, that is finite sums

V(x. 00. Y1) = Y Vo, (x, Bp)e ™ 11 (7.54)

o]
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with coefficients Val € H’(wxTP0). Each coefficient can be in its turn expanded in Fourier
series in 6.

Following the notations of Assumptions 7.14 and 7.20, we denote by Ca the set of
(g, 1) € ZP0 x Ay such that (Moo, «1) belongs to A and the corresponding phase
(ap, arp)- @ is characteristic. With little risk of confusion, we denote by P(yy,¢,) and Q («g,a/)
the associated projectors. For (g, @1) & Ca, we set Pigg.q) = 0 and Q(gg.ap) = Id.

The projectors P and Q are obviously defined on trigonometric polynomials,

Z?ozo aj (x)ei(ao-f)o-i-ale).

LEMMA 7.21. The projector P extends as a bounded projector in .

PROOF. For a trigonometric polynomial with coefficients vy, «,, let w = Pv and define
Vao (8. Y1) = Y Vg (1)1 71,
a

~ iar-Y ~ iar-Y
Wao (x, Y1) = § :Wao.al(x)elal t= E Plag,a1) Vag,a; (X)L
o] (23]

Because the number of « such that (xg, @) € ¢ A 1s at most N and the projectors are
bounded, the following holds

|Weo v YDP < NC ™ Fagor 0]
o3}

1
= NC lim / Vi (x, )| Y.
R—oo 2R)™ Ji_g R™

Thus, by Fatou’s lemma,

2 .
Iw(-, - Yl)“Lz(a)prO) <NC lim W

R—o0

x Iw(-, -, V)12, dy
/[—R,R]’"l L% (wxTP0)

<NC sup [IWC, - V)7

YeR™ @xTro) *

This proves that P is bounded on trigonometric polynomials for the norm of E°. The
lemma follows by density. d

Using Assumption 7.16, one can repeat the proof for derivatives and P acts from E*
to E°. There is a similar proof for the action of Id — Q and thus for Q. Finally, for
h € H(w x TPY), one can construct

h(x, 00, Y1) = Y Pag.apha (x)e'® T 1) ¢ B (7.55)

Q.o
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using again the fact that for each o there are at most N non-vanishing terms in the sum.
Therefore:

PROPOSITION 7.22. Under Assumptions 7.14, 7.16 and 7.20, the projectors P and Q
are well defined in the spaces E° for all s > 0. In addition, the lifting operator (7.55) is
bounded from H* (w x TP0) into E* and (Id — P)L = 0.

Using the Notations 7.18, we can repeat
THEOREM 7.23 (Existence of the principal profile for the Cauchy problem under the uni-

Sform weak coherence assumption). Suppose that Assumptions 7.14, 7.16 and 7.20 are
satisfied. For all datah € H*(w x TP0) with s > d% + 1, there exists T > 0 such that the

profile equations (7.41) (7.44) have a unique solution uy € COE* (2 N {t < T}) satisfying

up (0, x, 6y, Y1) = £h. (7.56)

This is proved in [76] when A; = R, but the proof extends immediately to the gen-
eral case considered here. It is based on the symmetry property inherited by the profile
equation, and the fact that the projectors act in the proper spaces.

7.3.6. Approximate solutions at order o(1) in L?  When ug is known, to solve the equa-
tion with an error O (¢), it would be sufficient to determine u; such that

L(a, dy)u; = Q (Fo — Li(a, 3,x,y)Uo) , (1.57)

that is, formally,
Id —=Pu; =R (Fo — Li(a, 8[,x,y)uo) . (7.58)

Obviously, the principal difficulty is to show that R is a bounded operator on suitable
spaces of profiles. The weak coherence Assumption 7.13 permits phases « - W such that
the determinant det L(a, ida - W) vanishes on a set of measure 0. In this case the inverse
Ry = (L(a, ida - ))~! is defined almost everywhere but is certainly not bounded. How-
ever, this is sufficient to obtain approximate solutions in spaces of low regularity. To give
an idea of a possible result consider the Cauchy problem for (7.20) in the framework of
Theorem 7.23.

THEOREM 7.24. Under the assumptions of Theorem 7.23 suppose thath € H*(w x TP0)
is given and ug € CES(Q) is a solution of the main profile equation with initial data
(7.56). Then, there is a family of functions u® € COL?(Q) such that

u®(0,x) —h(x, ®o(x)/e) = 0 in L*(w),
u(t, x) —ug(t, x, ®(t,x)/e) > 0 in COL*(Q)

and

d
1
Ao(a, eu )’ + Y eAj(a, su®)ogu + EE(a)ug =FW®) + f¢ (7.59)
=1
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with ¢ — 0in L%(Q).

SCHEME OF THE PROOF. Step I. The profile fy := Fo — L1(a, 9;.x,y)up is known and
can be approximated by trigonometric polynomials: for all § > 0, there is a finite sum
£, = > e“¥f, such that ||fy — f'|| < §, in the space of profiles.

Step 2. One can modify the Fourier coefficients fa, and assume that they are smooth and
vanish near the negligible set where det L(a, do - W) vanishes. One can then ensure that

| (o = £) (-, D) /0)| 20y < 25 (7.60)
()

Step 3. The conditions on fa allow one to define Raf'a and therefore an approximate first
corrector uj which is a smooth trigonometric polynomial.
Consider u®(t, x) = (ug + eu/l)(t, x, ®(t, x)/e). It satisfies

|u®(t, x) —ug(t, x, ®(t, x)/e)| < eK(8)

and satisfies the equation up to an error e®(¢, x) which is (fy — £)(¢, x, ¥ (¢, x) /&) plus
terms factored by ¢ and involving u; and ug. Thus

le°]|,2 <26+ eK(6).
Choosing 6 = () — O sufficiently slowly, so that e K (§) — 0 proves the theorem.  [J

REMARK 7.25. Because we truncate the Fourier coefficients in Step 2, estimates of the
error f¢in L? (orin L but with p < 00) is the best that one can expect with this method.

7.3.7. Strong coherence The difficulty caused by the phases such that det L(a, idg) van-
ishes on a small set, is not only a technical difficulty met in the definition of the corrector
uy, but the examples of Section 7.1.6 show that this problem can have severe consequences.
To avoid them, the following condition is natural:

ASSUMPTION 7.26 (Strong coherence). We are given an additive subgroup F of
C*°(£2; R) such that the vector space F generated by F is finite dimensional over R. We
assume that

(1) forallp € E the dimension of the kernel of det L (a(z, x), id(t, x)) is independent
of (1, x) € €, .
(i) forall ¢ € F\ {0}, do(t, x) # 0 forall (¢, x) € Q.

EXAMPLE 7.27. An important example is the case where a = g is constant and F is a
group of planar phases {Bor + ) Bjx;j,f € A C R!*+4}. We refer to [74,76] for other
examples and a detailed discussion of this assumption. We just mention here the case of
phases generated by {|x| &7, ¢} in the case of the wave equation, or Maxwell equations, or
more generally in the case of spherically invariant systems.

In particular, (i) implies that each phase ¢ € F is either characteristic everywhere or
nowhere characteristic. This assumption implies that all the partial inverses R, are well de-
fined everywhere on 2. Therefore Step 2 in the proof of Theorem 7.24 can be eliminated.
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REMARK 7.28. When the strong coherence assumption is satisfied, the approximation re-
sults in Theorem 7.24 can be improved, so that the errors tend to zero in L*°.

7.3.8. Higher order profiles, approximate solutions at all order Under Assumption 7.26,
for each o € A, the partial inverse Ry (¢, x) is well defined everywhere on Q and smooth.
However, the partial inverses are not necessarily uniformly bounded with respect to « since
the determinant det L(a, id(« - W)) can be very small. The summation of the Fourier se-
ries for (Id — P)u; can be delicate and ultimately impossible in certain cases. This is a
small divisors problem which seems difficult to solve in the general framework of almost
periodic profiles.

ASSUMPTION 7.29 (Small divisors conditions). Suppose that Assumption 7.26 is satisfied
and that F is finitely generated. Taking a basis (¢y, ..., ¢,), and representing A = MZP
as in (7.23), we assume that for all 8 € N!*¢ there are constants ¢ > 0 and v such that for
all o € Z4 and for all (¢, x) € Q:

3 Ruat, )| < C(1 + Ja])”. (7.61)

EXAMPLE 7.30. When a(¢, x) = a is constant and the phases are planar, the matrices
Ry are independent of (¢, x). The condition (7.61) splits into two conditions: there are ¢
and v such that, when M« - W is not characteristic

|detL(a, id(Ma - W))| = c(1 + |a) ™", (7.62)

and when M« - W is characteristic, the nonvanishing eigenvalues A(«) of L(a, id(Ma - W))
satisfy

A(e)| = c(1 4 |a])™". (7.63)

Under Assumption 7.29, for F € H (2 x T?) the Fourier series defining RF converges
and its sum belongs to F € H*(Q2 x T?). This immediately implies the following:

PROPOSITION 7.31. Suppose that Assumption 7.29 is satisfied. If the ug € H*(Q2 x T?)
is given, there isu; € H*®(Q2 x TP) satisfying (7.57).

All the ingredients being now prepared, one can construct BKW solutions with arbitrary
small residuals.

THEOREM 7.32 (Complete asymptotic solution, in the uniformly strongly coherent case,
with the small divisors condition). Suppose that Q2 C [0, Tp] X R4 is contained in the
domain of determinacy of the initial domain w. Suppose that Assumptions 7.16, 7.26 and
7.29 are satisfied. Given initial data for Pu, =0 in H>(w x T?) there exists T > 0 and
a sequence of profiles u,, € H*® (Q N {t < T}) x TP) which satisfy (7.36) (7.37).

We refer to [74] for details. In this paper it is also proved that the small divisor condi-
tion is generically satisfied. For instance, for a constant coefficient system, the condition is
satisfied for almost all choices of p characteristic planar phases.
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Whence one has a BKW solution at all orders, so one can construct approximate solu-
tions

U (1, X) = ) &"ur(t, x, D, x) /€) (7.64)
k=0

which are solutions of the equation with error terms of order O (¢"). Using Borel’s Theo-
rem, one can construct approximate solutions at infinite orders.

7.4. Exact oscillating solutions

In this section we briefly describe several methods which aim to construct exact solutions
of (7.20) such that

u®(t,x) —ug(t,x,¥(,x))/e >0 ase— 0 (7.65)
where u is a principal profile.

7.4.1. Oscillating solutions with complete expansions  The easiest case is when one
has a BKW solution at all orders, that is under Assumption 7.29. In this case, one can
construct approximate solutions u‘flpp‘ ,(t, x) as in (7.64). Then one can write the equation
for u® — ugy, ,, and if n is large enough, one can use Theorem 4.21 and obtain a result
analogous to Theorem 5.33. We refer to [74] for details.

7.4.2. Prepared data, continuation of solutions ~We consider oscillations belonging to a
finitely generated group of phases F which satisfies Assumption 7.26. We look for exact
solutions of a non-dispersive equation (7.20) (with E = 0) of the form:

u®(t,x) =ué(t, x, ®(t,x)/¢e) (7.66)

with u® (¢, x, 8) periodic in 6, and ® related to W as in (7.23). For u® to solve (7.20) it is
sufficient that u® solves

1
Li(a, eu®, 3, )u’ + —L(a, eu’, dp)u’ = F(u°) (7.67)
&
with
d
Li(a.v. 9 x) = Ao(a, v)d; + Y _ Aj(a. v)dy;. (7.68)
j=1

)4
L(a,v.89) =Y _ Li(a,v,dg;)d,. (7.69)
j=I
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This is precisely the type of equation (4.35) of (4.45) discussed in Section 4.1.

REMARK 7.33. Itis remarkable that the condition (4.39) for (7.69), which is that the rank
of L(a(t, x), do - ®) is constant, is exactly condition (i) of Assumption 7.26. This indicates
that the conditions of Section 4.1.3, which came from commutation requirements, are not
only technical but deeply related to the focusing effects.

In order to apply Propositions 4.18 and 4.20, we are led to supplement Assumption 7.26
with the following
ASSUMPTION 7.34. Assume that there is € F, such that the system L(a, d) is hyper-
bolic in the direction d.

The next result follows directly from Proposition 4.20:
LEMMA 7.35. Under Assumptions 7.26, 7.16 and 7.34, the singular term L(a(t, x), 0, dg)
satisfies the Assumption 4.12.

Therefore Theorem 4.14 applies to the Cauchy problem for (7.67) with initial data
u—o(x, 0) = g°(x,0) (7.70)
(see Remark 4.15). In this context, we have to assume that the data are prepared in the

sense of Section 4.1.2, meaning that the times derivatives 8tku5 |r=0 Which can be computed
from the equation satisfy

sup
£€10,&0]

k
kuf = H ko) < O (7.71)

THEOREM 7.36. Suppose that 2 C [0, To] x R? is contained in the domain of determi-
nacy of the initial domain ®. Under Assumptions 7.26 and 7.34, fors > 1+ (d + p)/2
and initial data satisfying (7.71), there exists T > 0 such that for ¢ €10, g9] the Cauchy
problem (7.67) (7.70) has a solution w® in CH*(Q N {t < T}) x TP), and the family {u°}
is bounded in this space.

Moreover, by Theorem 7.19, the Cauchy problem for the principal profile is well-posed.

THEOREM 7.37. Under the assumptions of Theorem 7.36 suppose that in addition, g¢ —
g in H' (w x TP). Then, w* — ugin CH* (QN{t < T}) x TP) forall s’ < s, where u’
satisfies the main profile equation with initial data g,.

SKETCH OF PROOF. By compactness, one can extract a subsequence such that u® — ug
in CHS/((Q N{t < T}) x TP) forall s’ < s, implying that ug(0, x, 6) = gy(x, 0). Passing
to the limit in the equation (7.67) multiplied by &, implies that L(a, dp)uy = 0 and thus
that ug satisfies the polarization condition Pug = ug. Next, multiplying the equation by P
kills the singular term, and passing to the limit implies that ug satisfies the profile equation.
By uniqueness of the limit, the full family converges. (]
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CONCLUSION 7.38. The first theorem means that we have solved the Cauchy problem for
(7.20) with initial data

uf=o(x) = g°(x, ®(0,x)/e) (1.72)

and found the solution under the form (7.66). The second theorem implies the convergence
in (7.65). To apply this method, the difficult part is to check the preparation conditions
(7.71). This method is better adapted to continuation problems as in Theorem 4.5 when the
oscillations are created, not by the initial data, but by source terms. We leave to the reader
to duplicate Theorem 4.5 in the present context.

The assumptions of the theorem are satisfied when a is constant and the phases are
planar, it also applies when the space Fis strongly coherent and the system is hyperbolic
with constant multiplicities in the direction dvr of Assumption 7.34 (see Proposition 4.20).

7.4.3. Construction of solutions. General oscillating data  Our goal here is to solve the
Cauchy problem with more general oscillating data, in particular without assuming the
preparation conditions (7.71). The idea is similar to the one developed in the previous
section, but different. We consider initial data of the form

h* (x) = h*(x, ®o(x)/e) (7.73)
where h? is a bounded family in H* (w x T?°), and we look for solutions of the form
u®(t,x) = uy(t, x, p(t, x)/¢e) (7.74)

where ®;,(0, x) = ®¢(x). The u; are sought in CYHS (2 x TPo).
In this section, we consider a non-dispersive system (7.20) with E = 0. The strategy is
to use Proposition 4.20 and Theorem 4.14, thanks to the following assumption:

ASSUMPTION 7.39. We are given a finitely generated subgroup F, C C (Q) generating
a finite dimensional linear space J,, such that
(i) forall ¥ € %, \ {0} and all (¢, x) € Q, dx (¢, x) £ 0,

@ii) for all ¢ € fb \ {0} Aal(a(t, x))L(a(t, x), dy) has eigenvalues independent of
(¢, x); moreover, the eigenprojectors belong to a bounded set in C % (Q) indepen-

dent of Y € F.
Choose a R-basis {1, ..., ¥} of .Y?b and a Z-basis {¢1,...,¢p,} of Fp. Let M,
be the m, x p, matrix such that &, = ‘MW, where ®, = ‘(¢i,...,¢p,) and ¥, =
"Y1, ..., ¥m,). We look for solutions of (7.20) of the form (7.74). The equation for u;

reads

1
Li(a, euf, 3 )uf + E/Jb(a, suj)u; = F(u) (7.75)
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with

Db
Lya,v,99) =Y Li(a,v,dg;)dy;. (7.76)
j=1

Under Assumption 7.39 and Proposition 4.20, we can apply Theorem 4.14 and Re-
mark 4.15, which imply the following result:

THEOREM 7.40. Suppose that Q@ C [0, To] x R? is contained in the domain of determi-
nacy of the initial domain w. Under Assumption 7.39 for s > 1+ (d + py)/2 with initial
data h® bounded in H (w x TP), there are T > 0 and &g > 0 such that for ¢ €10, gg] the
Cauchy problem for (7.75) with initial data,

ugl[:()(-xv Qb) = h€ (-x7 eb)» (7'77)
has a unique solution in COH*S((2 N {t < T}) x TM).

REMARK 7.41. Itis important to note that the solutions #{ have bounded derivatives in x,
but not in t. In particular, uj has rapid oscillations in time.

This theorem allows one to solve the Cauchy problem for (7.20) with initial data (7.73)
and initial phases ®g(x) = &, (0, x). To continue the analysis, we must make the connec-
tion with the framework elaborated in the previous sections for the Cauchy problem and
the description of oscillations. The key is in the next result.

PROPOSITION 7.42. Assume that for & # 0, Aal Y &jA; has at least two different eigen-

values. Suppose that Fy C JFyp C C>®(Q) satisfy Assumption 7.39. Then, the space F
generated by F, and o =t is strongly coherent, and that it satisfies Assumption 7.26.

PROOF. Let v = tt + ¢y € F. Then the kernel of L(a(t, x),dVyr) is the kernel of
tld + A, ! (a)L(a, dyr,) and thus has constant dimension.

If dy vanishes at one point, then L(a(t, x), dy) = 0 at this point, and thus everywhere.
Since Agl > &jA; has at least two eigenvalues when & # 0, this implies that d, ¢ = d,
vanishes everywhere, and hence ¥, = 0 and ¢ = 0. O

Conversely, this clearly shows how we can use Theorem 7.40 in the context of the
framework of Assumptions 7.14 and 7.20 for the Cauchy problem. For the convenience of
the reader we sum up the assumptions.

ASSUMPTION 7.43. Suppose that:

(i) F is a subgroup of a strongly coherent space F satisfying Assumption 7.26.

(ii) The mapping p : ¢ + @;—o has a kernel in F of dimension 1, generated by
¥, such that 9,1 never vanishes on 2 and dy is a direction of hyperbolicity of
L(a, 3.). Moreover, the group Fy = p/F is finitely generated.

(iii) The uniform coherence Assumption 7.16 is satisfied.
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With these notations, let ﬁ, be such that F = RK @ .}T'b. Let £ be a right inverse of p
from ]?0 = ,o]? to ]?b,and let 7, = £Fy.

PROPOSITION 7.44. If in addition, possibly after changing the time function, Y (¢, x) = t,
then F, C -%b satisfies Assumption 7.39.

PROOF. If ﬂ = t, saying that the dimension of the kernel of L(a(¢, x),d(tt + ¥)) is

constant for all 7, is equivalent to saying that the real eigenvalues of A "Lia(t,x),d ¥p)
have constant multiplicity. By the hyperbolicity of dy all the eigenvalues are real. g

REMARK 7.45. In practice, when solving the Cauchy problem with oscillating initial data,
one starts with a finitely generated group of phases Fo C C°°(w). One constructs all the
solutions of the eikonal equation with initial data in Fg, and the group F that they gener-
ate. The big constraint is to check that F satisfies Assumption 7.26. The examples given
in Section 7.1 show on one hand that this assumption is very strong, but on the other hand
that in the multi-dimensional case direct and hidden focusing effects require such strong
conditions.

Under Assumption 7.43 one can solve both the Cauchy problem for data (7.73) by Theo-
rem 7.40 and the principal profile equation by Theorem 7.23. Note that the principal profile
here is a function ug(, x, Y, 6,) with ¥ € R. Y is the placeholder for y /e = 1/¢.

THEOREM 7.46 (Rigorous justification of the geometric optics approximation). Suppose
that W is a bounded family in H® (o x TP) withs > 1+ (d + p)/2, and that h® — h°
in this space. Let ugy be the solution of the main profile equation given by Theorem 7.23
corresponding to h°. Then the Cauchy problem for (7.20) with initial data (7.73) has a
solution u® such that

111% sup |u (1, x) —ug(t, x, t /e, @y(t,x)/e)| = 0. (7.78)
E—> t,x

SKETCH OF PROOF (See also [76,117,59,60] and Section 7.5). As in Section 7.3.6, one
can construct ugpp(t, x, 6,) such that

ui (. X, 05) —uo(t, x,t/e,0,) > 0

in L and uflpp (t, x, Orlat) is an approximate solution of (7.75) in the sense that is satisfies
the equation up to an error term which tends to 0 in COH5~1(Q x T?). Then the stability
property of the equation implies that u; — uflpp — 0in COHS~1(Q x T™). g

7.4.4. The case of constant coefficients and planar phases =~ We illustrate the results of
the previous sections in the important case where a is constant and the phases are planar.
We consider here a quasi-linear system

d
Ao)du + Y Ay, (w)dju = F(u). (7.79)
j=1
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In the regime of weakly nonlinear optics, the solutions are u® = ug + O(g) where ug is a
solution with no rapid oscillations. Here we choose uq to be a constant, which we can take
to be 0, assuming thus that F'(0) = 0. We choose planar initial phases and quasi-periodic
initial profiles. We therefore consider initial data of the form

ui=o(x) = eh®(x,  Myx/¢) (7.80)

where the h® (x, 6,) are periodic in 6,, bounded in H* (Rd x TP*), and M}, is ad x p, matrix.
The initial phases are (M) - x for o € ZP.
Looking for solutions of the form

ut(t, x) = ewS(t, x, Myx/e), (7.81)
yields the equation

d 143
1
Ag(eud)dul + E Aj(eud)d, uf + - § Bj(eu)dg;ul = G(eu)ui  (7.82)
j=1 j=1

with symmetric matrices B; which we do not compute explicitly here. We are in position
to apply Theorem 4.2:

THEOREM 7.47. With assumptions as above, let {h®; ¢ €10, 9]} be a bounded fam-
ily in HS(R? x TP) with s > (d + pv + 1)/2. There exists T > 0 such that for
e €10, &9] the Cauchy problem for (7.82) with initial data h has a unique solution

ué € CU([0, T1; HS(RY x TP)).

The profile equation concerns profiles uy(z, x, Y, 6,) periodic in 8, and almost periodic
in Y € R. The profiles satisfy the polarization condition (7.41):

Pug = ug (7.83)

and the propagation equation (7.43):

(Id — Q) (L1(3, d)ug + I'(ug, dy, d5,)up — G(0)ug) =0 (7.84)
where
P
T(v, dy. 3s,)W = v - V, Ag(0)dyw + > _ uV, B;(0)dp,w (7.85)
j=1

and the projectors P and Q are defined in Proposition 7.22. In particular, P is the projector
on the kernel of L(dy, dp,) = Ao(0)dy + ) B;(0)dg ;- The initial condition for wo is £h as
in (7.56).
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THEOREM 7.48. With assumptions as in Theorem 7.47, suppose that h® — hin H* (R% x
TP). There exists T' > 0 such that

(i) the profile equation with initial data £h has a solution uy € CY([0, T'1; E*) with
E' = C), (R; HY(RY x T™));
>i1) and

lim sup
£=>00<s<min{T,T"}

& —
W) ol a0 = 0.0786)

7.5. Asymptotics of exact solutions

In this section we present the principles of different methods which can be used to prove
that exact solutions have an asymptotic expansion.

7.5.1. The method of simultaneous approximations  The principle of the method. On one
hand, there is an equation for exact solutions

u® = M°®u®, 9)u’® (7.87)
and on the other hand there is another equation for the profiles
dru = M(u, d)u. (7.88)

The equations are supplemented by initial conditions. The profile u may depend on more
variables than the functions u®. Moreover there is a law u > U (u) which assigns a family
of functions to a profile. Both equations are solved by iteration:

duy = M*(uy, du;y, (7.89)
oy = My, Ouy 4. (7.90)

The principle of the method relies on the following elementary lemma:

LEMMA 7.49. Suppose that

(1) the sequence uf, converges to u®, uniformly in € in a space X ;

(2) the sequence u,, converges to u in a space X ;

(3) the mapping u +— {U®(u),e €10, egl} maps continuously X to the space of
bounded families in X equipped with the topology of uniform convergence;

(4) for the initial term v = 0 of the induction, ug — U®(ug) — 0 in X;

(5) foreachv > 0, assuming that u, — U®(u,) — Oin X, then ”i+1 —Uf(ay4+1) — 0
in X.

Then u® —U¢(u) — Oin X.
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PROOF. By (4) and (5), the property (6), u, — U®(u,) — 0 in X, is true for all v. By (1)
for § > 0, there is vy such that for all v > vy and all € € ]0, gg]:

lu® —ujlix <.
Moreover, by (2) and (3), for v large enough, the following holds
U ) — U (m)lx <.
Thus, choosing v such that both properties are satisfied and using (6), we see that

limsup ||u® — U (u)|x <28

e—0
and the lemma follows. O

Of course, this lemma is just a general principle which can (and often must) be adapted
to particular circumstances of the cases under examination.

REMARK 7.50. In this strategy, the main step is the fifth, which amounts to prove that for
a linear equation whose coefficients have given asymptotic expansions, the solution has an
asymptotic expansion.

Application to the oscillating Cauchy problem. This method has been applied in d = 1
with spaces X of C! functions and spaces of profiles X’ of class C! in all the variables and
almost periodic in the fast variables (see [82] and Section 7.6.1 below).

It has been applied also in the multidimensional case d > 1, for coherent almost peri-
odic oscillations in the Wiener Algebra and semi-linear equations (see Theorem 7.19 for
the context and [75] for precise results.)

We now briefly review how it is applied to prove the second part of Theorem 7.46 as
in [76]. For simplicity, we consider the case of Eq. (7.79) and planar phases as in Theo-
rem 7.48. The equations for exact solutions are given in (7.82) and for the profiles in (7.83)
(7.84). The iterative scheme leads to linear problems

d Pv
1
Ag(evi)dul + E Aj(evi)dy;uf + " E Bj(evy)dg;u; = G(evy)Vy (7.91)
j=1 j=1

and

{P“ = (7.92)

(Id — Q) (L1(3;, 8:)u + I'(v, 3y, 3, )u — G(0)v) = 0.

The key point is to prove that if the v® are bounded in CY10, T1; HS(RY x Tw),
ifu € €90, T], E5(R x RY x T™)), and if v (t,x,6,) — v(t,x,t/e,6,) tends to
0 in C°([0, T1; H*~'(RY x TP)), then ui(t,x,6,) — u(t, x,t/e,6,) tends to O in
CcO([0, T1; H*~'(R? x T?)). This means that the problem of the asymptotic description of
solutions is completely transformed into linear problems. Using approximations, one can
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restrict the analysis to the case where v is a trigonometric polynomial, and in this case we
can use BKW solutions.

7.5.2. The filtering method This method has been introduced in [86,87], with motiva-
tion coming from fluid Mechanics, in particular with applications to the analysis of the
low Mach limit of Euler equations. Next it was extended to more general contexts such as
(7.82) in [88,115-118], and then adapted to various other problems by many authors.

The principle of the method. The method applies to evolution equations where two time
scales (at least) are present:

1
du + —Gut + W) =0, uy—g =I° (7.93)

where G generates a C° group e/, which is uniformly bounded in a Hilbert space Hj,

and also uniformly bounded in H C Hj. Moreover, ® is a bounded family of continuous
functionals from H to H; which map bounded sets in H to bounded sets in Hj.

It is assumed that there is a preliminary construction which provides us with a family of
solutions u® bounded in C°([0, T]; H). The problem is to describe the asymptotic behav-
ior of u®. Assume that the embedding H C H; is compact and #° — h in H. The problem
then is to describe the fast oscillations in time of u®. The idea is very classical in the study
of evolution systems, and can be related to themes like adiabatic limits or the construction
of wave operators in scattering theory: set

VE(t) = esCut (1) & ut(t) = e s Guf (1). (7.94)

Thus v€ is bounded in C°([0, T]; H) and

t

(1) = —ee O D, (Ut (1)) (7.95)

is bounded in C°([0, T1; H;). Therefore, v¢ is compact in CcY([0, T1; Hy), and up to the
extraction of a subsequence

v¥ = v inCY0,T1; H),  velLl™(0,Tl; H). (7.96)
The asymptotic behavior of u® is given by
u®(t) — e_écv(t) — 0 inC%0,T); Hy). (7.97)
_tqg

Two scales of time are present in the main term e~ ¢~ v(¢), yielding the profile

uit,Y) =e %) (7.98)
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so that

u®(r) = u(t, t/e). (7.99)
By construction, u satisfies the “polarization” condition

(dy + G)u(t,Y) =0. (7.100)

Note that in (7.98), v appears as a parametrization of the profiles. The slow evolution of
the profile is determined from the slow evolution of v, which is obtained by passing to
the weak limit in Eq. (7.95). Because we already know the approximation (7.97), the slow
evolution reads

v+ @) =0 (7.101)
where @ is the nonlinear operator defined by
D) = w— 1ir%eéG¢(e—%Gu). (7.102)
e—

Application to the oscillatory Cauchy problem. We sketch the computation in the case of
Eq. (7.82) and planar phases as in Theorem 7.48. The equation is of the form (7.93) with

P
G =) Ay Bj0),
j=1
and a nonsingular term &, given by:
Ap(0) P (u) = (Ag(em) — Ap(0)) du + Z Aj(ew)dy;u

1
+) - (Bj(ew) = B;(0) 9p;u = G(ewpu.

The fast evolution is made explicit in Fourier series in 6,:

e~ YG (Z ﬁaeia9b> — Zei(rY+ot6b) Py ol (7.103)
o T,0

where the P; , are the spectral projectors on ker(z1d +) oA, 'B 7). In particular, Propo-
sition 7.22 implies that e’ is bounded in the spaces H*(R¢ x T™).

In accordance with Theorem 7.47, consider a family of solutions u; of (6.60) bounded
in CO([0, T1; H* (R x T?)). Then v¢ = e+ u¢ (¢) is bounded in CO([0, T]; H*) and 8,v*
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is bounded in CO([O, T], H® -1 ), so that extracting a subsequence,
ve > v inC%0,T], HS,),

for all s" < s. This implies that

‘ up(t, ) —wo(t, t/e, ~)) Ly 0 (7.104)
loc
where the profile ug is defined by
w(, Y, ) =e v, o). (7.105)

The explicit form (7.103) of the evolution implies that ug belongs to a class CO([O, Tl; ES/)
(see Proposition 7.22) and satisfies the polarization condition Pug = ug.

The evolution of v is obtained by passing to the limit in Eq. (7.95) for d,v®. Using
(7.104), the problem is reduced to the following computation:

ov(t, ) = —w — lim eéGQDO (up(t, t/e, +)) (7.106)
e—0
where

Pp(u) = Z Aj(0)dx;u+T'(u, dy,p)u — G(O)u

and I is given by (7.85).

LEMMA 7.51. If £ is a profile in C°([0, T1; E°), then eéGf(t, t/e, -) converges in the
sense of distributions to Pf(¢, 0, -).

PROOF. Itis sufficient to prove the convergence when f is a trigonometric polynomial, that
is a finite sum

f(t, Y, x,0)) =Y fro(t, x)e™ .
7,0

In this case

esOf(t,1/e,x,0) = Y TP oF o (2, 1)

ATa

converges weakly to

> Profr ot )€ = PR, 0, x.,6,). O
o
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COROLLARY 7.52. The main profile satisfies the propagation equation
drup + PDo(ug) =0,
that is the profile equation (7.84).
PROOF. Letf = ®g(ug). Then o,v(z, -) = —PL(z, 0, -) and
duo(t, Y, ) =e O, ) = —eYOPE1, 0, ) = —PE1, Y, -)

where the last identity follows immediately from (7.103). (|

REMARK 7.53. By the uniqueness of the profile equation, it follows that the limit is in-
dependent of the extracted subsequence so that the full sequence v® converges, and the
approximation (7.104) holds for the complete family as ¢ — O.

7.6. Further examples

7.6.1. One dimensional resonant expansions In the one dimensional case d = 1, strong
coherence assumptions such as Assumption 7.26 are not necessary. Weak coherence is suf-
ficient for the construction of the main profiles (as in Theorem 7.23). The strong coherence
conditions were used to construct solutions in Sobolev spaces. In 1-D, one can use dif-
ferent methods such as integration along characteristics and construct solutions in L (or
W12 is the quasi-linear case) avoiding the difficulty of commutations. Moreover, there is
a special way to describe the interaction operators in 1-D which is interesting in itself.

For simplicity, we consider strictly hyperbolic non-dispersive, semilinear systems, ref-
ereeing to [68,70,82,85] for the quasilinear case. After a diagonalization and a change of
dependent variables, the equations are

Xiuj = Opug + Ap(t, X)0xup = fr(t, x, u1,...,un), (7.107)

fork € {1,..., N}. The A; are real and A1 < Ao < A3. The f; are smooth functions of the
variables (¢, x,u) € R x R x RV.

The initial oscillations are associated wth phases in a group Fy C C*(w), or in the
vector space Fo they span, where w is a bounded interval in R. We assume that Fy is fi-
nite dimensional and that for all ¢ € Fg, the derivative d,¢ is different from zero almost
everywhere. Thus the initial data will be of the form

U5 (0, x) = hE () ~ he(x, Wo(x)/e) (7.108)
where we have chosen a basis {1, ..., Yo} and Yo € C*(w; R™) is the function with
components ¥ ;.

For all £ we consider the solutions of the kth eikonal equation

Xy =0, @1i=0 € Fo. (7.109)
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It is one of the main features of the 1D case, that the eikonal equation factors are products
of linear equations. In particular, the set of solutions of (7.109) is a group F¥, isomorphic
to Fo, and all the phases are defined and smooth on Q the domain of determinacy of .
Similarly, the vector space F’ k spanned by F* is the set of solutions of X3¢ = 0 with initial
data in the vector space Fy. The initial phases v ; are propagated by Xy, defining bases
(WK1 -+ Yem) of Fi and functions W € C°(Q; R™) satisfying

Xk\I'k =0, \Ifk|t:() = Y.

The complete group of phases which are obtained by nonlinear interaction is F =
Fl'4... 4 FN, generating the vector space]-' Fl4...+FN Note that, by construction,

lo € Fi Xep =0} = F*. (7.110)
We assume that J’? satisfies the weak coherence assumption, which here means that
Voe F\Fi: Xip#0, ae. onQ. (7.111)

To follow the general discussion in the previous section, we should introduce a basis
of F, a function ¥ and accordingly represent the solution as in (7.22). This can be done,
but it does not give the simplest and most natural description. Indeed, the diagonal form of
the system and (7.110) imply that the projector P has a simple form: the oscillation with
phase ¢ # 0 in F is characteristic if it belongs to one of the F¥, and then the projector P
is simply the projector on the kth axis (we admit here, or assume, that the index & is nec-
essarily unique). Thus, the polarization condition (7.41) implies that the kth component of
the main term depends only on the phases in F F* 5o that its main oscillation is of the form

up(t, x) ~w(t, x, Ui (r, x) /) (7.112)

with ug (¢, x, Y) periodic / quasi-periodic / almost-periodic in ¥ € R™.

One should consider different copies Y* € R of the variable Y, one for each compo-
nent. However, when replaced by W* /¢, the variables Y* are not necessarily independent.
This is precisely the phenomenon of resonance or phase matching. As a result, the descrip-
tion of the projector P is not immediate. This is the price of using the description (7.112).

DEFINITION 7.54. A resonance is an N-tuple (¢i,...,@yN) of functions such that
Xk ¢r = 0 forall k and > dgi = 0. The resonance is trivial when all the dgy are identi-
cally zero.

Note that the definition does not depend on the vector fields themselves but on the
foliations they define. The data of N foliations by curves in R? is called an N-web in
differential geometry, and resonances correspond to Abelian relations on webs (see [111,
5]). The existence of resonances is a rare phenomenon: for an N-web, the dimension of the
space of resonances (modulo constants functions) is equal to, at most, (N — 1)(N — 2)/2.
Moreover, for “generic” vector fields Xy, there are no nontrivial resonances. Therefore, in
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order to have resonances, first the vector fields X; must be suitably chosen, and second,
the phases ¢, must also to be chosen carefully. The case N = 3 is well illustrated by the
example of Section 7.1.2. However, resonance is a very important phenomenon. Constant
coefficient vector fields X; = 0; — Axdy, are resonant with maximal dimension. We refer
to [73] for a more general discussion of resonances and examples.

NOTATIONS 7.55. 1. We denote by W the function (W', ..., WN) e C(Q; R™)V).

2. The resonances (within the set of phases under consideration) are described by the

vector space R C (R™M of thea = (', ..., a"), such that &V = Y ok wk = 0.

3. The combinations of phases which are Chamctertstlc Jor Xy are described by the

vector space Ry C (Rm)M of the a,such that o - N7 e fk Ry is the sum of R and

A = {a VI # k, ! = 0}. This sum is direct since o«* - W* = 0 only if a* = 0. We
denote by py the mapping

ok Re > R™  suchthat & -V = pp(a) - WK (7.113)

4. We denote by Y = (YL, ..., YN) the variable in (R™N, dual to the o, and
Y = » ok Yk The natural vector space for the placeholder of U in the profiles

lsV RL={YVaeR,a Y =0

We denote by Vi C V the orthogonal of Rg.

6. The projection my Y > Yk is surjective from V to R™, since if (x YK =0 for all
Y e V, this implies that o* - W* = 0 and thus «* = 0. Its kernel {Y eV :vk=0
is Vi. Therefore there is a natural isomorphism

v

V/Ve < R (7.114)

Equivalently, one can choose a lifting linear operator 7'[,5_1) from R™ to V such that
7Tk7T/§ D—1d.m particular, with (7.113), there holds

Vi e Ry, VY  eR",  a.xl vk =@ - vk (7.115)

With these notations, we can now describe the projectors. We consider profiles which
are almost periodic: given a finite dimensional space E, denote by Cgp (2 x E) the space
of functions u(z, x, Y) which are almost periodic in ¥ € E, that is the closure in L*° of
finite sums ) _ 0, (7, x)ei“'Y Given such profiles ug (7, x, Y k), which are almost periodic in
Y*, the nonlinear coupling fi (¢, x,uy, ..., uy) appears as a function

£, x,Y), (t,x)eQ,YeV, (7.116)

which is almost periodic in Y. Expandlng f; in Fourier series, the projector E; must keep

[resp. eliminate] the exponentials eld v when & - U € .7-"1‘ [resp. & F*] F*]. Translated to the
Y variables, this means that

E @7y = 0 when @ ¢ Ry,

IR “ (7.117)
E (@) = @Y Ghen g e Ry.



300 G. Métivier

This operator is linked to the averaging operator with respect to Vj acting on almost peri-
odic functions:

. 1 .
Mif(Y) = lim ——— f(Yy +Y)dy’ 7.118
4D = fim s | (D) (7.118)

where By is any open sphere (or cube) in Vj and dy’a Lebesgue measure on Vj, which also
measures the volume in the denominator. This average is invariant by translations in Vj, so
that M f can be seen as a function on V/Vj. Using (7.114), it can be seen as a function of

Y* € R™. Equivalently, using the lifting n( D we set

Ef(YF) = Mif(! vk (7.119)

which is independent of the particular choice of 71,5_1).

PROPOSITION 7.56. Using the notations above, in the representation (7.112) of the oscil-
lations, the profile equations read:

(@ + A (t, ) )uk (2, x, Y5)
=Ei fi(t, x,ui(t,x, Y1), ... un(, x, YY) (7.120)

fork =1,..., N, with initial data

u (0, x,Y) =hi(x,Y). (7.121)

EXAMPLE 7.57. Consider the case N = 3 with one initial phase ¥(x). Let ¥4 be the
solution of Xy = 0 with initial data equal to ¥y. The resonant setis R = {« € R3 :
Zk oy = 0}. There are two cases:

— either R = {0}; then averaging operators are defined by

1 T T
(E1F)(t,x,01) = lim —/ / F(61, 62, 65) d6, dbs,
T—+o0 T2 0 0

with similar definitions for E; and E3.
— or there is a nontrivial resonance @ € R \ {0}, and

6
(E1F)(t.x.6) = lim —/ (9], % ”L‘m,o) do,

(o)
with similar formulas for k = 2 and k = 3. Since the vector fields are pairwise lin-

early independent, all three components o of « € R \ {0} are not equal to 0. Thus
the right-hand side makes sense.

THEOREM 7.58 ([82]). Suppose that 2 is contained in the domain of determinacy of the
interval o C R. Suppose that hy € Cgp(a) x R™), and that {ug ; }ec0,1) is a bounded
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SJamily in L°°(w) such that
”S,k(') —hi(.,, ¥o(.)/e) > 0 in Ll(a)), as e — 0. (7.122)

Then there exists T > 0 such that:

(1) for all ¢ €]0, 1], the Cauchy problem for (7.107) with Cauchy data uf)’k has a

unique solution u® = (uf, ..., uy) in Co%(Qr), where Qr = QN{0 <t < T},
(ii) the profile equations (7.120) (7.121) have a unique solutionu = (uy, ..., uy) with
u € CY,(Qr x R™),
(iii)
up() —w (., We(.)/e) > 0 in LYQr), ase — 0. (7.123)

REMARKS 7.59. In(7.122) (7.123) the L' norm can be replaced by L? norms for all finite
p- There is a similar result in >, if the condition (7.111) is slightly reinforced, requiring
that Xz # 0 a.e. on all integral curves of X when ¢ € F \ F.

2. A formal derivation of the profile equations is given in [68,105,70]. Partial rigorous
justifications were previously given by [122,72,85].

3. The results quoted above concern continuous solutions of semilinear first order sys-
tems, or C! solutions in the quasi-linear case. For weak solutions of quasi-linear systems
of conservation laws, which may present shocks, the validity of weakly nonlinear geomet-
ric optics is now proved in a general setting in [20] generalizing a result of [118] (see also
[38]) The interaction of (strong) shock waves or contact discontinuities and small ampli-
tude oscillations is described in [32-34].

7.6.2. Generic phase interaction for dispersive equations = We give here a more explicit
form of the profile equation (7.44), in cases that are important in applications to nonlinear
optics.

We consider a constant coefficient dispersive system

d
L(d, . )u = £Agdyu + ZsAjax_/u + Eu = Fu), (7.124)
j=1

with F(u) = O(Ju |3). We assume that the cubic part of F does not vanish and we denote it
by F3(u, u, u). In this context, the weakly nonlinear regime concerns waves of amplitude
1
O(e2).
We consider four characteristic planar phases ¢; which satisfy the resonance (or phase
matching) condition:

p1+e2+93+¢@s=0. (7.125)

We denote by F the group that they generate. It has finite rank < 3. We make the following
assumption (where the dispersive character is essential):
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ASSUMPTION 7.60. In F\ {0}, the only characteristic phases are £¢; for j € {1, 2, 3, 4}.
Moreover, we assume that the dg; are regular points of the characteristic variety.

In our general framework, we would choose a basis of F, for instance (¢1, ¢2, ¢3), and
use profiles u(z, x, 61, 62, 63) periodic in 9y, 6> and 63. However, the assumption above and
the polarization condition (7.41) imply that uy has only 9 non-vanishing coefficients, and
is better represented as

uo(7, x,0) =g o(f, x) +uo,1 (£, x,01) +ug2(t, x, 62)
+ug3(t, x,603) +ug4(t, x, =01 — 6 — 63)

with ug_; periodic in one variable with the only harmonics +1 and —1:
uo, (¢, x,0) =a;t, x)ei9 +a;(t, x)e ?.

We are interested in real solutions, meaning that a; is the complex conjugate of a;, with
mean value equal to zero, meaning that u,, = 0. This corresponds to waves of the form

4 4
W) = e3> aj (e 00 62 Y a (e, x)e . (7.126)
Jj=1 j=1
The a; must satisfy the polarization condition
aj € ker L(idy;). (7.127)

Introducing the group velocity v; associated with the regular point dg; of the characteristic
variety, the dynamics of a; is governed by the transport field 9, + v; - V.
For a cubic interaction (Id — Q) F3(ug, ug, ug), the oth Fourier coefficient is

Z (Id — Qq)F3(lig,g,, Uig,,, o ;)- (7.128)
Bi1t+Bh2+pf3=a

Applied to the present case, this shows that the equations have the form

0y +v1 - Vy)a; = r1Fs(az, az, as), (7.129)
(0r +v2 - Vy)ax = r1 F3(as, aq, ay), (7.130)
0 +v3-Vy)az =riFz(as, ay, ar), (7.131)
¢ +v3-Vy)as =r1Fz(ay, az, az) (7.132)

where the r; are projectors on ker L(idg;).
Note that the condition u,, ; = 0 is consistent with Eq. (7.44) for cubic nonlinearities.
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This is the generic form of four wave interaction. There are analogues for three wave
interaction. These settings cover fundamental phenomena such as Raman scattering, Bril-
louin scattering or Rayleigh scattering, see e.g. [6,10,107,109].

7.6.3. A model for Raman interaction =~ We consider here a simplified model, based on a
one dimensional version of the Maxwell-Bloch equation (see Section 2). The electric field
E is assumed to have a constant direction, orthogonal to the direction of propagation. B is
perpendicular both to E and the axis of propagation. The polarization P is parallel to E.
This leads to the following set of equations

0;b + 0,e =0,
ore + 0xb = —0o,;tr(T'p),
ied;p = [, p] — e[T', p]

where e and b take their values in R and I" is a Hermitian symmetric matrix, with entries
in C. In this case, note that tr(I'[T", p]) = 0 and

1
egortr(lp) = 7 tr(I'[€2, p]).

A classical model to describe Raman scattering in one space dimension (see e.g. [10,107,
109]) uses a three level model for the electrons, with 2 having three simple eigenvalues,
w1 < w2 < w3. Moreover, the states 1 and 2 have the same parity, while the state 3 has
the opposite parity. This implies that the interaction coefficient y; > vanishes. Finally, we
assume that

w; 0 0 0 0 w3
Q=10 wp 0], = 0 0 »m3
0 0 ws 31 v32 O

As noticed in Section 5.3.2, the scaling of the waves requires some care for Maxwell-
Bloch equations (see [73]). The density matrix p is assumed to be a perturbation of the
ground state

B:

S O =
S OO
S O O

The scaling for amplitudes is

e =c¢e, b:sl;,
pri=1+ep11,  pru=epix fork=23, (7.133)

pjx=epjx for2<j k<3
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The different scaling for the components of p is consistent with the fact that p must remain
a projector, as implied by the Liouville equation for p.

Substituting in the equation, and neglecting O(s?) terms which do not affect
the principal term of the expansions, yields the following model system for u =
(b, €, p1.2. P13+ P2.1- P3.1)

edb+ed,6=0

£0re + edxb —iw3,1(y1,303,1 — ¥3,101,3)
+iews 2(y2,303,101,2 — ¥3,202,101,3) =0,

£0;01,3 — iw3,101,3 +i€y1,3 +ie€p12y2,3 =0,

€0, 03,1 +iw3103,1 —i€y31 —igey3202,1 =0,

£0;p1,2 — 1wy, 101,2 +i€€p13y32 =0,

€0; 02,1 +iwp 1021 — i€y 3031 = 0.

This is of the form
L(€d; x)u+¢ef(u)=0 (7.134)

where f is quadratic. As a consequence of the equality y; > = 0, the linear operator
L (&9 ) splits into two independent systems, where we drop the tildes:

b £0;b + €0ye, ,
e gore + €0,b — iw 03.1 — 01.3),
L1(ed,0) o / x 3,1(V.1,3P 1= ¥3,101,3)
P13 €0;01,3 —1w3,101,3 +1ey1 3,
03,1 £0;p3,1 +iw3 1031 —iey3 1,

and

P12 £01p1,2 — 1w2,101,2,
L>(g0 )= ’ L o
(€3r.x) (pz,l) {831p2,1+1wz,1p2,1-

The characteristic varieties of L1 and L, are respectively

_ 2w31n3l?

— 2,62 __ 2
Cr, ={(.§) e R E =17(1 + x ()}, x(1) = @)=

Cr, ={(r,86) e R% t = +wy ).

Raman interaction occurs when a laser beam of wave number B = (wr, k1) € Cr,
interacts with an electronic excitation Bg = (w2,1, kg) € Cr, to produce a scattered wave
Bs = (ws, ks) € Cp, via the resonance relation

BL = Be + Bs.

One further assumes that 87 & Cr,, Be ¢ Cr, and Bs &€ Cp,.
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We represent the oscillations, using the two independent phases
or(t,x) = wpt + krx, ps(t, x) = wst + ksX.
The third phase ¢f is a linear combination of these two phases:
QE = QYL — ¢s. (7.135)
Accordingly, we use profiles u depending on two fast variables 6;, and g, so that
u(t,x) ~u(t,y, or/e, s/e). (7.136)

Because f is quadratic, the conditions on (8r, Bs, B£) show that the profile equations have
solutions with spectra satisfying

spec(u) C {£(1, 0), (0, 1), £(1, =1)}.

‘We now restrict our attention to these solutions. It is convenient to call u47, u4+gs and u+g
the Fourier coefficients G419, 8o, +1 and i+ 1, respectively. Thus, for real solutions

ub(t, x) = ML(x)eiwL(l,X)/S + Ms(x)eitps(l,x)/s + ME(x)eipr(f,x)/S

M_L(x)e—i(/)L(l,x)/é‘ +u—S(x)e—i(ﬂS(1,x)/8 +M_E(x)e—itp5(t,x)/8.

In addition, we use the notations by, e, pj x, for the components of uy, etc.

LEMMA 7.61. The polarization conditions for the principal profile read

bigp =etp = p13,+E = p3,1,+4£ =0,
P12,4£L = P1,2,+£5 = P2,1,+L = p2,1,+5 = 0, (7.137)
P12,k = p2,1,E =0,

and
1 71,3
by =——«kpeg, p13,L = —————e€y,
oL w3,1 — 0L
V3,1
P31,L = ————ey, (7.138)
w3,1 + oL

with similar formula when L is replaced by —L and £S. Furthermore, for real fields and
Hermitian density matrices, one has the relations

e =eL, e_s =es, P21,—~E = P12E- (7.139)

Therefore, the profile equations for ug involve only (er, es) and og == p1 2 E:
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THEOREM 7.62. For real solutions, the evolution of the principal term is governed by the
system

(0 +vpdy)er +icresop =0,
(3, + vsdy)es + icresor = 0, (7.140)
0,0 +iczeres =0

where vy and vg are the group velocities associated with the frequencies By and Bs, re-
spectively. The complete fields are recovered using the polarization conditions stated in the
preceding lemma.

This is the familiar form of the equations relative to three wave mixing. We refer, for
example, to [10,107] for an explicit calculation of the constants ¢ (see also [9]). The Ra-
man instability (spontaneous or stimulated) is related to the amplification properties of this
system.

7.6.4. Maximal dissipative equations  For maximal dissipative systems, energy solutions
exist and are stable. In this context the weakly nonlinear approximations can be justified
in the energy norm. The new point is that profiles need not be continuous, they belong
to L? spaces, in which case the substitution &6 = W /g has to be taken in the sense of
Definition 7.11.

In R!'*4, consider the Cauchy problem:

d
du+ Y Ajdju+ fu) =0, uy—o=h. (7.141)
j=1

ASSUMPTION 7.63. The matrices A; are symmetric with constant coefficients and the
distinct eigenvalues A (£) of A(§) = > & jAj have constant multiplicity for & # 0. We
denote by I the orthogonal spectral projector on ker A(§) — Ax(&)Id.

ASSUMPTION 7.64 (Maximal monotonicity). f is a C! function from CV to CV, with
f(0) = 0 and there are p € [1, +o0o[ and constants 0 < ¢ < C < 400 such that for all
(t,x) € R and all u and v in CV,

If@)] < ClulP, 18wz f@)] < ClulP~!,
Re ((f(u) — f(v) - @ — D)) > clu — v|PF.

Solutions of the Cauchy problem (7.141) are constructed in [121] (see also [99] or [61]):
we consider smooth domains @ C R? and © C [0 + oo[ x R?contained in the domain of
determination of w. The key ingredients are the energy estimates which follow from the
monotonicity assumptions:

t
1
eI + ¢ /0 |7, dr” < ()12, (7.142)
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and

t
lu()) — v()I2, + fo Jut'y —v@) |75 dt’ < @) — (O, . (7.143)

PROPOSITION 7.65. For all h € L*(w), there is a unique solution of (7.141) u €
COL?> N LPTI(Q).

We assume that the initial data have periodic oscillations
h®(x) ~h(x, go(x)/e) (7.144)

with h(x, 8) periodic in 8 € T and ¢y € C*(w) satisfying dgg(x) # 0 for all x € w. For
1 <k < K, we denote by ¢y the solution of the eikonal equation

0ok + Ak (3xpr) =0, rk|t=0 = @0-

We assume that the space generated by the phases is weakly coherent and that no reso-
nances occur:

ASSUMPTION 7.66. The ¢ are defined and smooth on € and d, ¢ (x) # 0 at every point.
Moreover,

For all @ € ZX, det L(dg(t, x)) # 0 a.e. on €2, except when « belongs to one of the
coordinate axes.

Here L(0;, 9x) = 9; + A(3x). In this setting, the profiles are functions u(z, x, 6) which
are periodic in # € RX and periodic in 6. The projector P is

P Z(ﬁa (tv -x)eiag) = Z P(x(ﬁa(t, x)eiae)

and P, is the orthogonal projector on ker L(« - ®). Introducing the averaging operator E
with respect to all the variables 8, and E; with respect to the all the variables except 6,
there holds

K
Pu=Eu+ ) i (dg)Eeu* (7.145)
k=1

with Eu = 1, the average of u, and u* = u — i, its oscillation.
The polarization conditions Pu = u read

K
u(,x,0) =u(t,x)+ Y wit.x.6), = (7.146)
k=1
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where TT; = IT; (dgy) and uj is a periodic solution with vanishing mean value. The profile
equations,

d
du—Y PAjdu+Pfu) =0,
j=1

decouple into a system

L3, 0 )u+Ef(u) =0, (7.147)
Xuf + T (B f (w)* =0 (7.148)

where X; = ﬁkL(B,, ax)ﬁk is the propagator associated with the kth eigenvalue. The
initial conditions read

u,_o(x) =hx), (7.149)
u} o (x, 6) = T4 (0, x)h*(x, 6;) = 0 (7.150)

where h is its mean value and h* = h — h its oscillation.
The Eq. (7.147) inherits the dissipative properties from the original equation:

LEMMA 7.67. If fis a profile and v satisfies the polarization condition (7.146), then

K
/ Efvdrdx + ) / E.f*v; drdxdéy
Q k=1 QxT

= f fvdrdxdo.
QxTK

PROOF. Because ﬁk is self-adjoint and ﬁkv,’g =V,
/ T, B f*v: drdxdey, = / £(z, x, O)VE(t, x, 6;) drdxdd.
QxT QxTK

Adding up implies the lemma. U

Similarly,
K
/ L(3,. do)uudx + / Xyujuldrdxdey
k=1

:/L(at,ax)uudtdxde

and the energy method implies the following
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PROPOSITION 7.68. Forallh € L*(w x T), there is a unique u € COL?> N LPH(Q x TX)
of the form (7.146), and satisfying the profile equations (7.147) (7.148), with initial data
(7.149) (7.150).

Knowing u, one can construct
vE(t, x) ~u(t, x, P, x)/e), (7.151)

not performing directly the substitution 86 = ®/¢ in u(t, x, 6), since this function is not
necessarily continuous in 6, but in the sense of Definition 7.11: the family (v?) is F oscil-
lating with profile u, where F is the group generated by the ¢;. The asymptotic in (7.151)
is taken in L”T1(Q) and in COL%(Q).

A key observation is that since u solves the profile equation, one can select v® satisfying
approximately the original equation (in the spirit of Section 7.3.6):

PROPOSITION 7.69. There is a bounded family v¢ in COL%(2) N LPT(Q), F oscillating
with profile u and such that

”L(al‘a ax)v8 + f(va)”LH—l/p(Q) — 05 as & —» 0

Using the monotonicity of the equation, one can compare v with the exact solution u®
given by Proposition 7.65:

t
o) = vz e [ )= v @]k ar
t
< w2 — v O +e fo [ Lo + o)) L ar.

This implies the following result.

THEOREM 7.70. Suppose that h € L*(w) and that the family h® satisfies (7.144) in L>.
Let u denote the solution of the profile equation and (u®) the family of solutions of (7.141)
with initial data (h®). Then u® satisfies (7.151) in LPT1(Q) N COL?(Q).

This method, inspired from [48], is extended in [79,80] to analyze oscillations in the
presence of caustics and in [21] to study oscillations near a diffractive boundary point. For
the nonlinear problem, no L™ description is known near caustics or diffractive boundary
points. The method sketched above applies to energy solutions but provides only asymp-
totics in L? spaces with p < oo.
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1. Introduction

The equations of thermoelasticity describe the behavior of an elastic heat conducting body.
In the classical model the hyperbolic system of elasticity is combined with the classical
parabolic model of heat conduction. This leads to a hyperbolic—parabolic coupled system
that is interesting because of its importance in mechanics, physics and engineering, but
also, and not least, because of its mathematical features: as a hyperbolic—parabolic system
it shares properties that are typical for hyperbolic and parabolic systems, respectively. The
main question is which feature is predominant. It turns out that the answer depends on
the space dimension and also on the type of question raised. This will be demonstrated
in an extensive discussion of the following aspects: linear systems, nonlinear systems,
one-dimensional models, higher-dimensional models, local and global well-posedness in
different function classes (strong, weak solutions), asymptotic behavior as time tends to
infinity (exponential or polynomial decay to equilibria). This discussion is mainly based
on our book with Jiang [47]. We also remark that as a hyperbolic—parabolic system, a small
part already appeared in the article by Hsiao and Jiang [33] in volume I of this series.

The common modeling of heat conduction using the Fourier law, essentially saying
that the heat flux is a certain function of the gradient of the temperature, leads to the well-
known paradox of infinite propagation of signals, in particular of heat signals. To overcome
this drawback, different models of hyperbolic heat conduction have been developed, one
being the Cattaneo! law replacing the Fourier law. We report on the development in
recent years in this field — well-posedness, asymptotics of solutions — where the damped
hyperbolic system of thermoelasticity arising from Cattaneo’s law is used. This leads to the
second sound effect, meaning the wave propagation of heat in this model. A comparison
of this system with the classical one above will show that many features are the same
both quantitatively and qualitatively, while this might be not true for related hyperbolic-
hyperbolic/-parabolic thermoelastic systems like Timoshenko-type ones.

The material in Section 2 is mainly taken from [47], while the rest of this Chapter has
previously only been published in original papers or has not yet been published at all. The
list of references is long but does not claim to be exhaustive, cf. [47] for further references
on different topics.

The paper is organized as follows: in Section 2 we present results for the system of
classical hyperbolic—parabolic thermoelasticity. Section 2.1 gives the basic setting for the
linearized system together with first descriptions of the asymptotic behavior as time tends
to infinity. In Section 2.2 this long-term behavior is investigated in detail for one space
dimension, while Section 2.3 provides the same for dimensions two or three. Section 2.4
presents the discussion of nonlinear systems giving global well-posedness results for
smooth or weak solutions and blow-up results, respectively, first in one space dimension
and then in higher dimensions.

Section 3 is devoted to the discussion of thermoelasticity, where heat conduction is
governed by Cattaneo’s law, leading to a fully hyperbolic system. In Section 3.1, linearized
models are studied in particular with respect to the time asymptotic behavior, together
with a comparison to Section 2 for real materials. Section 3.2 presents recent results for

It is also referred to as Maxwell’s law, or Cattaneo-Vernotte law, or Lord-Shulman model, see [8,7,66].
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nonlinear systems. Finally, remarks on other hyperbolic thermoelastic models are given in
Section 3.3.

We use standard notations, e.g. see [1] for Lebesgue spaces L”(€2) and Sobolev spaces
H™P(Q) with norms || - ||, and || - [|,n, p, respectively.

2. Classical thermoelasticity

In this second section we consider initial-boundary value problems for the system of
classical thermoelasticity, where the term classical refers to the most common system
where a coupling of a hyperbolic system from elasticity with a parabolic equation for
the heat conduction is given; the latter arises from Fourier’s law of heat conduction and
leads to a formally infinite propagation of signals. In contrast to this system we shall
look at different models for heat conduction in later sections. In particular, in Section 3
we shall study, via Cattaneo’s law replacing Fourier’s law, a fully hyperbolic model of
thermoelasticity with finite propagation also, of heat signals in this model.

The aim of this section is to give a survey of results of existence, both for linearized
models and for the fully nonlinear basic system, together with a study of the asymptotics
of solutions as time evolves. This is done in a variety of settings — domains, bounded
or unbounded, systems nonlinear or linearized, global existence or blow-up of smooth
solutions versus global existence of weak solutions and different boundary conditions.
By the type of the coupling, topics from various fields of mathematics are involved
(hyperbolic, parabolic, elliptic partial differential equations, dynamical systems) making
the system interesting, both from an applied point of view looking at a specific system, and
within a mathematical framework of partial differential equations and functional analysis.
The presentation in Section 2 is essentially based on [47].

The basic unknowns to describe the elastic and the thermal behavior of a body with
undistorted reference configuration €2, 2 being a domain in R”, n = 1,2 or 3, are the
displacement (vector) U = U(t,x) = X(¢,x) — x, where X (¢, x) denotes the position
of the reference point x at time ¢, and the temperature difference 9(¢, x) := T (¢, x) — To,
where T denotes the absolute temperature and Tj is a chosen fixed reference temperature.
A deformation goes along with a change of temperature causing the coupling of heat
conduction and of elasticity. The two basic nonlinear differential equations arise from the
balance of linear momentum and the balance of energy. The former reads as

pUy — V'S = pb, 2.1

where p is the material density in €2, S is the Piola—Kirchhoff stress tensor, and b is the
specific external body force, while B’ denotes the transposition of a matrix B; in particular,
with V denoting the gradient operator, V' denotes the divergence operator. This system
of equations essentially describes the elastic part; actually, if S does not depend on the
temperature, it represents the (hyperbolic) partial differential equations in pure elasticity.
The balance of energy is given by

& —t{SF}+ Vg =r, (2.2)
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where ¢ is the internal energy, ¢ is the heat flux, r is the external heat supply, trB denotes
the trace of a matrix B, and F is the deformation gradient,

F=1+VU.
By n we denote the entropy and by
Yi=¢—(0+Ton

the Helmholtz free energy.

The constitutive assumptions in classical thermoelasticity are that S, ¢, ¥ and 7 are
functions of the present values of VU, 6 and V6 (and x); cp. Section 3 for different
assumptions in thermoelasticity with second sound.

It is always assumed that these functions are smooth and that

det F#0, T >0.

With the help of the second law of thermodynamics it turns out that

Y

=¥ (VU,0), S=S8(VU,0) = VU, ),
Y =v( ) ( ) a(VU)( )
(VU,0) = 81p(VU 0)
’7 ’ - 80 ’ k]
q(VU,0,V0o)Ve < 0.
Using these relations we rewrite (2.2) as
O©+Ton +Vg=r, (2.3)
or
a2y ER
0+Ty) 3 ———=60, — ———VU, Vg =r. 2.4
(+o){ 802 T 3(vuae (+Vg=r (2.4)

Equation (2.1) is mainly a hyperbolic system for U; Eq. (2.4) is mainly a parabolic equation
for 6.

The problem of finding U and 6 will become well-posed if additionally initial
conditions

Ut =0)=U" Ut =0)=U", o(t =0) =0°, (2.5)

and, if Q@ # R", boundary conditions, are prescribed, for example “rigidly clamped,
constant temperature”’,
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U=0, 6=0 onod<, (2.6)
or “traction free, insulated”,
Sv=0, Vgqg=0, 2.7

or other combinations of the boundary conditions for U and 6. Here v = v(x) denotes the
exterior normal in x € €2, I2 being the boundary of 2.

The investigation of the linearized equations will play an important role. The linearized
equations arise from (2.1), (2.4) by assuming that

VUL, VU, 161, 16:1, VO]
are small. We arrive at (7o = 1 without loss of generality)

2.8)
2.9)

,OUn - D/SDU + D/FQ = pb,
86, — V'KV +T'DU, =r,

where p = p(x) can be regarded as a symmetric density matrix, S = S(x) isan M x M
symmetric, positive definite matrix containing the elastic moduli (M = 6in R}, T =T(x)
is a vector with coefficients determining the so-called stress—temperature tensor, § = &(x)
is the specific heat and K = K (x) is the heat conductivity tensor. All functions are assumed
to be sufficiently smooth. D is an abbreviation for a gradient,

3 0
0
0 9 o 0
31inR3, D:=|0 8| inR2, D:=3 inR.
93 02 d2 01
3 0 9
3 9 0

In this way the general (linear) non-homogeneous, anisotropic case is described. The linear
counterpart of the boundary conditions (2.7) reads

N (SDU -T9) =0, VEKVO =0,
where N arises from the normal vector v in the same way as D arises from the gradient
vector V.

The elastic moduli Cjji, i, j,k,I =1...,n, which are given in general by

3%y (0, 0, x)

Cijkl = o
M ICHATIC !
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satisfy in the linear case
Cijii = Cuiij = Cjirg = Cjir (x).

The assumption of positive definiteness of (Cjjx)ijki, in the sense that

n
Jko>0VEj=E&; € R VYxeQ: &;Cijubu > ko Z 1€k,
jh=1

where the Einstein summation convention is used, implies that the matrix S = S(x) is
uniformly positive definite, since

Ciiir Crizz Cizz Ciizz Crzt Crne
Cx22 Co33 Co3 C31 Cooi2
- Cz3333 C3323 C3331 C3312 .3
in R’
Cr2z Co331 Cozn
- C3131 Cainz
Ci212

Ciinr Cr2z Chnz , 1
§= - Cxno Cui2 in R*, S=Cpy;  inR.
. - Ci212

In the simplest case of a homogeneous medium which is isotropic we have

2u+r A A 000
2u4+xr A 000
S = 2+ A 2 8 8 in R,
- 0
'
2u+r A0
S = . 2u+1r 0 in R, S=2u+r=a inR'

uw

and the equations reduce in two or three space dimensions to

Uy — (Qu+A)VV' — uV x Vx)U + V0 = b, (2.10)
86, —kAO+pV'U, =, (2.11)

where the density p = 1, without loss of generality, and u, A, )7,5 and « are constants;
Wi, A are the Lamé moduli,

uw>0, 2u-+ni>0,
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moreover,
S,k >0, 7#0.

In one space dimension, the basic equations for the homogeneous (and necessarily
isotropic) case are:

Uy — aUyy + 76, = b, (2.12)
86, — kOyx + PUx =1, (2.13)

and we shall often write in this case u instead of U. In the following subsections we shall
present results on the well-posedness of the linearized and of the nonlinear systems as well
as a description of the time-asymptotic behavior in both bounded and unbounded domains.

Notes: For an extended derivation of the equations see Carlson [4]; for the representation
(2.8) and (2.9) see Leis [61].

2.1. Linear systems — well-posedness

We discuss the well-posedness of the linear initial boundary value problem (2.5), (2.6),
(2.8) and (2.9), i.e., the linearized differential equations

pU; —D'SDU +D'T6 = pb, (2.14)
86, —V'KVO +T'DU, =r, (2.15)

together with initial conditions

Ut=0=0% U@=0=U" 0@=0) =06, (2.16)
and Dirichlet-Dirichlet boundary conditions (if & # R")

U=0, 6=0 onod. (2.17)

Moreover, we shall present the first results of the asymptotic behavior of the solutions as
time tends to infinity. We consider the initial boundary value problem (2.14)—(2.17) for
U=U(lx) e R", 0 =0(t,x) e Rt > 0,x € Q C R", where 2 has a smooth
boundary 9€2 — the smoothness only being necessary for later higher regularity of the
solution. The matrices S = S(x), K = K(x), and p = p(x) are assumed to be positive
definite, uniformly in x, § = §(x) and the norm |T"| of the vector I' = I"(x) are assumed to
be positive, uniformly in x, too.

The domain 2 will be either bounded or exterior, i.e., a domain with a bounded
complement; 2 = R”" is then allowed with void condition (2.17), and in one space
dimension we also consider the half space 2 = (0, 00).
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Solutions in appropriate Sobolev spaces will be obtained using semigroup theory. For
this purpose we transform Eqgs. (2.14) and (2.15) into an evolution equation of first order
in time. Let

SDU y!
v=| u |=[v?
0 y3

Using the definitions

st oo 0 -D 0
o0=|10 po N=|-D o Dr |,
0 035 0 I'D —V'KV

V satisfies the differential equation

0
Vi+Q 'NV=F=| b (2.18)
r/é
with initial conditions
sy’
Vi=ve=0=| v' |. (2.19)
90

Let
H = L*(Q)

be the underlying Hilbert space with inner product
(W, Z)y = (W, 07Z),

where (-, -) will denote the inner product in L?(2) with corresponding norm || - ||.
The norm

E@®) =Vl = (V©O), V(O)n

corresponds to the “energy” of (U, ), since

E(t) :/ Sx)DU(t,x) - DU(t,x) + p(x)U,(t, x) - Us (2, x)
Q

+5(x)10(, x)|2dx.
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We call E = E(¢) the “first-order energy” of (U, 6) or of V.

The initial-boundary value problem (2.14)—(2.17) is now reformulated in terms of V
with the help of the following differential operator A with domain D(A) in H.
Let

A: DA CH—H,

D(A) :={V e H|V*e H}(Q),V? e HJ(Q), NV € H)}
={VeHM|VeD(Q xH)Q) x Hy(Q), VKVV? e L*(Q)},

AV =07 'NV,

where HO1 Q) (= WO1 ’2(52)) denotes the usual Sobolev space generalizing the Dirichlet
boundary condition (cf. [1]) and

D'(Q) = {W e L*(Q) | DW € L5(®)}.
Then V should satisfy (cf. (2.18) and (2.19))

Vi(t) + AV(t) = F(1), Vit =0)=V", (2.20)
and we look for a solution

V e C([0, 00), H) N CY([0, o0), D(A)).

Using the Hille—Yosida characterization it is not difficult to show that —A generates a
contraction semigroup, in particular D(A) is a Hilbert space with inner product

(va =+ (AL A)n.
Here the following expression is used

DY(Q) = H (), (2.21)
where

DY) :={U € L*(Q) | IDV? and Vy € D'(Q) : (U, D'y) = —(DV2, ¥)}.

Thus we have

THEOREM 2.1. The operator —A is the generator of a contraction semigroup {T (t)};>0,
T(1) =e ™, and for F € C'((0, 00), H) and V° € D(A) there exists a unique solution

V e C'([0, 00), H) N C°([0, o0), D(A))
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to (2.20). V can be represented as
t
V() =TV + f T(t — s)F(s)ds.
0

The transformation to a first-order system in time has produced an artificial null space. The
asymptotic behavior of the solution is nontrivial only on the orthogonal complement of the
null space N(A) = N(A*), which reduces A.

Let

D)(Q) == (W € L}*(Q) | D'W = 0}.
LEMMA 2.2. (i) N(A) = D{() x {0} x {0}.

(i) N(A)L = SDHI(Q) x L*(Q) x L*(Q).
PROOF. (i) easily follows using

IDV2? > | VV2)? (2.22)

N =

for V2% H(; (£2). Then (ii) follows from the projection theorem
L*(Q) = DHJ () ® D{(). O

For bounded domains we conclude from the Korn-type inequality (2.22) and the
Poincaré inequality in Hé (R2), that

DH} (Q) = DH{ (). (2.23)

In the sequel we shall denote by A the given operator A reduced to the N (A)’ described
in Lemma 2.2(ii), and in the following we denote N (A)* by H.

THEOREM 2.3. i) A lis compact in a bounded domain.
(i) A~ is “locally compact” in an exterior domain, i.e., every sequence which is
bounded in the graph norm || - || s has a subsequence that converges in L*>(2g)
for every R > 0, where

Qg = QN B0, R).
PROOF. (i): Claim:
dd >0 VV e D(A):|V] <d|AV]. (2.24)

Proof of (2.24), by contradiction. Assume

1
AVa)n € D(A) Vn o[Vl =1 and [|AV,]l < -



326 R. Racke

Using (2.22), this implies the existence of a subsequence of (V,f),, that converges in L%(Q)
by Rellich’s theorem. Since

IVV2? < CUVIF+ VKV, 1P,

with a constant C > 0, also (V,?)n has an LZ(SZ)—convergent subsequence. We know from
(2.23) that

vl = spw,
for some W, € HO1 (£2) implying
IVWul < C,

hence (W,,), has an L*(2)-convergent subsequence. Denoting subsequences by the same
symbol, we conclude

V) — V2 < CllW, — Wl ID' (V) = VDIl — 0 asn,m — .

Altogether we obtain

IV e H: V,,&V asn — oo.

Since AV,, — 0 and A is closed we get V = 0, which is a contradiction to ||V, || = 1 for
n € N. This proves (2.24).

Now let (F, = AV,), be bounded. By (2.24) we conclude the boundedness of
(Vi)n (and (AV,),). Thus, the LZ(Q)-convergence of a subsequence of (V,), follows by
arguments as in the proof of (2.24). This proves (i).

(ii): As in the proof of (i), the boundedness of (V;?), and (V;}) in H} (2) implies the
convergence of subsequences in L2(Qg) for any R > 0.

In order to conclude the convergence of a subsequence of (an )n we need the following
lemma, which will be proved below.

LEMMA 2.4. Let the domain G be bounded and have the strict cone property. Then we
have

I >0 YW e HYG)=W"(G): [W| <k sup {IDW|+ (W, V)|},
VeDy(G)
V=1

where

Do(G) = {W € L*(G) | DW = 0}.

By virtue of (2.23),

V!=1%Q)- lim SDW,_;

j—o00

for some (Wy,,j); C HJ ().
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Lemma 2.4 is applicable in Qg since W, jjae = 0 and 0B(0, R) has the strict cone
property. Without loss of generality,
W, ; € Do(QR)™*.

Thus, (W, ;); converges in L2(Q2R), as well as (SDWy,j);-
Korn’s inequality in H'(G) for domains G with the strict cone property (cf. [61]),
saying that

3p>0 YV eH' G IDVIP+IIVI* = pIVIi, (2.25)

where | - ||1,2 denotes the norm in Hl(G), yields W, € HI(QR), such that W, ; — W, in
H'(Qg) and W,, € Do(2g)". Hence

V= SDW,,

and, applying Lemma 2.4 and (2.25), we observe that (W,), is uniformly bounded in
H'(Qg), implying the convergence of a subsequence in L2(Q2g).
Letyy € C*(R"),0<v¢ <1, ¥, , =1, VYirm g = 0. Then we get

Vi = Vil 20, ) = ISPV W = Wad 72
< C(DY Wy — W), SDY Wy — W) 12(qp)
=C|W, - Wm||L2(QR)||WD/SDE”(Wn = Wil 20z

= ClIWn = Willr2@p — 0 asn — oo. O

PROOF OF LEMMA 2.4. Suppose the existence of (W), C H'(G) such that

[Wall=1 and  sup {|DWy[ + [(W,, V)} < 1/n.

VeD
Ivi=1

Then
IDW,|| = 0 asn — o0

and (2.25) implies the boundedness of (W,,), in H 1(G), therefore the convergence of a
subsequence of (W,), in L%(G) by Rellich’s theorem. Hence by virtue of (2.25) there
exists a subsequence of (W,),, still denoted by (W,,),,anda W € H 1(G) such that

W, — Wili2 — 0, W € Dy, W] =1,
which is a contradiction since

IWI? = lim(W,, W) = 0. O



328 R. Racke

As a consequence of the compactness of A~! in bounded domains we obtain

THEOREM 2.5. If Q2 is bounded, the spectrum o (A) of A consists of isolated eigenvalues
with finite multiplicity.

For the case 2 = R” and homogeneous isotropic media we can describe the spectrum in
detail. For bounded domains we look for the existence of purely imaginary eigenvalues
of A, since they describe pure oscillations for the time-dependent problem, excluding a
damping through heat conduction.

Let AV = AV, A € C, then

Re AV, = (VV3, KVV?3), ImA[|V 3, = 2Im(D/(DV? — V1, v3).

A =ibwith b € R\ {0} leads to

v3i=0, —SDV? =ibV!, —p D'V =ibv?, s~'r'opv? =0,
hence

—p~'D'SDV? = p*V?, VZe Hy(Q), (2.26)

r'nv? =0, (2.27)

and we immediately have

THEOREM 2.6. There are purely imaginary eigenvalues if and only if the eigenvalue
problem (2.26) with side condition (2.27) has solutions.

Since V3 = 0 for eigenvectors V = (V!, V2, V3)' to purely imaginary eigenvalues, the
following lemma is obvious.

LEMMA 2.7. (i) A € iR is an eigenvalue of A < X € iR is an eigenvalue of A*.
(i) AV =A;Vj, A €iR, j=1,2, A1 # Ak = (V1, Vo) =0.

The question of existence of purely imaginary eigenvalues is easy to answer in one space
dimension.

THEOREM 2.8. There are no purely imaginary eigenvalues if Q C R,
PROOF. The side condition (2.27) turns into
d 2
F'x)—V-(x)=0.
dx

This implies V2 = 0, since the function I is pointwise different from zero. g

In more than one space dimension the situation becomes more complicated, with
consequences for the time asymptotic behavior. If we consider a homogeneous, isotropic
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medium in R?,

1
o =1d, §=1, K =1d, r=y|(1], 7 #0,

and (2.26), (2.27) become
AV 4+ 7?2V =0, VZe Hy(Q), (2.28)
V'vZ=0, (2.29)

1. and if Q = B(0, 1), the unit ball in R?, there are solutions to (2.28), (2.29). All
solutions are given by, in polar coordinates (r, V),

2 _ [(—=J1(nr) sing
Vo(r, @) = ( J1 () €S cp> , neN,

where J; is the Bessel function of first kind, x, equals the nth zero of Ji, and
b = b2 = iy

2. If Q is a rectangle, there are no solutions to (2.28), (2.29).

3. A sufficient condition for the non-existence of solutions to (2.28), (2.29) is that the
scalar eigenvalue problem

—Av+iv =0, vpe=0, QC R, (2.30)

has only distinct eigenvalues, i.e., all eigenvalues are simple (cf. [12]).

— Domains  C RZ, for which 9 is smooth and, additionally, a straight line
in a neighborhood of a point, are examples, where (2.30) has only simple
eigenvalues (cf. [13]).

— In every C3-neighborhood of a domain €, there is a domain *, such that
(2.30) has only simple eigenvalues. With respect to an appropriate C3-metric,
the set of domains €2 leading to multiple eigenvalues in (2.30) is of the first
Baire category (cf. [68-70,117]).

This complicated picture of the existence of purely imaginary eigenvalues of A is not only
of interest for itself in the stationary case but will have its implications for the asymptotic
behavior for solutions to the time-dependent problem.

For homogeneous, isotropic media and 2 = R”, i.e., no boundary, we can use the
Fourier transform to describe the spectrum explicitly.

Let, without loss of generality,

p =1d, §=1, K =«ld,
DT =yV, 'D=yV, 7 #0,

and S as described above.
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Denoting A, before reducing it to N (A)*, by Ag for the moment and letting Ao( )
denote the symbol of A after Fourier transform, we have

0(Ag) = {8 € C|3p e R":det(Ag(p) — B) = O}.
InR! we have

—B —aip 0
det(Ao(p) — B)= |—ip —B  7ip
0 7ip «lp*-p
—B> +k|pl*B* — (@ + 7D)IpI*B + kalpl*
= A(B, p, ),

to be read as a definition forany 8 € C, p € R", ¢ € R.

REMARK 2.9. The case y = 0, i.e., a decoupling of heat conduction and elasticity, leads
to

AB, p,a) = —(B — k|pIH)(B* +alpl),

i.e., we have three branches 8;(p), j = 1,2, 3,

Bi(p) = klpl?

from pure heat conduction, and

B23(p) = £ivalpl,

from pure elasticity, after the transformation to a first-order system.

Now let y # 0 again. The zeros ;(p) of A(B, p,a),j = 1,2,3, can be computed
explicitly and we obtain that {81(p), p € R} equals the nonnegative real axis (‘“heat
conduction”), and {8;(p), p € R} for j = 2, 3 consists of two parts which are symmetric
to the real axis and for which the real part is bounded by some o = ozo()72, o).
For the qualitative behavior in the case
=2
LA (2.31)
o
see Figure 2.1.

The condition (2.31) is the natural one from the physical point of view, see [61,86].
For = R? we obtain

det(Ao(p) — B) = —A(B, p, 2u + 1) (B> + ulpl*)B,
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Bap)

t
Oy

Fig. 2.1. {B2(p) | p € R}.

and for @ = R3

det(Ao(p) — B) = —AB, p, 21 + V(B> + nlplH?B>.

In comparison to R! we obtain, additionally, a null space (artificial for the original
problem) and a “purely elastic” part with parametrized zeros B4,5(p),

Ba5(p) = FiJ/ulpl.

Altogether we obtain for 2 = R” and homogeneous, isotropic media:

THEOREM 2.10. i Q=R!:
0(Ag) =Cs(Ag) = AP ={eC|Ip eR": A(B, p,x) =0}
(Cq: continuous spectrum)
(i) @ =R2,R3:
0 (Ao) = Py (Ag) U Co (Ap),
P;(Ag) = {0}, Cy (Ag) = AP° U A%, where
A? .= iR. (P, : point spectrum), & = 2i + A in APe.

REMARK 2.11. The notation “A”?, A*°” is naturally connected to the decomposition of
vector fields into potential and solenoidal fields.

Finally we remark that for exterior domains 2 # R”, the spectrum has not yet been
characterized in detail. It is known that, e.g.,

o(A) Do(Ap)
or that
dmN(A—21) <oo ifdeC\a(Ay),

cf. [61].



332 R. Racke

We now turn to the first results of the asymptotic behavior as ¢+ — oo of solutions to
Vi) +AV(@©) =0, V(=0 =V"e DA,

i.e., to the thermoelastic system with zero exterior forces and heat supply. This is not only
of interest in itself as a description of the dynamical system in its linearized form, but also
important for the later discussion of nonlinear systems, where knowledge of the behavior
of the linearized system will play a crucial role.

If there are purely imaginary eigenvalues of A, then the initial data V°, spanned by
corresponding eigenvectors, produce a solution V = V (r) = T(r)V°, which oscillates and
preserves its norm in 7, the energy remains constant:

E®=IVDOly =IV5, t=0.

The aim will be to show that on the orthogonal complement in D(A) of those eigenvectors,
the solution will always tend to zero. Before doing so, we easily get from

t
IVl =1ven3, —2 /0 (VV3(r), KVV3(r))dr. (2.32)

THEOREM 2.12. (1) lim; oo |V ()| exists.
(i) im0 [VV3 ()] = 0.

Now we consider the asymptotic behavior in bounded domains. Let
L:={WeDA)|Vt=0:ITOWlp = IT*OWlly = IWlx},

where T*(t) = e 4" is the adjoint operator to T'(t) and the generator of {T*(¢)};>0 is
A*. Tt turns out that L is spanned by the eigenvectors to purely imaginary eigenvalues. The
operator L is closed in D(A), and the decomposition

D(A)=L®L" in D(A) (2.33)

is used in the following main theorem on the general asymptotic behavior for bounded
domains.

THEOREM 2.13. Let Q be bounded and let V (t) = T (t)V° be the solution of
Vi(t) + AV(t) =0, V(=0 =V"e DA,
where VO = VlO + V20 according to (2.33). Then we have

i) Ve >0: ITOVlr = 1Vl
(i) lim— o0 [V () — T @)V = 0.
Moreover,
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(iii) L is the closure in D(A) of the span of eigenvectors to purely imaginary
eigenvalues of A.

PROOF. (i): This is obvious by the definition of L.

(i1): Let Vo (¢) = T(t)V20 and (), C (0, o) with lim,,_, » #, = 00. Since
IAV2 @) 3¢ < 1AV, I,
there is Z € H such that for a subsequence, again denoted by (AV2(#,))n,
AVo(t,) — Z(weakly in H).
The compactness of A~! (Theorem 2.3) implies the existence of W € L such that
nlglolo Va(ty) = Wl =0 and AW = Z.

For any s > 0 we get, using Theorem 2.12,

Wl = tim |IT6T @) Vsl = 1T )Wl (2.34)
implying
T*()T(s)W = W. (2.35)

Lett, =s+r,,r, >0.

IT*()Wllp = Jim IT*T )T ) Vyllr = IT*()T () Wil
with, having chosen a subsequence,

Ts)W =W,
hence, by (2.34) and (2.35) for Wy,

IT*O Wl = Wil = 1T Wil = Wl
The equalities (2.34) and (2.35) imply W € L, hence W = 0, which proves (ii).

(>iii): The relations

ALCL=T"™ — ALci, A=

imply that

B =1iA;

i DB =L

is a self-adjoint operator with compact inverse.
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First let W = Zi’v:l ajVi,aj € (C,AVJ' = AV, A = ibj,bj € R. Then, for any
t >0,

N N
TOW =) eV, T*0) =) a;e"'V;
j=1 j=1

and, using Lemma 2.7,
ITOWIr = I1T*OWln = [W]n.

which implies W € L. Since A is closed and T'(¢), T*(¢) are continuous, we see that the
D(A)-closure of these eigenvectors is a subset of L.

Now, since B is self-adjoint and B~! is compact, there exists a complete orthonormal
system (V) ; of eigenvectors of B in L for real eigenvalues (d;) ,

O<|di| <...=Z|dj| > 00 asj— oo,
BV; =d;V;.

Thus
AV; = —id;V;

and for any V° € L we have

o0 o0
Vo= (VO vy, AVO =" —idj(VO, V)V,
j=1 j=1
that is,
N
0_ : 0 VvV
Vo=l —ngnoogv L VinVj. O

COROLLARY 2.14. A has no purely imaginary eigenvalues if and only if every solution,
for arbitrary initial data from D(A), tends to zero.

This gives the first general description of the asymptotic behavior as t — oo. The
discussion of the existence of purely imaginary eigenvalues in the previous section shows
the complexity of the situation. There are configurations (domains, data) such that

— there are pure oscillations (sphere in R?),
— there is decay to zero (rectangle),
— solutions always decay to zero (R!),

and it is not simple to describe the geometry of domains always having solutions that decay
to zero. The next questions would be if there is a rate of decay — if there is decay at all —
and if a description of generic bounded domains for non-decay is possible. These questions
will be addressed in the next chapters.
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For exterior domains Q2 # R”, one can prove, with similar arguments using the “local
compactness” expressed in Theorem 2.3, that the following analogue to Theorem 2.13 (ii)
holds:

YR >0: lim |[V(1) - TVl 25 = 0.

where VlO € L and L are defined as before.

For @2 = R” and homogeneous, isotropic media, an analogue to Theorem 2.3 (i), (ii)
exists and can be proved using the Fourier transform.

We assume, without loss of generality,

o=1d, §=1.
The equations for (U, 0) given in (2.10), (2.11) are

Uy — (i + VYV — uV x Vx)U + V0 = 0,
0, — kA0 + VU, = 0.

V .= (SDU, U;, 8)' solves
Vit AV =0, V@i=0=V°
as before, where Ay denotes A before reducing it to N (A)*+ (cp. page 14).
A decomposition of U into its curl-free part UP° and its divergence-free part U*°,

according to the orthogonal decomposition

L*(R") = VH!(R") ® Dy(R"),
U — Up() + USO,

where D((R") denotes vector fields with vanishing divergence, implies a decomposition
of V into

V =VP0 V5
where
VP .= (spur’,ut’, ey,
VS() = (SDUSO, U[SO’ 0)/’
and

UM’ — Qu+1AUP’ +7Vo =0,
0, — kA + VU’ =0,
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U — nAU* =0,
i.e., the coupling is just between UP? and 6. The part U*°, independent of 6, satisfies a

wave equation.
The space H := L*(R") correspondingly can be decomposed into

Ho = H{ @ Hy’ & N(Ao), (2.36)

where

HY = SD(H!'(R") N VHI(R")) x VHI(R") x L}(R"),
HE? = SD(H'(R") N Dy(R")) x D)(R") x {0}.

Looking at the characteristic polynomials in the Fourier space, det (Ao(p) — B), from
Section 2.1, we realize that in one space dimension H*° and N(Ag) are trivial; while in
two and three space dimensions, an artificial null space N(Ag) — artificial in the same
sense that V29 V59 are in Hgo and Hf)", respectively, for data VO = (SDUO, UL, 0% —is
represented by the factor A(n = 2) and B3 (n = 3), respectively, moreover the part V¢ is
reflected in the factor (8% + u|p|?)®, while V0 is determined via A(B, 7, 210 + A) as in
the one-dimensional case.
Transforming the equations for V7 under the Fourier transform,

V2w, p) + Ao(p)VP(t, p) =0, VPt =0) = VOre,

we obtain a system of ordinary differential equations with parameter p € R". This can be
solved explicitly, and the solution is of the form

3
Ve, py =) e PP H;(p)
j=1

with appropriate H;(p) depending on vore — \70”’0(17), where B;(p), j = 1, 2,3, are
the zeros of A(B, p, «), here o := 2u + A and the asymptotic behavior of 8;(p) can be
computed.

LEMMA 2.15. i p#0=>ReBj(p)>0,j=1,2,3.
(i) VYr > 03C,Cp,C3 > 0:

Ipl <r = Cilpl* <ReBj(p) < Calpl?,
lpl=r = ReB;(p) > Cs.

>iii) As |p] — O:

_ KX | |

- a+p2? P

Bi(p) 2L 0(pP,
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/c)72

2 . ~2 3
————|pl" £iyJa+ +0 .
2(a+y2)|1’| ylpl (pl)

B2,3(p) =

@iv) As |p| — oo:

~2
Y o, _
Bi(p) =klplP =~ = =IpI7 + O(pI ™),

~2
14 ay _ _
Bra(p) = =+ —IpI >+ OpI™)
2k 2k- o
+i(valpl+ S1pI™" +01p 7).
where
~2 ~2
= P22 = G Sl )
o = y(y o), oy = N .

Then it is not difficult to prove (determining H; (p) above and splitting the integral over R"
into two parts: | p| < r, r small enough, and |p| > r) that VP°(t) tends to zero as t — oo.
With this sketch of the proof we conclude

THEOREM 2.16. Let Q@ = R" and let V() = T (t) VO be the solution to
Vi+ AV =0, V(=0 =V

and let VO be decomposed as follows
VO — VO,po + VO,so + V(),nu

according to (2.36). Then

V() =VPo@) + V) + V™)
=T@)VOP° + T()VO*° + T )V O,

and we have

() Vi >0: V(@) = yonu
(i) V2 = 01 [Vl = 1Vl
(iii) Timy—oo [V 7 (D)l = 0.

This is the complete analogue to Theorem 2.13 (i), (ii), where the reduction to the
orthogonal complement of the null space had already taken place. The space L is
essentially replaced by divergence-free fields, in terms of the displacement vector U.

REMARK 2.17. For the discussion of the Dirichlet-type boundary condition, as done in
this chapter, the boundary of the domain €2 could be arbitrary, i.e., no smoothness was
necessary.

Notes: For a comprehensive treatment of linear well-posedness and asymptotic stability
in bounded domains see Dafermos [12,13] and Racke [87]; for the case 2 = R”" or
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arbitrary exterior domains see Leis [59—61] and Racke [86,87]; compare Kupradze [56]
for an approach via integral equations.

2.2. Linear asymptotic behavior in one dimension

We consider the case of a homogeneous medium, where the differential equations are given
in (2.12), (2.13), that is, assuming § = 1, without loss of generality, as well as zero forces
and zero heat supply,

Uy — Oty + Y0 =0, 2.37)
O — KOxx + Jusy = 0. (2.38)

Additionally, we have initial conditions

ut=0=u’, w@t=0=u", 660=0=6" inQ (2.39)
and the following boundary conditions, for example,

u=0=0 ond<, (2.40)

where Q2 = (0, 1), or 2 = (0, oo) for initial boundary value problems, or Q = R! for
the Cauchy problem. We shall prove the exponential decay of solutions to the problem
(2.37)—(2.40). If we apply the energy method in the usual way, some ill-behaved boundary
terms arise because of the boundary conditions (2.40). To control such boundary terms we
utilize a technique from the theory of boundary control (cf. (2.46) below). Let

1 1
Ex(r) =3 / (a{‘u ok, + a,"*‘e) (t, x)dx
0

denote the energy of order k. We differentiate (2.37), (2.38) k — 1 times (k = 1, 2) with
respect to ¢, then multiply the resulting equations by E)tk u and E)tk ~lg, respectively, integrate
over (0, 1) and sum up the resulting equations. Recalling the boundary conditions (2.40),
we integrate by parts to obtain

d 1
aEk(t)JrK/ 105710, (x, 0)]Pdx <0, r>0,k=1,2. (2.41)
0

Multiplying (2.37) by o lu,, in L?((0, 1)) we infer

1
lttx (12 = = Use, trr) +

o
1d 1 1
< ——— (e, ) + = llurx I* + ClON? + = Nuxx I,
o dt o 3

(Ox, Uxx)

SN}
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whence

Sl O + = —(ury, uy) < =llux @7+ Cll0: )17, > 0. (2.42)
3 o dt o
Similarly, we multiply (2.38) by 3(a7) 'u;x in L2((0, 1)), utilize Eq. (2.37) and

Poincaré’s inequality for u; to obtain

3 5 3k 3 3k =1
e (ON7 = === (Ox, Urxx) + —= Orxs ur) + —=Oxityx |x=0
o ay ay ay
3k d 3k
< ——=—{Ox, uxx) + —= (Orx, txx) + CllOsx || 1z |l
ay dt oy
+ Clbxlaluixloe
3k d 3k d s 1 5 1 5
< —W5(9x, Up) — ;wl@xll + gnuxx” + allurxll

+ CllOx I + Clb:laglutsx lsg,

where |- |3 denotes the L°°-norm on 92. Adding the above inequality to (2.42), one infers

dt
< CU6: 1 + 110211 + Ce M0 2 + €lunl3q (0 <e<1). (2.43)

—Nurx D7 + S lluxx D7+ — ) = (e, ) + —5= Ox, ) + 5 10x 117 ()
o 2 o oty o

If we multiply (2.38) by k10 in Lz((O, 1)) and integrate by parts, we have

1 2 1 72 2
SN0 (D7 = == (Orx, 6x) + 5 lusx @)l
2 K K

< CIOx 11> + 110 1* + Nute 1) (2.44)

To bound the boundary term |6 |3 on the right-hand side of (2.43) we apply Sobolev’s
imbedding theorem (W1 < L) and (2.44) to arrive at

16:13q < CUUIO N + 16 1 16xx )
< Ce 210 1?4+ 16217 + CXlug|I*.

Inserting the above estimate into (2.43) and letting € be appropriately small, we obtain

1 luex @) + 1|| O1* + d ]( )+ o (O, un) + * 16,117
—|lu —lu — 3 —(ux, u ——= (O, u —
205 Ix 2 XX dt a tx X azy X 1t a2 X

< Ce 2 (10: 1> + 1612 11*) + Celurlzg, 1>0,0<e<e (2.45)
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for a suitable €y < 1. Now we make use of a technique from boundary control to estimate
the boundary term on the right-hand side of (2.45). To this end let ¢ (x) := % —xforx e R.
We differentiate (2.37) with respect to ¢ and then multiply the resulting equation by ¢u;y.
We deduce that

d

1 1 a ! B
s Bue) = 5 f B dx — 5 / 3312 dx + 7 {0rxs Pitrs) = O,
t 0 0

which, by integration by parts and Eq. (2.37), implies

1 2 o 2 d 2 2 2
Z|Mtt|a§2 + Z|Mtx|agz + a(um durx) < Cllugell”™ + NlugxlI” + 10 117)

< Clluxl® + Netee I + 160 I + 162 117). (2.46)

Substituting (2.46) into (2.45) and choosing € suitably small but fixed, we obtain

1 5 1 , d 1 3k 3k 2
E””tx” + Z””xx” + I ;(ut,\m Uy) + wa’ U) + EHQX”

d
+ Co futn, ) < CUI6II* + 1611, >0 (2.47)

with Cq being a constant independent of 7.

From Eq. (2.37) we get

Q1% + 16117 + et I + Nluee 1) (1)
< CUGN? + 162 I+ Nlatgx I + x5 () (2.48)

for ¢t > 0. Moreover, if we multiply (2.37) by u in L?((0, 1)) we obtain

allux (O < C(lug |l + 16x 1D Null
< Cllux I + 16 I17) + (2/2)llux |1,

whence
lux (O < Cluxx N>+ 1615, £ > 0. (2.49)

Denote

1 1 3k
H@): = E(El(t)"‘EZ(t))‘i‘&(”tx»ux)‘f‘W(ex’”tt)

3k 2.50
+ 251641 + o, purs), (2.50)

E@t): = Ei(t) + Ex(t) + 16:(D)]%,
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where € > 0 is a small constant to be determined later on.
Thus, (2.41) xe~! (withk = 1,2) 4 (2.47)+ (2.48) xe+ (2.49) xe yields

d
aH(t)JrCleE(t)gO, t>0,0<e€ < e, 2.51)

where C| is a positive constant independent of ¢, €y some small but fixed constant. Now,
in view of the definitions of H (t) and E(t), we choose € € (0, €p) small enough but fixed
such that

LE(t) <H@) <CE@) (2.52)
C

for some positive constant C, which does not depend on 7. Combining (2.52) with (2.51),
we obtain

THEOREM 2.18. Let (u,0) be a solution of (2.37)—(2.40). Then there are positive
constants C, « independent of t, such that

E(t) < Ce™E0), 1>0,
where E(t) is given in (2.50).

We remark that explicit rates of decay (the discussion of the optimal, the largest « in the
previous theorem) for various real materials are given in [38] and will be presented in
Section 3 in comparison to hyperbolic thermoelastic models.

The problem (2.37)—(2.39) with Neumann boundary conditions,

o =au, —70=0, 6, =0 ondQ, (2.53)

has also been considered. If s, 6o € R! be defined by solving the following algebraic
equations:

QU — PO = 0,

1
2.54
Ploo + 000 = / 0° + pu®)dx, (259
0

then (xueo, B0) 1s a stationary solution of the system (2.37)—(2.39), (2.53) and one can
show that solutions of (2.37)—(2.39), (2.53) converge to a constant state exponentially as
t — o0.

For the Cauchy problem it is convenient to transform the equations (2.37), (2.38) into
a symmetric system of the first order. Denote w := /@iy, v := u;. Then V := (w, v, 0)
satisfies

A, + A'v, — Bv,, =0, (2.55)
Vie=0) =V'= w° % 6%, (2.56)
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where
0 —a o 000
AY=1d, Al=[-Va 0 7|, B=[000O
0 7 0 00 k

If we take the Fourier transform of (2.55), we obtain
A%, + il A@) + 1P B}V =0, 2.57)

where A(w) = Alwand w == £/|€], £ € R\ {0}.

Note that A?, A(w), B are all real and symmetric, and B is positive semi-definite. We
take the inner product (in C3) of (2.57) with V, and then the real part of both sides of the
resulting equation to deduce that

1d, o0 o e
S AV VI HIEBY. V) =0, (2.58)

where (-, -) denotes the standard inner product in C3. Let

0 -1 0
K=11 0 2 ap!
0 —2Jap™! 0

Then it is easy to see that the matrix K A is real skew-symmetric and the symmetric part
of the matrix 8K A' + B is positive semi-definite for 8 appropriately small, since
p 2
B 0 —=Qax—-y9)
2y

sym(BKA' + B) = 0 B 0

i(za—;ﬂ) 0 k-—2BJa
2y

So, multlplymg (2.57) by —i|¢|K (w) (K(w) := Kw), and then taking the inner product
with V, noting that iK (w)A° is Hermitian and B positive semi-definite, we obtain, after
taking the real part of the resulting equality, that

gl d
2 dt
= Relil] (K (@)BV, V)} < €€ PIV? + C(e)|g[*(BV, V), (2.59)

— (i K(@)A°V, V) + |*(sym[ K (@) A(@)]V, V)

where sym[K (w) A(w)] denotes the symmetric part of K(w)A(w),and 0 < € < 11isto be
determined below. Now set
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1 IS B 13 . IS
B(r) e —(AD Pt oy v
EF (@) = (A", V) = 2 T (K (w)A'V, V),

where S is a small positive constant to be determined later on. Then, (2.58) x (1 + | %)+
(2.59) x B yields

d ~ A~ A~
(1+ |s|2)aEﬂ + &2 ((sym[BK (w) A(w)] + B}V, V) + [E|*(BV, V)
< BelePIV* + BC(e)EI*(BV, V). (2.60)

It can easily be seen that there is a small constant 8y > 0 such that £ B is equivalent to | 1% |2
and that

sym[BK (w)A(w)] + B = sym[BKA'] + B = sym[BKA' + B]

is positive definite for any 8 € (0, Bo]. Thus the second term on the left-hand side of
(2.60) is bounded from below by B8Co|&|?| 17|2 for some constant Cp > 0. Now choosing
€ and B so that ¢ = Cp/2 and B = min{l, By, 1/C(€)}, the estimate (2.60) implies
El’3 (1) + Cip(IENEP (1) < 0 with p(r) == r2(1 + r?)~ L. Multiplying this inequality by
eC1P(ED? and integrating with respect to ¢, we conclude

LEMMA 2.19. There are positive constants C, C| such that solutions of (2.57) satisfy
V@, )P < CemPEMV©O,6)  for (1,§) e Ry xR, (2.61)

where p(r) = r2(1 + r2)_1.

As a consequence of Lemma 2.19 we have the decay rates of the solutions to the Cauchy
problem (2.55), (2.56).

THEOREM 2.20. Let £ > 0 and 0 < k < £ be integers, and let p € [1,2]. Assume that
V(0) € HE(R) N LP(R). Then solutions of (2.55), (2.56) satisfy for t > O the estimate

IDLVOIR = € [ IDEV O + (1 + =@+ 0pkv )2}

where A = 1/(2p) — 1/4 and C is the same constant as in Lemma 2.19.

The norm || - ||, denotes the norm in L?.

REMARK 2.21. We define e ™S by
€S H) =F eSO fE) ) for f e LAR).

Then V(t,-) = (A%)72(e7"S(A40)!/?V(0)) is a solution of (2.55), (2.56). Thus,
Theorem 2.20 implies

1Dt £12 < € {e O IDEFIP + (1 4+ 0~ Dk p2
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Furthermore, we see that the decay rate of solutions to (2.55), (2.56) coincides with that of
the linear heat equation and the equations of compressible viscous fluids.

PROOF. We multiply (2.61) with |& |2¢ and integrate over R¢. We use Plancherel’s theorem
to infer

IDSV )< C / |&|2eC1irUED |V (0, £)|2dg
R

=C {/ +/ } =L+ L(). (2.62)
l5l<1  Jig1=1

Next we estimate the integrals on the right-hand side of (2.62) in the regions {|£]| < 1}
and {|&| > 1}, respectively. By virtue of Holder’s inequality and the Hausdorff—Young

inequality (| fll; < Cllflly»q’ € [1,21,¢' " +4¢7 1 = 1),

Ii(1) < / |22k CIIEP1/212 2K 7 0, &) 2dg
[&1=<1

5 1/r o , 1/r
S ([EI 1 |é|2(€71€)r67Clr|§| t/2d$) </I;I 1 |D§V(O,§)|2r df;“)

< (1471 =Ky phy 0) )2,
<C 40P DLv ()7, (2.63)

where r = p/(2 — p) € [1, 00], and r’ is the dual number of r. For I;(¢) we have

L(t) < Ce™C11/2 / 1124V (0, £)2dg < Ce=C1'/2| DV (0))|. (2.64)
|&1>1
Inserting (2.63), (2.64) into (2.62), we obtain the theorem. ]

REMARK 2.22. We may perform a detailed analysis of the spectrum for the differential
operator A9, — Ba)% in (2.55), and represent the solution V of (2.55), (2.56) using the
projection on the eigenspaces. In this way we can obtain the decay rates of V (z, -) in the
L'- and L>®-norms. We refer to [126] for the details. We can also investigate the decay
rates of solutions to initial boundary value problems in the half line (2 = (0, c0)). In this
case the arguments are similar to those in [126] for the Cauchy problem.

The decay results that have been given earlier, show that in one-dimensional space
the decay, as time tends to infinity, is essentially determined by the dissipation through
heat conduction. This parabolic part is the dominant one in contrast to the hyperbolic one
arising from elasticity. But the hyperbolic part still has an essential impact, namely, if
we seek smoothing effects of the system. The typical behavior of the solution to a pure
heat equation would be that it smoothes infinitely strongly, creating arbitrarily smooth
solutions for ¢ > 0, also for non-smooth data at + = 0. This is in complete contrast to the
typical hyperbolic phenomenon, where singularities in the initial data will propagate along
characteristics. It turns out that this property of propagation of singularities is still present
in the thermoelastic system, and in this sense it typically behaves as a hyperbolic.
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Let us consider the case of a homogeneous medium, where the differential equations
are given in (2.37), (2.38). Additionally, we consider the initial conditions (2.39) and the
following boundary conditions,

u=6, =0 onodL2,

where Q = (0, 1), or Q = (0, 00), or 2 = R..
From Egs. (2.37) and (2.38) we easily derive the following equation for v := u:

Vit — KAV, — ()72 +a)Av + ka A% =0, (2.65)
with initial data

vt =0)=vy:= uo, vt =0)=v; = ul, vt =0) = vy = aAu’ — )7V90,
and boundary conditions

v=Av=0 onodQ.

We note that 6 satisfies the same differential equation as v with appropriate boundary
conditions. Denoting by A the Laplace operator with domain

D(A) = H*(Q) N Hy () C L*(Q), Av:= —Auv,

we see that v satisfies

Vit + KAV + (72 + @) Av, + kaA?v = 0, (2.66)
vt =0)=vy, v(=0)=v, v, (t=0) =0y, (2.67)
v(t) € D(A%), t>0. (2.68)

We can prove a result on the propagation of singularities for a general system of equations
(2.66)—(2.68) with A being a non-negative self-adjoint operator in a separable Hilbert space
H, v : [0, 00) —> H. In the formulation of the theorem and in the proof we shall use the
diagonalization theorem (or spectral theorem) for self-adjoint operators in the form given
in [34], cf. [63]: There exists a Hilbert space

ﬂ:/Hmmm,
&)

a direct integral of Hilbert spaces H(A), A € R, with respect to a pointwise measure ., and
a unitary operator I{ : H — 'H such that

DA™ ={veH| L MUv(h) € H}, m e Ny,
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and
UA V)L = AU (L.

Moreover,

o0
1™ V)3, = /0 AUV R4y A ().

THEOREM 2.23. Let A > 0 be self-adjoint in a separable Hilbert space H, let v be a
solution to (2.66)—(2.68). Then we have for vo = vy = 0 and for all s > 0 that

v & DA2) = Vi > 0: 4 1> 152 (uv,(t, 2, W20, )\)) ¢ H x M.
The proof of Theorem 2.23 defines w(z, A) := Uv(z, A) which satisfies

Wit + kAwy + (72 4 a)dw; + kerw = 0, (2.69)

w(t =0) =wy :=Uvy, w;(t=0)=w;:=Uvy, (2.70)
wy(t = 0) = wy = Uvy.

The solution w of (2.69), (2.70) is given by

3
w(t, 1) =Y bj()e it
j=1

where 8;(1), j =1, 2, 3, are the roots of the characteristic equation
—B3+krB = G+ a)AB +kar? =0,

i.e., the B; are the roots of the characteristic polynomial A(B, p, «) defined in Section 2.1
with A = | p|2. Moreover, the asymptotic behavior of the b;(A) can be obtained using
Lemma 2.15. Then it is shown by contradiction that w is not smoother than wj.

For the Cauchy problem, i.e., 2 = R for the equations (2.37)—(2.39), we can describe
the propagation of singularities and the distribution of regular domains in the space-time
region, respectively, if the initial data have different regularity in different parts of the real
line.

We obtain from the equations (2.37), (2.38) that u and 6 satisfy the following equations
(cf. (2.65))

P@)u =0,
P(8)0 =0,
wt =0 =u’,  wG=0=u',  uyt=0)=u’
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0t =0)=0° 0,(t=0)=0", 0, (t = 0) = 62,
where

P) =0} —k079% — (a + 728,02 + kad?,
and

4 ~ /
u? = oau® — y@o ,
4 ~ /!
6! = k0" — yul ,

92 — K(K'QONN . J,;ull//) _ ?(auoﬁ/ . J700//).

Here, a prime (') denotes differentiation with respect to a single variable. The initial data
(uo, ul, 90) are assumed to satisfy

u®, 6% € HS(R) N H TV (R \ [a, b)),
u' e ' ®R) N H R\ [a, b)),

where s will be in ]RS' and 0 < a < b < oo are fixed. The tools used to study this
problem will be Fourier analysis, and explicit representations of solutions in the Fourier
space, together with the knowledge about the asymptotic behavior of coefficients as the
Fourier variable tends to zero or to infinity. In order to formulate the result, let us denote
by L, IT and III, respectively, the following three regions:

I:={(x,1) | —00 <x <a—+/at,0 <t < oo}
U{(x,?) | /ot +b <x < 00,0 <t < 00}

b—
U{(x,t)|b—«/&t<x<«/&t+a,2—\/§<t<oo},

II .= {(x,t)|a—\/5 <

b—a}
2
U{(x,t)|a—\/&t5x§b—\/at,b:/f St},

e =

{(xt)|ft+a<x<ft+b }

THEOREM 2.24. Consider the linear Cauchy problem

P(u =0, }

u(t = 0) = 1, uy(t = 0) = u, uyy (t = 0) = 2, 271
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andlets > 4 and T > 0 be fixed. If the initial data (uo, ul, uz) satisfy
u e HS(R) N HTL(R\ [a, b)), u' € HS~Y(R) N HS(R\ [a, b]),
u?> e H*3R) N H 2R\ [a, b)),
then the solution u to (2.71) has the following regularity:

1
ue () C/(0. 71, H 7/ (®R) N C*([0, T, H 7 (R)N
j=0

3
() H (0, T1, H* P2 (R)),
j=2
(8 + ~ad)u € L2([0, T1, H* A UII)),
@ — Vadu € L2([0, T1, H*QUID)).

Moreover, there is a constant ¢ = c(T) > 0, depending only upon T, such that the
following estimates are valid:

lluell + lullc2qo. 1. m5-3R)y) + el 3
N CI([0,T],Hs I (R)) a0 ) N HI([0,T],H5+2-2/(R))
Jj=0 j=2

= (D) (Il + -2 + 3.2

and
10 + vadull 120,79, 15 qummnyy + 100 — vadull 120,79, 15 Uy
<c(T) (||u0||s,2 ol o=tz + P ls=3.2 4 16l st w2 fap)
e s g + 12 2o
Here we have used the following notation: For any Q C Rg‘ xR, let 2 = QN

{t = r); we define L2, H/([0, T], H* (X)) as the spaces of functions belonging to
L%, HI([Ty, T>], H*([x1, x2])) for any rectangle [T}, T»] x [x1,x2] C QN{0 <t < T},
and we omit the index ¢ of €2; for simplicity.

For the proof, the problem can be divided into three problems in each of which only one
of u°, u' and u? is non-zero. Consider for example the case

W =ul=0,ie.,

P@)u =0, } (2.72)

ut=0=u;t=0)=0,u,,(t =0) = u’.

Applying the Fourier transform F, we can express the solution u to (2.72) as

3
ut, ) = Fi, (Z b?(é)e—ﬁf@%(é)) : (2.73)
j=1
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where 8;(§)(j =1, 2, 3) are again the roots of the algebraic equation
—B’ +EB — (@ + 7HEB +wagt =0

and

-1
bE) = (H(ﬁ,-(é)—ﬂz(é))) . j=123 (2.74)
1#]

Inserting the expansions of the characteristic roots given in Lemma 2.15 into formula
(2.74), we obtain the behavior of the b?(&‘ ) for both small and large |&|, respectively.
Then one uses cut-off techniques to separate the behavior near zero from that near infinity
and inserts the expansions into the representation of the solution. From the expansion,
the leading terms in the “hyperbolic” part are perceived to be the same as those for the
pure wave equation, which, after some lengthy, but straightforward calculations, will prove
Theorem 2.24.

Notes: The exponential decay result is mainly taken from Mufioz Rivera [72], the part on
the decay for the Cauchy problem is adapted from Kawashima’s thesis [SO]. The semi-axis
problem was studied by Jiang [39,40]. The propagation of singularities was discussed in
the paper by Racke and Wang [97] and extended by Reissig and Wang [101].

Using different methods, e.g. from semigroup theory and spectral analysis, several
authors have proved the exponential decay of solutions in the (first-order) energy norm,
to initial boundary value problems in bounded domains, see the papers of Haraux, S.W.
Hansen, Kim, Henry, Perissinitto, Lopes, Burns, Liu, Zheng, Mufioz Rivera, also for non-
homogeneous media see [27,26,54,29,3,64,65,74]. The decay of solutions in the (first-
order) energy norm has an important impact in control theory (see e.g. [64]). Recently,
Shibata [106] obtained decay rates of solutions to the Dirichlet problem in the half-line.
There are related results by Racke, Shibata [95,105] for initial boundary value problems
in bounded domains, where the method of spectral analysis is applied to get polynomial
decay rates of solutions.

2.3. Linear asymptotic behavior in several dimensions

In one space dimension the asymptotic behavior is dominated by dissipation through heat
conduction. In two or three space dimensions the hyperbolic part predominates. In general
there will exist oscillations that are not damped to zero. Only for situations like the radially
symmetric one, where the rotation of the displacement vector vanishes, an exponential
decay result in bounded domains can be proved. For the homogeneous isotropic Cauchy
problem, the system splits up into a pure hyperbolic part of the divergence-free part of the
displacement vector, and into a coupling of the curl-free component of the displacement
and the temperature. This coupled system behaves like a solution to a heat equation.

We start with the case of a bounded domain and then shall discuss the Cauchy problem
for the isotropic case. Remarks on anistropic cases complete this sections.
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Let us consider the homogeneous, isotropic linear case (2.10), (2.11) with zero forces
and zero heat supply, i.e.,

U — (Qu + 1)VV — uV x Vx)U + 7V6 = 0, (2.75)
86, —kAO +pV'U, =0, (2.76)
Ut=0 =0°, Uit =0)=U", ot =0)=6", (2.77)
Upa =0,  6pag=0. (2.78)

2 is assumed to have a smooth boundary (Lipschitz would be sufficient). In the case that the
rotation of U vanishes identically, i.e., rotU = V x U = 0, we shall show that the solution
(U, 0) tends to zero exponentially; this holds in particular for radially symmetric situations.
The proof will use energy methods; in order to deal with certain boundary integrals we shall
make use of the following well-known lemma (cp. [47]).

LEMMA 2.25. (a) Let v = (v1, v2, v3) be a solution to the equations of elasticity

Vi — WAV — (W +M)VV'v=h; in[0,00) x Q,
vpe =0 in 0, 00).

v
n
2

v
+/ Vo | v |2+2u/ ;i ;0% Ok v; —,u/ Vo | Vv|?
Q Q Q

Then

2
d
+(u+)»)/ |V/v|2=2—f V1O Ok U
Ble) dt Jo

+2(/,L+)»)/ V/vVakBkv—(u+A)f V’0|V/v|2—2/ hi0y 0V,
Q Q Q

(2.79)
where o € (Cl(ﬁ))3 such that o; = v;i on 082, i = 1,2, 3.
(b) Let 8 be a solution to the heat equation
86; — kA0 = hy in[0, 00) x 2,
Ope =0 in]0, 0o).
Then
EEARE
K —| =28 | 6,0VO+2k | VOVorox0
ae |0V Q Q
—/c/ Vo | VO |2—/ hoo V6. (2.80)
Q Q

Then we have the following result on exponential decay for solutions with vanishing
rotation.
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THEOREM 2.26. Let (U, 6) be the solution to (2.75)—(2.78) and assume
VxU=0 in[0,o0) x Q.

Then there are constants I’ > 1 and d > 0 such that
t
Vi=0:E() +/ %5170, (s)]1%ds < TE(0),
0

where

2
E@) =e" {Z 18fUOI3_k 2 + 16: 1 + ||9<r>||%,2} :

k=0
PROOF. Since U has rotation zero we have
VV'U =AU and |VU| = |V'U].

Letoa :=2u + A and

._l 2 2, a2
Fi(t) =3 MU+l VU"+8110117) (@),
._1 2 2, 5 2
F (1) =3 U™ + VU~ +8116:117) (1),
._l 2 / 2 N 2
F3(1) =3 IVUAI” + [ VVU|I” +8IVO7) (1),
3
F(t) =Y _F;).
j=1
Then
L a Ivel? < b AN
. = —K ) . = —K )
di ! at’ 2 !
dF (1) A6 + / 00 vV'U
— = —K — .
dt 3 v aQ OV !
Furthermore,
[ 90 C 36 |
’7// —V'U, Sea/ IV’Uz|2+—/ —| =5L{)+ L),
aq ov PIo) € Joq |0V

where 0 < € < 1 will be chosen below. Using Lemma 2.25, we get

2o d 5 5 5
— | Unoid U + Ce(|Up |7 + IVUAI” + IIVO7)
w4+ A dtJo

2

e,ua/
“+2r Jae

I <

AU,
ov

351

2.81)

(2.82)

(2.83)

(2.84)

(2.85)
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C
L <e|VUI* + €—2<n0,||2 +1Ive %

< ellVUI* + g(uve,nz + Vo3 (2.86)
implying
9 py) < —cllno)? — 2 f 90 2+26—“5/ UnordeUy
dt w+Ar Joo | ov w+AdtJg
+ Ce(|Un* + VUL + g(nvetuz + Vo). (2.87)

Choosing n > C/(ke?) + 1 we conclude from (2.82), (2.87), (2.81) that

d
(1P + P2+ F) < =Cill0, V9,6, V6, A9, Ur, vU) |2

e;wz/
m+r Jye

Then we get for

2 2 d

oU, n
w4+ Adt

av

/ UnordiUs + Cell Uy, VUDIP. (2.88)
Q

2ea

H@) =nFi +nF+ F3 — —— | UyorohU; + /€ | UU
w+ArJo Q

+¢E/ vV'U VU,
Q
d
3 H©O = =C1l6, V0,6, V6, 80, Uy, vU)|I?
— C1/el(U, VU, AU, Uy)|?

2
eua aU,
=SB [ E (el + Vele. U V0. VUDIR)
w+ A Jao
Choosing € such that C/€ = C1/2 we get

av

U

d ) 0
Vi>0: —H@®O+C|IVODOI®+ -
dt aQ

2
dx + F(t)) <0. (2.89)
av
Observing (choosing 7 large enough) that
dk1,kp >0 Ve=>0:k1F(t) < H(t) <kaF(t),

we conclude from (2.89), with d := C/ky, for all t > 0,

t
e‘”F(:)+/ e?51vo,(s)|1>ds
0

t
+/ eds /
0 aQ

aU;

2
5| dxds < CF(0) < CE). O (2.90)
vV
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As an application and example we consider the equations of linear thermoelasticity for
a homogeneous and isotropic medium with unit reference density in a smoothly bounded,
radially symmetric domain  in R”, n = 2, 3; i.e.,

xeQ=VReOQ)(fn=2)resp. SOB3)(ifn=3): RxeQ.

Here we denote by O(n) the set of orthogonal n x n real matrices and by SO (n) the set
of matrices in O (n) having determinant 1. The typical examples are spheres and annular
domains.

We recall the definition of radially symmetric vector fields and functions, respectively:

DEFINITION 2.27. A vector field U : Q — R" [a function 6 : Q@ —> R] is called
radially symmetric, if

YReOQ)ifn=2)orSOB)ifn=3)VxeQ:
U(Rx) = RU(x) [0(Rx) = 0(x)].

Radially symmetric functions are characterized by the following (folklore) Lemma.

LEMMA 2.28. (i) A function 0 is a radially symmetric function <= There exists a
Sfunction  : ]R(')" — Rwith6(x) =y (@), r = |x|,x € Q.
(1) U is a radially symmetric vector field <= There exists a function ¢ : Rg — R
with U(x) = x¢(r).
(iii) In (ii) one has0 € 2 = U(0) = 0.
(iv) A radially symmetric vector field has vanishing rotation.

As a consequence, we can apply Theorem 2.26 and we obtain the exponential decay for
radially symmetric situations:

THEOREM 2.29. Assume that the domain 2, having a smooth boundary, is radially
symmetric, and that the initial data U 0 Ul 99 gre radially symmetric. Let (U, 0) be the
solution to (2.75)—(2.78). Then there are constants I' > 1 and d > 0 independent of the
initial data and of t such that

t
E@t) + / e?5||V6,(s)|%ds < TE(0),
0

where

2
E@) =e" {Z 18FUOII5_g + 16: (O + ||9(r>||%,2} :

k=0
In the general situation, exponential stability cannot be expected. As soon as reflecting rays
exist, the decay can be arbitrarily slow. For the main result on the absence of decay rates,

Theorem 2.32 below, we shall assume on the geometry of the domain:

There exists a two-periodic orbit of the billiard in 2, (2.91)
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where an orbit of the billiard consists of lines which are reflected transversally at the
boundary, and a two-periodic orbit consists of a single line which intersects the boundary
perpendicularly. It is clear that such an orbit exists if the boundary 92 is convex. The
proof of the theorem will construct waves, the energy of which is concentrated near the
two-periodic orbit of the billiard and is reduced to a similar problem for the scalar wave
equation. The construction requires general results on the propagation of singularities.

First we consider the following auxiliary problem, the differential equations (2.75),
(2.76) and the initial conditions (2.77), together with a non-homogeneous boundary
condition on I := 0€2,

Ur=®, 6r=0, withU] =o(=0), Up=®,(t=0). (292

We shall denote by €2; and I'; the cylinders (0, #) x 2 and (0, t) x ', respectively, t > O.
The first-order energy is represented by

1
W, Ut 001 = 5/9 [V @ + G+ IV U PR + U 0

+S|9°(x)|2} dx.

LEMMA 2.30. Let U € HY(Q), U € L?(Q),0° € L3(Q), ® € H'(T'7) for T > 0 and
(U, 0) be a solution to (2.75)—(2.77), (2.92). Then there exists a constant ¢ = ¢(T) > 0
such that for all t € [0, T]

2

U
I @), Ui0), 60) 1 + ”a_v

= 1w’ Ut 601 + 101, |-
L2(I'y)

PROOF. Multiplying (2.75) by U; and (2.76) by 6 in L*(£2), using the vector field o from
Lemma 2.25 which equals v on I', and multiplying (2.75) by ox 9 U, we get

v |? 2d
H @ - —— U; (t)oror U (¢)dt
av L2(I") Mdt Q
= I UL OOIE + 10O} - (2.93)

Multiplying (2.93) by a small 8 > 0, we obtain

d | ¢ 5 2,3f ,3/ au |
— U, U,0O0% -2 | veaUd 2=
Qi {e K¢ HOONE g oo Udx ¢ + 2 )|

< CB.DIPOI (2.94)

for B = B(T) small enough.
Integration of (2.94) from O to ¢ and choosing 8 = B(T) small enough, the claim of
Lemma 2.30 follows. O
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The key lemma, the proof of which will be sketched below, will be the following.
Choosing appropriate coordinates we may assume, without loss of generality, that under the
assumption (2.91), there exists a two-periodic orbit of the billiard which hits the boundary
atP=(0,...,0,)and Q =(0,...,0, —1).

LEMMA 2.31. Assume (2.91) and let € > 0,T > 0. There exists a closed infinite
dimensional subspace V C coqo, 71, Hz(Q)) nclqo, 71, H! () of scalar functions v
satisfying

av
Vit — wAv =0, a_|39 =0, v(r =0) € H3 (),
v
and
1910131 1y + 190011,y < €+ D320 = 01T 5

+ 010 = 01T, + 1390t = 0> + [3,91v(t = 0)]*}.

Now we can formulate and prove the main result on slow decay. By {T (¢)};>0 we denote
the semigroup corresponding to solutions of (2.75)—(2.78).

THEOREM 2.32. Assume (2.91). Then

A Ve=0:|T®H| =1.
(i1) For any function w : [0, 00) —> (0, 00) with lim;_,oc w(t) = O there exists a
solution (U, 0) to (4.1)—(4.4) such that

— 1
tl_l)rrolom”(U, Ui, 0)®)| g = oo.

PROOF. (ii) follows from (i) and the theorem of Banach and Steinhaus applied to the

family of operators {ﬁT(r)} o (by contradiction).
>

The assertion (i) is equivalent to saying that for any € > 0 and ¢ > O there exists a
solution (U, 6) # (0, 0) to (2.75)—(2.78) which satisfies

U, U, ) > (1 —llU° U, 0%, (2.95)

and we shall prove (2.95) in the sequel. Let € > 0 and ¢ > 0 be given, let ¢; > 0 and for
this €1, let V be as in Lemma 2.31, choose v € V, v # 0, and define

Wo := (0,v,0,...,0, —01v).
Let (U, 0) be the solution to (2.75)—(2.78) for

U% .= Wyt = 0), U =9, Wy(t = 0), 6% .= 0.
Then (W, 0) with

Wi =U—-W
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is a solution to (2.75)—(2.77) and (2.92) with

Wit =0) =0, Wit =0) =0, 6 =0)=0
and

P = —-W.

Let (W3, 0) solve (2.75)—(2.78) with initial data U?, U, 6° and with 7 = 0, i.e., W5 solves
the corresponding elastic equation.
Let

W3 =W —W,.
By Lemmas 2.30 and 2.31 we have

(W1 8, W1 )@ £ + 1(W3, 8, W3, 00Dl £ < eI Wol2

172
= covad+0 (IWot =01, + 13, Wott =0} ,)
hence

(U, Ur, )l g = |(Wa, 8 Wa, 0)®) | g — (I(W1, 8 W1, 0) ()]l £
+ 1(W3, 3 W3, 0) (1) | £)
> (1 — JereOV1+W°, U, 0)|5.

Choosing

€2
T2+

the proof of (2.95) is complete. 0

Finally, we have to present the main task, i.e., the

PROOF OF LEMMA 2.31. In the proof we need the following lemma, which can be
obtained using the energy method.

LEMMA 2.33. Let v be a solution to the wave equation
vy —Av =0 inQ x [0, 00). (2.96)
Then
2 2 2 d ’ 2
{v; +[0v|” — [Vru|“}dx =2— | viopdkvdx + | (Vio|v]
Flo) dt Jo Q

42000010k v — V'or | V| ?)dx. (2.97)
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If in addition g—‘”) = 0on 0%, then

/J aQ{v? — VruPYdx < CO Ul + 1VV172g,)0 (2.98)

where J is an arbitrary connected interval in R, Vi denotes the tangential gradient with
respecttoI', and o € (Cl(ﬁ))3 such that o; = v; on 992, i = 1,2, 3.

We recall that the boundary is given as the graph of two functions ¥+ in a neighborhood
of P=(0,...,1)and Q = (0, ..., —1) € R" and that the gradient of ¥+ is zero at 0.

Consider the problem:

U;[—AUZO il’lQ,

0 2.
X =0 onT. (2.99)

The wavefront set of v is a conical set in the cotangent bundle. Suppose that
we have a solution v with the wavefront set contained in the cone generated by
((#;0,...,0,1), £(ep — ep)) for =B < t < P, where ¢q is the unit cotangent vector
pointing into the ¢ direction and e, is the cotangent vector pointing into the x,, direction.
Then the wavefront set of the solution is contained in the cone generated by the broken
bicharacteristics y starting at ((0, 0), ==(eg — e,)). The wavefront set S of the restrictions
to the boundary is contained in the cone generated by the union of the points

(4k+1,0,...,1),(£1,0,...,0)), (4k —1,0,...,—-1),(£1,0,...,0)),
where k € Z. This follows, for example, from Theorem 24.2.1 of [30]. Let Q be the
singular support of v|ry,. It is contained in the union of the points (4k + 1,0,...,1) and
4k —1,0,...,—1).

Locally the boundary T' near (0,...,=41) is the graph of ¥+ over R"™! in a
neighborhood of 0 in R"~!. Having parameterized I in a neighborhood Z of (0, ..., %1),
a neighborhood U of 0 in R"~! is determined, which parameterizes Z. In what follows
we use these local coordinates. We restrict ourselves to the upper part. We introduce the
symbol

a(t,x,s,y,a,&) = ayt, )ax(s, N — s)az (@, &),
ai(t,x) = ng(d*((t, x), ), az(s, y) == ng(d*((s, y), Q)),

2
€| ) (10 + o). (2.100)

az(a, &) =g EE+ a2

x(t—s):=np((s — )%,

where n € C§° is 1 near zero and O for arguments larger than 1, ng(s) :== n(s/ B2, Bisa
small number and d((¢, x), W) is the Euclidian distance between (¢, x) and W in Rx R" 1.
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Let f € C*°(R x U) and z = (y,s,&,a), we define the operator Pg, using the
parameterization of the boundary, by

(Pf)(t.x) = /( i AT 57 @ HRETIITEINf (5, y)dz,
xR=

@m)"
the principal symbol of which is given by a evaluated at x = y and ¢ = s. The relation
between a and standard symbols is described, for example, in Theorem I1.3.8 of Taylor’s
book [114]. Pg is a symmetric pseudo-differential operator with the symbol a supported in
a conical S-neighborhood of S = {(t,x,t,x,a,8)|(t, x,, &) € S}. Moreover, by virtue
of the definition (2.100), the symbol a is 1 in a conical B-neighborhood of S intersected by
the complement of the unit sphere in the cotangent variables.

Let J be an open interval in R!, and assume that the distance between the two ends of
J and odd integers is at least 281/3. It is easy to see that the symbol a € S? o- Hence (also

recalling the parameterization of the boundary) Pg : L%(I';) — L%(T"y) is bounded (cf.
[115]).

We shall construct an infinite-dimensional closed subspace V of solutions to (2.99),
whose elements restricted to the boundary have wavefront sets contained in S. First we
give a subspace W, then we shall choose V to be a suitable subspace of W at the end of
the proof.

Let ¥ € Cy°(R") satisfy f]R" Y(x)dx = 1. Then 1}(0) = landif ¢ = ¢ % 1/21,
¥ (x) = (=1)"¥(—x), then ¢ € CF(R") and ¢ = |¢/|%. Thus ¢ > 0 and $(0) = 1. Now,
we put for k € N

Fe(x) = k286K g (x).
Clearly

Ifell = Nolk™8, N fillgz = gl + OG ™) = 182 fill + OG*™3)

and

(fis fiY e = Ok + 17D ™)

if k # j, obtained by integration by parts. Now we define

o0 o0
W=1> afi € i@ la € C. Y lal < oo} CHj®. (101
k=1 k=1

Then WF(f) C {(0,te,) | t > 0} for any f € W. There are indeed functions in W with
their wavefront set being exactly equal to {(0, te,) | r > 0}. If we take a; = k~"*/? (notice
S lakl? < o0), then f = Y02 anfi = Y rey k—8ek* 5 (kx) has the wavefront set
WF(f) = {(0,tey) | t > O}. In fact, it is easy to see that f € C;°(R" \ {0}). Hence,



Thermoelasticity 359
WF(f) C {0} x (R"\ {0}). Now

fE =)k "pkE — Key),

k=1

whence
A~ 0 ~ ~
fmten) = k3G m* —K)en) = mTEG0) =m T,
k=1

which implies {(0, te,) | t > 0} C WF(f). Suppose now Uy is a closed cone disjoint
from {te, | t > 0}. Then there exists a constant ¢ > 0 such that |§ — te,| > c(|&| 4+ 1) for
£ € Uy and ¢ > 0. It follows that [k~ — Ke,| = k1€ — k*en| > ck~ (€] + k*) >
2ck|€|'/2. Since |4(€)] < Cn(1 + 1€/~ for any N, we have

otk —KPey) < sup  [p(w)| < Cy(1 +4ck2|E)™N  for & € Uy.
|w|>2ck/1E]

Then

If®I<Cy Y K3+ 4l < en+ 15N
k=1

for & € Uy. It follows that W F(f) = {(0, te,) | t > 0}. Now, let vy € W and vy = 0.
We denote by v the solution of the homogeneous Neumann problem (2.99) with the initial
data (v, vs)|r=0 = (vo, v1). We define W as the space of these solutions. Thus, by virtue of
the theory of propagation of singularities (see [114, Chapter IX, Theorem 3.3]), we have
that WF (v)|rp C Sforv e W.

Forv e Wwesetu = 0d,voru =0;vforl <i <n—1.Denote
Bo(u) = [ (dyu)* +u? — |Vrul?, (2.102)
Iy

where Vr denotes the tangential part of the gradient. Then by Lemma 2.33,
1Bo)| < Clivllgca,)- (2.103)

We write ur;, = Pgur, + (1 — Pg)ur, withu = yvoru = dvforl <i <n-—1.
Because the wavefront set of u is contained in S and 1 — a = 0 in a conical neighborhood
of §, the map

W v (1— Ppur, € CKTy) forkeN

is well defined (cf. [114, Chapter VI, Proposition 1.4]). We know that 1 — Pg : LZ(F Jj) —
L2(T"y) is bounded. Let D((1 — Pg)*) denote the definition range of the adjoint operator
(1 — Pg)* of 1 — Pg. Itis easy to check that 1 — Pg : L3(T)) — Ck(FJ) is closed. In
fact, let u, — u in L2(T")) resp. (1 — Pg)u, — hin C*(I'y) as n — oo. Then for any test



360 R. Racke

function ¢ € Cg°(I'y) C D((1 — Pg)*), one has
(h, ¢>L2(F1) <~ ((1 = Pﬂ)un’ ¢>L2(rj) = (uy, (1 - Pﬂ)*(P)LZ(F])
— (u, (1 — Pﬁ)*(b)LZ(Fl) = ((1 — Pﬂ)u, ¢>L2(F/)'

Hence, h = (1 — Pg)u, and 1 — Pg is closed. It follows from the closed graph theorem that
for arbitrary but fixed g the map 1 — Py : L?(T';) —> C*(I') is bounded. Furthermore,
11— Pg: L*(I'y) — H'(I'y) is compact, since it factors over compact imbeddings.

For t € J we have supp (¢t —-) C [infJ — B'/3,sup J + B'/3]. We notice that the
support of az(x, s), with respect to s, lies in the S-neighborhoods of odd integers. Hence,
recalling the choice of J, ax(s,x)x(t —s) = 0,if s & J. Now, let ¢ € L®°(R) with
¢(t) = 1fort € J and ¢(t) = O for ¢t ¢ J. Thus, recalling the definition of Pg f and
(2.100), one finds that

Q)2 (Pgu)(t, x) = a1 (t, x) ((a2u¢) * h) (t,x) fort € J, (2.104)

where h(s, y) := x(s)az(s, y), whence

)" /J |1 Pgulldt = llar (1, %) ((a2ud) % W) 3o e
< (@2ud) * M| g1,
= llazug - A2 g g1y (2.105)
On the other hand,
Q@) h(e. §)|

/ x (s)e s f a3(t, x)e 1Y) gxdte "¢ dyds
RxRr—1 RxRr—1

- ‘/ R0+ @as(c, —E)dt
R
<cp~l3 max [a3 (7, —€)|. (2.106)

Inserting (2.106) into (2.105), we obtain

1/3

| Paulliagryy < CB1° maxlas(t, )l 2o (2.107)

Next we estimate the tangential derivative of Pgu. In view of the definition of Pgu we
may write

(27T)n/23jpﬁu=/ {8ja(t,x,s,y,a,§)
(]RX]R”*I)Z
+ iEja(t, x, 5, y, o, §)} e CTVOTO0y (3 5)dydsdéda
=1, x)+ L(, x). (2.108)
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Denote K := (infJ — 173, sup J + B1/3). Let € C'(R) with y(t) = 1 forr € J and
¥ =0fort € R\ K. Analogously to (2.104), I; can be written in the form

L(t,x) = ai1(t, x) (aouy) x hy, teJ,

where (s, ¥) = x()b1(s, ) and bi (a, £) = igja3 (@, &).
Recalling that supp a3(t, §) C {(z,§)||§] < CB|t|}, we have in the same manner as for
(2.106) that,

1, £)] < C(1+|aB'. (2.109)

By virtue of the definition of a, J and K, we know supp ax(-, x) N (K \ J) = ¢.
Thus we have supplaz (-, x)¥ (-)] C J. So, using (2.109) and (2.107), keeping in mind that
1— Pg: L*(I';) — HNT,) is bounded, we infer

12172, < Cll@uy) % hill3s
< CB*N( + lahazuy 7oy
< CBP 1l o, + CBNulFar

< CB*N10 Poul o, + CBNul o - (2.110)
From (2.107) we easily get || I; ”iZ(FJ) < C(B) ”””iz(r,)' Substituting this and (2.110) into
(2.108), we obtain
2 2/3 2 2
||VFP;3M||L2(FJ) <CB ”afPﬁ””LZ(r,) + C(ﬁ)llulle(r1)~ (2.111)

On the other hand, utilizing (2.102), (2.103), taking into account d,uj3 = O and the
boundedness of the map 1 — Pg : L*(T'y) — Ck(';), we deduce that

19 Pgull7 >, < CLBoG) + I VrullFa ey} + CBulla
= C {Bo) + 1Vr Pgull2s ) + 19001 = Ppulise ) L+ BNl
< CllvlFag,, + IVr Paullfap ) + CBulZ - (2.112)

Inserting (2.112) into (2.111) and choosing Bappropriately small, we obtain

2 2/3). 12 2
IVrPaul2ory < CB 1012, + COIN2 - (2.113)

To make the second term on the right-hand side of (2.113) small we need the following
lemma, which can easily be obtained using the spectral representation for compact
operators.

LEMMA 2.34. Let Hy and H; be Hilbert spaces, let T : Hl —> H» be a compact linear
operator, and {h;} a basis in Hy. Then for any € > O there exists N such that the restriction
T :span{hy, hyyt1, ...} —> Hy has norm smaller than e.
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By Lemma 2.34 we can choose a subspace V of W with finite codimension such that the
L?-norm in (2.113) is controlled by the first term on the right-hand side. Hence the operator

VBUI—)M‘FJ GHI(FJ)

is compact because it can be written as the sum of an operator of size O(8'/?) and a
compact operator (recall v = u = (1 — Pg)u + Pgu). Hence, in view of Lemma 2.34, we
may take V to be a suitable subspace V C V C W with finite codimension such that

191v 3,y + 190031y < Ml )y + 1030030,
n—1
<l ), + CIFVIGa, + C Y 10E0I
k=1

<Ml r,, < CBIVIG g, < CBUROIE, + v 07 )
< CBl3,v(0)[], forveV,

where we have also used (2.99). The last inequality holds at least if ax = 0 for k < N
and some large number N, using the definition of W in (2.101). So, we can choose S
appropriately small to obtain the assertion of Lemma 2.31. g

Similar and extended results on slow decay were obtained by Lebeau and Zuazua [58],
partially, also going back to the work of Henry, Perissinitto, and Lopes [29]. They used
the theory of geometrical optics and propagation of singularities to prove the non-uniform
decay of solutions of (2.75)—(2.78) for a large class of domains:

Let Q C R" (n = 2 or n = 3) be a bounded domain with smooth boundary. Assume
that 2 is such that there exists a ray of geometrical optics in 2 of arbitrary length which is
always reflected perpendicularly on the boundary. Then the decay of solutions to (2.75)—
(2.78) is not uniform.

Furthermore, among other points, they proved in the case of n = 2, the following:

Let Q be a bounded domain in R* with smooth boundary and without contacts of infinite
order with its tangents. Assume that 2 is neither a sphere nor an annulus and satisfies the
following condition

n
Ifp e (H&(Q)) is such that

Vip=0 in €,
=0 on 02

for some b € R, then¢ = 0.
Then there exists C > 0 such that
IU. U, )OI < Ct QU155 + UM, + 16%13,). ¢>0

for every solution to (2.75)~(2.78) with initial data (U°, U!, %) in (H*(Q) N Hj (Q)) x
H}(Q) x (H*(Q) N Hy (Q)).
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For the two- and three-dimensional Cauchy problem in the isotropic case, (2.75), (2.76)
in R* (n = 2 or n = 3), we shall apply the method used for the one-dimensional case.
Without loss of generality, we may assume 8§ = 1 in (2.76) and rewrite Eqs. (2.75) and
(2.76) as follows

Uy — nAU — (L + ) VV'U + 7V =0,

2.114)
9[ — Kk AO + PV/U[ = 0,

where t > 0, x € R"” (n = 2 or 3), with prescribed initial data

Ut=0)=U", Ut =0)=U", 0t =0)=0" inR".  (2.115)

With the decomposition of U into its curl-free part U”° and its divergence-free part U*?,
U = UP° 4+ U*?, we obtain a decomposition of (2.114) into the two systems

UL’ —aVV'UP° + V6 =0,
6, —kAO + VU =0, (2.116)
UP(t =0) = U, U@t =0)=U"Y°,006=0)=6" inR",

where @ = A + 2u, and

UtSZO _ /LAUSO — 0,

, s , . (2.117)
Ut =0) = (U,  U°@t=0)=@U")" inR"

The asymptotic behavior of solutions to the linear wave equation (2.117) is well known,
see for example [91, Chapter 2], we have for all # > 0 the fact that

(n—1)
13U, VU D)g < CA+07 2 THD|@,U%, VU )(O0)m,. p.(2.118)
where2 < g <o00,1/p+1/q =1and m, < 3is an integer. (In fact, m, > n(l —2/q)
is an arbitrary integer for 2 < g < oo andm, = n(l —2/q) forq = 2 or ¢ = c0.) The
asymptotic behavior of U”° will be described now. Let V/? := (/aV'UP°, U/, 0) €
R"*+2. Thus we may write the equations (2.116) as a first-order system

VFP? 4+ AVP? — BAVP? =0, VPo0) = (VvP9)0, (2.119)

where (V)" := (aV' (U, (U, %) and

0 —Vav' o0 000
A=|—-Vav 0 pV], B=|000
0 AYARNN ) 00 «
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Taking the Fourier transform on both sides of (2.119), we arrive at

v+ filgla@ + 1P B} V7o =0,

(2.120)
w=E/lE] = (01,...,0,) € 5",
where
0 —Vao 0
Aw)=|—-vVaw 0 yo| isreal symmetric.
0 yo' 0
We introduce a real symmetric matrix
0 —o 0
K =|ow 0 2V o, w=(w1,...,0p) €SN
0 —2vay o 0

Note that the 2nd to (n + 1)th components of the solution V¢ of (2.120) build a curl-free
vector, that is, for VP? = (vy, W, v,12) € R"2 onehas Vx W = 0 (or equivalently
@ x W =0forw e §"1). Since

B 0 %(m )
sym (BK (w)A(w) + B) = 0 B awe 0 ,

i(Za ) 0 K — 2B
2y
it is easy to see that for any Vro = (9, W, Dntn) € R with o x W = 0 we have
<sym[,3K(a))A(a)) + BV, \71’”> > C|VPe 2.121)

for some suitably small 8 > 0, where (-, -) also denotes the standard inner product in C"*+2.
Thus, using (2.120) and (2.121) and following the same procedure as used for (2.58)—(2.61)
in Subsection 3.1.2, we get

|VPo(r,€)> < Ce=C1PUEDNVPO0, )2, (1,€) €0, 00) x R, (2.122)

where p(r) = r?(1 +r?)~!, and C; is a positive constant.
Recalling A = VV' — V x Vx, we have

IVUP°|> = (AUP°, UP%) = |[V'UP|%. (2.123)

So, using (2.123), we obtain analogously to (2.62)—(2.64)



Thermoelasticity 365
LEMMA 2.35. Let k,l be integers, 0 < k < [, and let p € [1,2]. Assume that
(V'/@U)yPe, (UYHYP°, 0% e H(R™) N LP(R™). Then the solution of (2.116) satisfies
IV (vure, uf’, o)) < CIv'vrem|”?
= C [V O + (1 + 0@ gk v )2
where VP° = ((JaV'UP°, UL, 0), » = n[1/(2p) — 1/4], and C\ is a positive constant.
Applying (2.122) and interpolation theory, we can obtain the L?—L?-estimates for V.
LEMMA 2.36. Let ! be an integer and q € [2, 00]. Then
IV'VPOD)llg < C(L+ )y WrtDZ=nlalyyro) iy 4y, £ >0,
where VP° = (JaV'UP°, U, 0)', N, e N, N, < 4.
(In fact, N, > (n + 1)(1 — 2/g) is an arbitrary integer where the equality holds only for

g =2and g = 0.) (|
Using (2.122), the estimates

/@WWWLM@

1/2 R 172
§C</64”“”m”ﬂ+ﬁvw> (/a+wDWVW@sW@) :

/@WWW@&W@

< Csup(l +|.§|)"’|\7/’”(o,s)|2/ €12 (1 + |€]) e C1oUEDr gg
¢

for an integer m > 0, we obtain the following L?—L>°- resp. L'—L?-estimates.
LEMMA 2.37. Let [ be an integer. Then

IV'VPO (1) oo < C(1 4 )~ WD)V (0)]|142.2,

IV'VPo@)| < 1+~ WDV (O)li40,1, >0
where VP? = ((JaV'UP?, UP’, 0).

Altogether we get

THEOREM 2.38. We have forl > 0 and allt > 0,

IV'V@ll, < CA+07 " 2DV O) |y 11, (2.124)
IV'0/ 6100 < C(1 4+ 1)~ ED2N Y (O)14242,0, =01,

IV'3} 01l < O+ 0y WA EDEN Y O0) 1424050, =0, 1,
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where V (t) .= (VU, U, 0)(1), g € [2, 0], p’1 + qil =1, and N, < 4 is the same as in
Lemma 2.36.

We note that the detailed asymptotics in exterior domains (complements of compact sets)
have not yet been treated. First steps with low-frequency asymptotics of resolvents will be
contained in a paper [77], essentially written for a system with second sound.

The special structure of the differential equations in the isotropic case above is used
to obtain the decay rates just proved. This changes if the medium is anisotropic. This
phenomenon was already observed for pure elasticity, and similarly for the equations of
crystal optics, see [110,111,62,91]. There, it led to different decay rates for solutions
depending on the special cubic medium. The complexity of the analysis in the pure
elastic case restricted the considerations to spatially two-dimensional models. For
thermoelastic problems in R?, Borkenstein first investigated decay rates [2] (cp. [47]), then
Doll [18] extended the results to more general anisotropic situations. Recently Reissig and
Wirth [102,121] improved the results with a rather general approach.

Notes: The results for radial symmetry in bounded domains are taken from Jiang, Mufioz
Rivera and Racke [45]; see also Jiang [44] for an earlier result in annular domains and,
recently, Soufyane [108]. Koch [55] provided the results on the slow decay, motivated by
the results of Henry [28]; extended results on the generic asymptotic behavior are given
by Lebeau and Zuazua [58]. The presentation of the isotropic Cauchy problem follows
Kawashima’s thesis [50]. In [50] Kawashima obtained the decay rates of solutions only
in the L?-norm, while here we gave the LP—L9 decay estimates using the interpolation
theory and the Marcinkiewicz multiplier theorem; see also Dassios and Grillakis [16],
Gawinecki [24], Muiioz Rivera [73] and Racke [89,91], the approach of the latter is based
on the work of Zheng and Shen [126]. For inhomogeneous media or additional damping
terms see Carvalho Pereira and Perla Menzala [5,6], and Racke [92], for contact problems
see Mufoz Rivera and Racke [75].

2.4. Nonlinear systems

Global well-posedness results, in one or more space dimensions, are the subject of this
section. Besides theorems on the global existence of smooth solutions for small data
— in more than one space dimension for appropriate assumptions on the nonlinearities
admitted —, we have a blow-up result for large data in one dimension, as well as a blow-
up result for small data with certain nonlinearities in three space dimensions. The results
mentioned up to now have also been discussed by Hsiao and Jiang [33] as an example of
hyperbolic—parabolic systems in Chapter 4 of volume 1 of the Handbook of Differential
Equations. Therefore we shall make this presentation short but include it for completeness.
For details see [33] and in particular [47].

Moreover we shall give the result on the global well-posedness in one dimension for
large data in the class of weak solutions.

We start with global well-posedness for smooth solutions in one space dimension.

The equations for the displacement u and the temperature difference & = T — Ty are
those given by (2.1), (2.3), where we shall assume, without loss of generality, that the
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medium is homogeneous and that the density p equals one. Writing f and f> for the body
force and the heat supply, respectively, we have

ut,—S(ux,Q)x:fl in [0, 00) X L, (2.125)
O+ To)n(y, 0)r +quy,0c,0)y = fo in[0,00) x Q. (2.126)

Here, the reference configuration is represented by €2 := (0, 1). Introducing

BN B an

a:= , b=——, c=—,

Ot 20 20

1 dg 12
d=———__ 1, =—2=_ (for |6] < Tp), = f1,
G116 ° w+%)( 0] < To), f:=n

observing —3S /00 = dn/du, and assuming g = q(6y) for simplicity, we may rewrite the
equations as follows:

uy —auy, Nuyx + b(uy, 0)0; = f, (2.127)
c(uy, )0 +b(uy, Oux —d@,60:)0 =g. (2.128)

Additionally we consider the following boundary and initial conditions, respectively:

ut,0) =ut, 1) =0(,0 =6(,1)=0 in[0, c0), (2.129)
u(0, x) = u’(x), ur (0, x) = ul (), 0t =0)=0%) in$, (2.130)

with prescribed data u°, u! and 6°.
The following assumption will be made.

ASSUMPTION 2.4.A. a, b, ¢, d are C2-functions of their arguments. There exist positive
constants ag, cg, do, K, with K < Tp, such that if |u,| < K, |0| < K, |6;| < K we have

Cl(l,tx, 9) 2 aop, C(”Xa 9) Z €0, d(gv GX) Z dOv
b(uy, 0) # 0.

f1 and f; satisfy:

fi, f2 € C3([0, 00), L*(2)) N C([0, 00), H'(Q)).

Since we are looking for the solution in a K -neighborhood of the origin, we can assume,
without loss of generality, that the functions a, b, ¢, d and their derivatives are bounded.
Let

M2 = u”([ = O), 9] = 9[([ = 0)
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be given formally through the differential equation, explicitly in terms of the initial data
0,1 g0
u’,u,0v:

u? =a@?, 6%, +b?,6%° + f(t =0,
1
0! = —5—5-1d(0°, 60167, — b, 6%)u, + g(t = 0)).

c(u, 6%

ASSUMPTION 2.4.B. Suppose u’ € H3(Q), u' € H*(Q), u> € H'(Q), 6° € H*(Q),
0! € H?(€) and |0°(x)| < Tpin €,

W=u'=u?>=0 on 0%2,
0°=6'=0 onog.
Then we have

THEOREM 2.39. Let
1
M) =Y IDI (i, @I+ 107 i L)@ 1P+ 19:0x (fr, ), )1
j=0

and suppose that Assumptions 2.4.A and 2.4.B are satisfied. Then there exists a small
constant €y > 0 such that if

0,2 1,2 2,2 02 1,2
||u ||2‘2 + [lu ||2,2 =+ [lu ||1,2 + 110 ||2,2 + 110 ||2,2 +sup A(f) < €q,
>0

then the initial boundary value problem (2.125), (2.126), (2.129) and (2.130) admits a
unique global solution

3 1
ue ) C/(10.00), HI(Q)). 6 )C/(10,00). H (),
j=0 j=0

0 € C2([0, 00), L2()).

Moreover, there are constants dy, dy > 0 such that for t > 0:
3 . 2 ‘
D IDIu@) I+ ) IDio@)|?
j=0 j=0

—dyt 02 12 22 0,2 12
<die™ <||“ ||2,2+||” ||2,2+||“ ||1,2+||9 ||2,2+ [ ||2,2

t
+ / edzrk(r)dr> :
0
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We remark that here and for subsequent existence theorems, corresponding local existence
theorems are needed. This topic is extensively discussed in [47], for domains with
boundaries and for the Cauchy problem, in all space dimensions.

Now we turn to the Cauchy problem in one dimension. We introduce the variables
W = Uy, U = u; to write the system (2.125), (2.126) as a first-order system:

W = Uy, (2.131)

vy =a(w, )w, —b(w,0)0, (& v, =0(w,0H),), (2.132)
_ [/e(wve)ex]x .

c(w, 6)6, = —(0 o) b(w, 6)v, (2.133)

with the prescribed initial data

w,v,0) (@ =0)=w" %6 =v" nR, (2.134)
where
IS(w, 0 38w, 0
a(w,0) = 20D by gy = 2200
ow 00
an(w, ) -
c(w,0) = ——— o(w,0) = Sw,0),

0

and for simplicity, the Fourier law ¢ = —« (w, 6)0, for the heat flux, and f; = f» = 0 are
assumed.

By exploiting some relations which are associated with the second law of
thermodynamics and that embody the dissipative effect induced by thermal diffusion, the
L?-energy method can be used to establish the global existence and uniqueness of smooth
solutions of (2.131)—(2.134) with smooth and small initial data.

We require (cp. Assumption 2.4.A)

ASSUMPTION 2.4.C. The functions a, b, ¢ resp. & are C2-resp. C3-functions of their
arguments. There exist positive constants ¥y, 1 and K, with K < Ty, such that if |w| < K,

6] < K we have

Yo < a(w,0), c(w, 0), k(w,0) <y, b(w, ) #0.
Let (w, v, 0) be a solution of (2.131)—(2.134) on [0, T] (T > 0) satisfying

w,v e 0, T1, H*R)) N C' ([0, T1, H' (R)),

0 € CO([0, T1, H*(R)) N C' ([0, T], L*(R)), (2.135)
O, 0xx € L*([0, T], H'(R)),
[(w(@), v(®),0()llec < K, t€[0,T] (2.136)

Then we have
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THEOREM 2.40. Let VO € H?*(R) and Assumption 2.4.C be satisfied. Then there exists
an € > 0 such that if ||V°|2.2 < €, the Cauchy problem (2.131)~(2.134) has a unique
global solution V = (w, v, 0) satisfying

w, v e C([0, 00), H*(R)) N C([0, o0), H' (R)),
6 € C°([0, 00), H*(R)) N C' ([0, 00), L*(R)),
0. 0xx € L2((0, 00), H' (R)),

IV)lleo <K < Ty forallt > 0.

For large data, smooth solutions can blow-up in finite time, as the following result shows.
This is discussed in [33,47] as for the previous results. For this purpose we consider special
constitutive equations of the form

S(w, ) = p(w) + 76,
e(w,0) = P(w)+ 80 — yTow, (2.137)
q(w,0,0;) = —kby,

where Ty, k, 5> 0, y # 0 are constants, Ty is the reference temperature; p : (—1, 00) —>
R is a given function,

P(w) = /wp(&)dé, w > —1. (2.138)
0

It is easy to see that these constitutive equations satisfy &, = S — (6 4+ Tp)Sp and
gq(w,0,g) <0, and that

Y (w,0) = P(w) + jw + 36 + Tp) log 30 (2.139)

To
— +
(0 + To)
is a Helmholtz free energy; moreover, the corresponding entropy is given by

To

w, 6 =—~w—<§lo —_—
n(w, 8) 14 g(9+TO)

Inserting the relations (2.137)—(2.139) into the thermoelastic system (2.131)—(2.133), we
obtain

Wy = Vx,
v = p'(w)wy + bk, (2.140)
86; = kbyx + 70 + To)vy, x €R,t>0.

We shall consider the Cauchy problem for (2.140) with initial conditions

(w(0, x), v(0, x), 8(0, x)) = (W' (x), °(x), %)) = VO(x), x eR. (2.141)
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For (2.140) we further assume that

peCH-1,00), p0) =0, P& >0, &>-—1. (2.142)

Let VO € H3(R) and ||w?so + 16°]|00 be small, then, under (2.142), (2.140), (2.141)
has a unique solution V = (w, v,0) on [0, T] (T > 0) with w, v € c%([0, T1, H3R)) N
C'([0, T1, H*(R)), 6 € C°([0, T, H3(R)) N C'([0, T], H'(R)). We have the following
blow-up theorem.

THEOREM 2.41. Assume that (2.142) holds and p”(0) > 0. Let B, L, J > 0 be given.

Then there exist €, M > 0 (depending on B, L, J) with the following property: For each
w00, 0% € H3(R),

1wl @), W00, 10%x)] < €, 10:0°x)| < J  forx €R,

(w?, 0%, 0% 1% + 16°); < €2,

(2.143)
min {vao + p’(wo)l/zaxwo} (x)
xeR
+ min [vao — p’(wo)l/zaxwo} >—J
xeR
and
max {vao + p/(wo)l/zaxwo} (x)
xeR
+ max {axuo - p’(wo)l/Zawa} x)> M, (2.144)
xXe

the length T,, of the maximal interval of existence of a smooth solution (w, v, 0) of (2.140),
(2.141) is less than (or equal to) L; moreover, the local solution satisfies

lw(t, )|, v, x)], 10, )| < B, xeR,tel0,Ty).

This blow-up result proves the non-existence of smooth (strong, classical) solutions. Weak
solutions can also exist globally for large data as we shall see in more detail next.

The nonlinear equations, which can be dealt with here, arise from the differential
equations (2.125), (2.126) under the simplifying assumption that S satisfies

S(uy,0) =0 (uy) +0

for a function o, and that the equation for 8 in (2.126) is linear. Using the notation given
in (2.12), (2.13) we thus consider the Cauchy problem

Uy — o (ux)x +y6x =0, (2.145)

36, — kOyx + Jusy =0, (2.146)
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ut =0) =u°, u(t=0)=u', 01t =0 =06 (2.147)

for (¢, x) € [0, 00) x R

It was shown in the blow-up results that second derivatives of u may develop
singularities in finite time if the data are large. This is the typical hyperbolic effect,
and Eq. (2.145) keeps the essential nonlinearity in the term o (u,),. Now the existence
of weak solutions will be proved yielding u, the first-order derivatives of which are in
L%(((0,00) N K) x RY) forall K cc R

The first idea is to compute 6 in terms of u from the linear equation (2.146),

0 = F(upy, 0°),

and to insert this representation into (2.145) leading to a (perturbed) nonlinear hyperbolic
wave equation for u. For the necessary a priori estimates the term

70r = 7(F (s, 0°)x
causes difficulties. Introducing a new variable — a new dependent function w instead of
w = uy, see below — will overcome this problem. To return from @ to w, the time interval

R is divided into sufficiently small pieces.
Introducing the transformation

V= Uy, w = uy,

Egs. (2.145)—(2.147) turn into the following first-order system in ¢:

v —w, =0, (2.148)
wy —o(V)y = =70y, (2.149)
86, — KOxx = —Pwy, (2.150)

ve=0)=u ="  we=0=u'=w’, 0 =0 =06 (2151

The Cauchy problem (2.148)—(2.151) will be solved by the method of vanishing viscosity
and with compensated compactness arguments known from the purely hyperbolic theory.
The usual invariant regions needed for L°°-estimates will have to be replaced by
controllable expanding regions.

The assumption on the tensor o will be that o € C%(R, R) and that for all s € R

o'(s) > 0, a’(s)-s >0 (s#0),

s 2.152
Vo'(s) <cp (1—}—‘/ \/O'/(Z)dZ>, 2.152)
0

with a fixed positive constant c;. The first condition assures the hyperbolicity of the system
in (2.149), the second assumption is a restriction but is satisfied e.g. for rubber-like material
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(cf. [17]). The last assumption as a growth condition is satisfied e.g. for polynomially
growing functions. For n € N

— 1 2n+1
o(s) = 2n+1s +s

defines a function o that satisfies all assumptions.

In order to define admissible weak solutions, we need the concept of entropy—entropy-
flux pairs from the purely hyperbolic theory. A pair (7, p) with 7 € C*(R%,R), p €
C!(R?, R) is called an “entropy—entropy-flux pair corresponding to (2.148), (2.149)” if

Yo, w eR: py(v, w) = ='Wy (v, w), pu, w) = —m,(v, u).

If, additionally, 7 is convex, it is called a “convex entropy—entropy-flux pair”.

DEFINITION 2.42. Let v°, w®, 00 L®(RY). Then (v, w, 0) is called a weak solution to
(2.148)—(2.151) if

v, w,0 € L¥((0,00) N K) x R!

forany K CC R, and if for all ¢ € C°(R*, R) :
—/ /((pt(t,x)v(t,x)—gox(t,x)w(t,x))dxdtz/(p(O,x)vo(x)dx,
0 R R
—/ /(wz(t,x)w(t,X)—wx(t,x)a(v(t,x))+)7¢x(t,x)9(t,X))dxdt
0 R
= / 90, x)w’ (x)dx,
R
—/ /@%mxwam+wwﬂnnﬁhw+f%0wﬂﬁwnﬂm
0 R
= / 500, x)0° (x)dx.
R

A weak solution (v, w, 0) to (2.148)—(2.151) is called admissible, if 6, exists in L>(K xR)
for each compact K C [0, 00), and if for each convex entropy—entropy-flux pair (r, p) to
(2.148), (2.149) and for each non-negative ¢ € C8°((O, o0) x R):

- f /R (17 (v, w) + g3 p(v, W) (1, X)dx dt
0

5—/ /f((pﬂw(v, w)0,) (¢, x)dx dt.
o Jr

The existence theorem — uniqueness is open as for many purely hyperbolic problems — now
reads as follows:
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THEOREM 2.43. Let w®, 6% € L®(R) N L2(R), v° € L®R), ° — &) € L3(R) (for
a(&y) = 0) and let o satisfy (2.152). Then there exists an admissible weak solution to
(2.148)—(2.151).

We sketch the

PROOF OF THEOREM 2.43. Step 1. Parabolic approximation.
Let § = 1, without loss of generality, and let &y be the zero of o. There is a family
@2, w0, 09)..0 C C*®°(R) with bounded derivatives such that
@2 — &, w?,09) - ° — &, w’,6% inL*(R) ase |0,

€’ 7€

vg — &, w2, 69 are bounded in L®(R) and L%(R) by the corresponding norms of w0 — &,

€’ 7€
w9 and 69, respectively, and limxﬁioo(vg, wg, 93) = (EO, 0, 0).

Letgt =g“(x —y,t —a)forx,y e R, t,a € [0, ), t > «, denote the fundamental
solution to

2t — KZxy = 0.
Forn € Ng, T > 0 let

T, = (nT,(n+ DT),
G, =T, xR, G,(t) =T, t) xR

and define
K, : L®°(G,) — L*®(G,), w K,w
by
t
(K,w)(t, x) = / / g°(x —y, t —s)w(s, y)dyds,
nT JR
moreover let

Ky xw:=K,w,.

Using well-known estimates for the fundamental solution g* (see [57]), we obtain

IKnw®lloo < CT Y wll;2(6,). t € T (2.153)
0 1/4
—Kw®)| =CTY sup |w@lh. teT, (2.154)
ox 00 aenT,1]

where C denotes a constant which is independent of n, T, and ¢. Moreover, for any vy > 0
there is T > 0 such that for all ¢ € T,:

0
IKqllg < vo, H_Kn
0x

<C, (2.155)
B
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where B is one of the spaces
L®(G (1)), C(nT, 1], LX) or  L*(Gu(0)),
and
IKnwlgeree,) = CllwllL=@,), (2.156)

where, for ¢ € (0, 1) arbitrary, but fixed, H©/%9(G,) denotes the Holder space of
continuous, bounded functions on G,,, for which the norm

lw(, x) —w(’, x)|

W ge/2.0) = ||lwl|LeG,) + su
lwll gerre (g, = llwlliLe,) xzt?l;/ P
lw(t, x) —w(t, x')|
+ sup ;
t;x#x |x — x’|@
is bounded.

The initial value problem (2.148)—(2.151) will now be divided into a sequence of initial
value problems with time step size T > 0, which are approximated by adding so-called
viscosity terms and using the smoothed initial data. That is, we consider for n € Ny the
following sequence of problems (2.157)—(2.160):

v —wh€ = eV’ in Gy, (2.157)
2

0
w — (W) = =PI + ewlS — EW()?Kn()?w"’e)) inG,, (2.158)

61 81 = ™ in G, (2.159)
e
with
vl x) =00 (), w1t x) = wl(x), 01, x) = 00 (x).

The last term in (2.158) is chosen anticipating the transformation in Step 4 below.
By linearizing in (2.158) and using a classical iteration procedure (cf. [11] and [78]), a
classical solution to (2.157)—(2.160) is obtained (¢ > O fixed):

LEMMA 2.44. Let n € Ny and (v~ 1€, w—1€ gn—1€) ¢ Bs_l. Then there is a unique
solution (V"€, w™<, 0™€) to (2.157)—(2.160).

Here
By := By (&) x B;(0) x By (0),
where

Bi(2) = {v e HO* et (G,) | v —z € L¥(T,,, L*(R)), vy € L*(Gp)},
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and He/>+1.e+2(G ) denotes the Holder space with norm

1 2
. J J
lwl gererg, = > 18] wlle@, + D 19 wll,)
i=0 j=1

Z sup 18] 35w (t, x) — 3] Bw(t', x)|

+ |t — t/|(2+Q72r7s)/2

0<2+o—2r—s<2 X1#t
[0, 33 w(t, x) — o] A w(t, x|
|x —x’|e .

+
2rfs=2 1,XF#X

Step 2. L>-estimate.

Multiplying (2.158) by w™€ and (2.159) by 68™¢, integrating over (nT,t) X (—m, m) for
m € N, integrating by parts, letting m — oo, Gronwall’s inequality and induction over n
yields the following a priori estimate, independent of €:

LEMMA 2.45. The solution (v™€, w'™<, 6™) given in Lemma 2.44 satisfies:

AC=Cn) >0 Ve>0 Viel,:

€

/ ™|+ 16" + / o(s)ds (1, x)dx
R £o

t
+/ / {|9;;~f|2 te (|w£’€|2 +0’(v"’é)|v§’€|2)} (s, x)dx ds
nT JR

v
50(/ {|u2|2+|98|2+/ o(s)ds}(x)dx+1>.
R )

Here T > 0 is still arbitrary but fixed, and will be chosen once and forever in the next step.
Step 3. A transformation, fixing 7.

Solving the equation for 8¢ in (2.159) in terms of wy ¢ and the data, would lead to
a system (2.157), (2.158) for (v™€, w™€), but with a difficult term %Kn()?w"'f). The
transformation

W > € = (Id — gKn(;;.)) W witha =

—_—
=:d,

o &

solves this problem since
ch : LOO(Gn) — LOO(Gn)

is a homeomorphism by (2.155), (2.156), choosing T > 0 (once) sufficiently small, and to
solve (2.157)—(2.160) for (v™€, w™€, ™€) is equivalent to solving the following system
for (vV€, w™E, O™€):

= 0 = @l = DR (") in G, (2.161)

XX
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ﬁ)?é—o‘( )Xzew“—?wnli)n"
)
—)7—/ §°C—y, - —nT)O" T, y)dy inG,, (2.162)
ax R
"€ = _Kn,x();wnd)n’e)
+/ §C—y,-—nT)0" (T, y)dy inG,, (2.163)
R
VPt = nT) = v T,
Wt =nT) = 0" €)= ®,w" "€ (nT), (2.164)
0™ (z =nT) = 0"~ L€(uT) inR,
with
Yy = 0!

bounded as mapping
Yn: B —> B,
where B can be one of the spaces

L2(Gu(1)),  C%nT, 1], L*(R)),  HW*Q(G,),
HEPHLe2(Gy), B(0).

The L2-estimate from Lemma 2.45 carries over to an L2-estimate for (v™€, @"€, 6™€):

LEMMA 2.46. The solution (v'>€, "¢, 0™€) € BS to (2.161)—(2.164) satisfies:
dc=cn) >0 Ve>0 VieT,:
[ = o 17 167 P, o

/ f{|9“|2+e(|~“|2+|vzf|2)(a,x>}dxdt5c.

Step 4. L*>°-estimate.
In order to get an a priori estimate for (v>€, W€, ™) in L*°(G,,), independent of ¢, the

Riemann invariants

Vi€
e, W) =™ :I:/ Vo'(s)ds
0

are used as in [11]. In contrast to the situation there, due to a lack of sign conditions in
certain terms arising in the equations for r, the existence of invariant regions cannot be
proved. Instead, we obtain a growth in time, which nevertheless can still be controlled.
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For (f9, x0) € G, with -r. (V™€ (tg, x), W"< (to, X))y, = 0 one has

0 82
Eri(vn’e(ﬂ x0), W, X0)) |z, = {W&(v"’g, w"e)
O,//(vn,e) e 9 . B
PO o] CAD Rl den =TT, y)dy (10,
RPN R Vax/Rg( v, - =nT)0" (T, )dy (0, x,)
7? 7
- 7%&)”’61 a’(vw)EKn,x(;?g/f,,w"’f) (t0, X0), (2.165)

=:Ry (10,X0)
and for (¢, x) € G,

v (t,x)

Vo'(s)ds

[Ry(t,x)| <2 (1 + 0" (t, x)| +

) , (2.166)

where ¢y = c3(n) does not depend on € or (¢, x).
For the last estimate one has to use (2.153), (2.154), Lemma 2.45 and the Assumption
(2.152) on o.

LEMMA 2.47. With c; given in (2.166), n € No, t € T, let

20 (1) = 26202 (—nT) {1 + max { Irs 1€ (nT), w"*‘f(nT))noo}
t

+ 1yl /
nT

Vi e Ty 1+ max {|re@™ @), 0" )]} < za(0) (2.167)

/g§(-—y,s—nT)é’”_l’e(nT,y)H dS}.
R o0

Then

holds.

This essential estimate for the Riemann invariants can be proved by looking at the largest
to € T, for which (2.167) holds, and by leading the assumption that fp < (n + 1)7 to a
contradiction. To do so, the four regions in x where 147 (V™€ (t9, x), W™ (fy, X)) = z,(to)
are considered and (2.165), (2.166) are exploited.

Using

Vo' (s)ds

v (1,x)
> clv™ (¢, )|

the desired a priori L°°-estimate follows:

LEMMA 2.48. Vndc = c(n) > 0Ve > 0 : [v"|1x@,) + W €lLoG,) +
10" €llL(G,) < c.
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Step 5. Limit € |, O.
By Lemma 2.48 there exists a sequence (€;,,)m, €m | 0 as m — oo such that

™", e ghemy ~ (", w",0"), asm — oo,

weak-* in L*°(G,) for some (v", w", 6"). The question arises as to whether (o (v""¢m)),,
also converges properly, in order to finally conclude that (v", w", 6") is the weak solution
(in G,,) that we are looking for. Here the tools from the theory of compensated compactness
(cf. [17,76,113]) are applicable and the pointwise convergence of (v'>m, w™m) (and then
of 6™-€m) almost everywhere, follows from Lemma 2.49 (cf. [17]).

LEMMA 2.49. Let n € Ny. Then for all entropy—entropy-flux pairs (n, q) associated to
(2.161), (2.162)

0 0
(577(1)"’63 &')n,e) + aq(vn,é’ L‘Di’l,é))

€
belongs to a compact subset of ngcl (G,) (H™': dual space to H& ).
Using results from [76,113], it is sufficient for the proof of Lemma 2.49 to show

@) (%n(v"‘, w™e) + %q(v”’e, ﬁ)”’e))e belongs to a bounded subset of W~1%°(G,, ),
m € N, and

(ii) aa—tn(v”’(, ) + %q(v"’g, w™€) = g + g5, such that (g})e belongs to a compact
subset of H~ (G, ), and (g5)e is bounded in L' (G ),

where G, == T, X (—m, m).

The pointwise convergence (almost everywhere) of w™ € carries over to that of w™€ to
some w”.

Putting together the pieces (v, w", 8") given on G,

o o0 o0
v::anv", w::ZX,,w", 9::2)(,,0",
n=0 n=0 n=0

where x, denotes the characteristic function of T7,, (v, w, ) is the admissible weak
solution to (2.148)—(2.151), the existence of which was claimed in Theorem 2.43. The
properties “weak solution” and “admissibility” follow from the weak form of the equations
for (v™€m, w™m @"-€m) and the limit €, | O. O

In [20], the basis for the discussion above, more general Cauchy problems — coefficients
depending on x, nonlinear right-hand sides — are considered as well as a class of initial
boundary value problems.

We restrict ourselves to three space dimensions. The relevant equations — first for a
general situation, while we shall turn to the initially isotropic case below — are (2.168),
(2.169), i.e., the differential equations (2.1), (2.4) with p = Id in the form:

32U —V'S(VU,0) = f, (2.168)
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o1 fawvy -ul (DG g

+V'q(VU,0,V0) =g, (2.169)

where U = (U1, Uy, Us)’ denotes the displacement vector again, and 6 represents the
temperature difference. We assume throughout, the following assumptions:

ASSUMPTION 2.4.D. 1. ¢ € C*tI(R¥3 x R), ¢ € C*(R¥3 x R x R3).
2.

9qi (P, p,v)  9q;(P,1,v)
31)]‘ 8\),'
P={Pj}eR> v={y}eR nek.

’

3. There are constants kg, k1 > 0 such that

_9gi(P, p, v)
avj

ko <a(P,p) <k,  PeR™, &={g),

n={n}, veR pueR,

Cijut (P, )& jEmine > kol&1*nl?, giEj > Kol€l;

where

059 (P, ) _ Py (P, 1)
3Py dPudPij

Cijui(P, ) = , S = ().

" f,omg e CO0, T], H27™(Q), m=0,1,...,5 =2
371 f, 95 g e LA([0, T1, LA()),

where s > [3/2] + 3 = 4 is an arbitrary but fixed integer. These hypotheses imply that
(2.168), (2.169) form a hyperbolic—parabolic coupled system. The equations of nonlinear
thermoelasticity for a homogeneous medium with unit reference density in Q@ C R3 are
now obtained from (2.168), (2.169) as

”U; Ciin(VU, 0) 92Uk vevunll . 123 (2.170)
—_— i1 ) i E) _9 l == 9 b b .
arz M axjox Y dx;
(VU, 0)8 L (vU.0.v0) + (VU 0) Ui 2.171)
a ) = —— s Uy [ ] ) 3 .
T e ! Y ox;01
where
a8 - a8
Cijkl = Cij = — (2.172)

A Uk)’ a0’
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9 92
L4 a:——w >ag >0 (2.173)

“ii _
3(d,;U;)’ 302 ~

for some positive constant ag. Here U = (U1, Uz, U3, q = (q1, 92, q3), x is a C°-
function such that x (0) = 6 + Ty for |0] < Tp/2 and 0 < x1 < x(0) < x2 < 00, X1, X2
are constants, —oo < 6 < oo, and Ty > O is the reference temperature. (2.170), (2.171)
are derived for small values of |6, i.e., for |6| < Ty/2, which is a posteriori justified by
the smallness of the solutions obtained later on.

We consider again the initial conditions
Ut=0=U" U@e=0=U', 60¢=0) =0¢° (2.174)
and the Dirichlet boundary conditions
Usa =0, 0Opa=0. (2.175)

We assume that the medium is initially isotropic, i.e.,

Cijri(0,0) = A8;j61 + n ik + 8k, Cij(0,0) = —75;;,
9g:(0,0,0)

3 ’ ’ ..’ 1
and that

9g;(0,0,0) = 9¢;(0,0,0)
90 IR ICIYEE N

0, 1<ik, jl<3. (2.177)

Using (2.176), we can write (2.170), (2.171) in the form:

Uy — AU — (u 4+ MVV'U + V6 = f1(VU, V2U, 6, V0), (2.178)
86, —k A0 + pV'U; = f2(VU, V?U, VU, 6, V?0), (2.179)

where f! = (fi, f», 3)', and

2
£l = (Ciju(VU, 8) — Cijui (0, 0)) ai,-g;
+(6,-,-(VU,9)—6,»,-(0,0)) 90 i1 (2.180)
8xj
f2 5 < 1 3¢ (0,0, 0) _ 1 aq;(VU, 6, VG)) 920
a(0,0)x(0) 9(06/0xk) a(VU,0)x(0) 03(30/0xk) 0x; 00X

<[ Ci;(VU,0)  Cij(0,0)\ 9*U;
a(VU, ) a(0,0) | ax;ot
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§ 3qi(VU, 0, V) 90
a(VU,0)x(9) 36 dx;
8 3q;(VU,6,V0) 3°U;

— ) (2.181)
a(VU,0)x (@) 0@U;/dx;) 0x;dx

Let U/ (j =2,3,4),0/ (j = 1,2, 3) be defined through (2.178), (2.179) by
Ul=3/Ulmo, j=2.3.4; 6/ =080, j=1223.

In fact, U/, 67 are obtained successively from U 0 y! and 6° by differentiating (2.178),
(2.179) with respect to ¢ at t = 0.

To get the global existence for small initial data we assume,in addition, that for (U, §)
with rotU = 0

2

i (V0. )2k
ijk T 0x;0x

= A (VU, AU, i=1,2,3 (2.182)

and that Assumption 2.4.d with f = 0 and g = O holds for the arguments in a
neighborhood of zero. Then the main result for bounded domains is

THEOREM 2.50. Assume that U/ € H*1(Q) (j = 0,...,4), 0/ € H* 1 (Q) (j =
0,1,2), 93 € L2(Q), and that the initial data are compatible with boundary conditions
(2.175). Let (2.182) hold, and let rotU = O for (¢t,x) € (0,T] x Q2. Then there is a
constant € > 0 such that if

4 2
DNV 2+ Y 10715, + 16717 < €%, (2.183)
=0 =0

then there exists a unique solution (U, 0) of (2.178), (2.179), (2.174) and (2.175) on
(0, 00) satisfying

4 2
U e () C/(10. 00), H*/(2)).0 € (] C/(10. 00), H*™/ (),
j=0 j=0
6 € CO([0, 00), LA()) N L*([0, 00), H' (), (2.184)
Y(t,x) € [0,00) x Q:
IVU(t, x)], 0, )], [VO(t, x)| < min{l, Ty/2}.

Moreover, |U(t)||4,2, 10(t)]l4.2 decay to zero exponentially as t — oo.

Now we consider the Egs. (2.170) and (2.171), together with the initial conditions
(2.174), for the Cauchy problem in three space dimensions, i.e., for

Q=R3,
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and for a homogeneous, initially isotropic medium. This leads to the equations

Uy — D'SDU + V6 = f (VU, v2U, 6, ve) , (2.185)

0, — kA0 + VU, = f2 (VU, VU, V2U, 6, V6, vze) , (2.186)

where we have assumed, without loss of generality, that § = 1. It is known (cf. [91] and
the references therein) that in the case of pure elasticity there are global, small solutions
if the nonlinearity degenerates up to order two, i.e., if the nonlinearity f! is cubic (near
zero values of its arguments). In the “genuinely nonlinear” case, a blow-up in finite time
has to be expected; this was proved for plane waves and for radial solutions, cf. [48,49,91].
On the other hand, quadratic nonlinearities in IR3 still lead to global, small solutions of the
heat equation, cf. [91]. The question remains, whether the dissipative impact through heat
conduction is strong enough to prevent solutions from blowing up, at least for small data.

The answer to this question will be positive if one excludes purely quadratic
nonlinearities in the displacement. This perfectly corresponds to the fact that for these
nonlinearities one has to expect a blow-up, as we shall see below. Thus, we admit all
possible cubic nonlinearities (in the final setting) or those quadratic terms which involve 6,
which guarantees that a damping effect (dissipation) is present in each equation.

The assumption on the nonlinearity will be

There are no purely quadratic terms only involving VU, VU;, V2U
and additionally one of the following two cases is given:

Case I: Only quadratic terms appear. (2.187)
Case II: At least only cubic terms appear and one quadratic
term of the type 6 Af.

The specific quadratic nonlinearity of the type 6 A@ always appears, and is due to the
special function x (6). This quadratic term cannot be assumed to vanish by any assumption
of the general nonlinearities. The terms excluded are typically VU VU and VUVU;. As
mentioned above, the appearance of purely quadratic terms in VU, VU;, VU may lead to
the development of singularities. The global existence theorem then reads

THEOREM 2.51. Let the nonlinearity satisfy (2.187). Then there exist an integer so and a
& > 0 such that the following holds:
If (VU°, U, 0% e HS@R?) N WS (R>) with s > sq and
[(vu.u'.e°) <5,
5,

+ ” <VUO, Ul 90>
s,2

then there is a unique solution (U, 0) of the initial value problem to the nonlinear equations
of thermoelasticity (2.170), (2.171), (2.174) with

(VU,U,) € C° ([0, 0), H* (]R3)> nc' ([o, 0), HS_I(R3)) ,

6 e’ ([0, 0), H“(R?’)) nc' ([0, o), H“Z(R3)> .
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Moreover, the asymptotic behavior can be described as follows:
Case I (no cubic terms): There exist integers | < k' < k < s such that for € < 1/8 we have

||(VU7 UI! 9)(t)||A,2 = O(l),
IV30 @)l + 1(VU, U@ l1,c0 = O (t—3/4+e) ,

19200 2 = O (173/2%)
IV60) 1.2+ 16,0l = O (174),
1022 = O (74),
10200 = O (17324) st > oo,
Case Il (no quadratic terms but 0 AO): There exist integers s1, 3, S5 < § with

I(VU, U, 0)(0)ls.2 = O(D),
IOV, UD®ls.92 = O (7)),

10 lls5,13/2 + 1V20(O) 55 2611 + V200 ll55,18/7 = O (,727/26>

ast — 00.

For the proof of the last theorem and the complementing following theorem on the possible
blow-up of solutions for quadratic nonlinearities see [33] or [47].

THEOREM 2.52. There exist quadratic nonlinearities such that for compactly supported
non-vanishing smooth data (U%°, UY%) which are sufficiently small, i.e.,

sup (o1 (009, 8108, U, Ud) (x|

xleR

:resp. sup [07 (3102, 0,08, U}, U}) (xl)‘}

)CIER

is sufficiently small, a plane-wave solution of the nonlinear equations of thermoelasticity
(2.170), (2.171), (2.174) in R3 cannot be of class C? {resp. C3 } for all positive t.

Notes: The existence results for bounded domains are taken from the paper of Racke,
Shibata, and Zheng [96], the results on the Cauchy problem mainly from the papers
of Hrusa and Tarabek [32] and Kawashima [51]. The semi-axes problem was discussed
by Jiang [40], stationary forces by Kawashima and Shibata [53]. The blow-up result in
one dimension was obtained by Hrusa and Messaoudi [31], while the existence of weak
solutions is due to Durek [20].

Further results for one-dimensional systems, both decay results and global existence
theorems for various boundary conditions, are contained in the papers by Slemrod [107],
Kawashima [50], Zheng [123,124], Kawashima and Okada [52], Shen and Zheng [104],
Zheng and Shen [126], Racke and Shibata [95], Shibata [105], Jiang [41-43], see also [88].
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The development of singularities of solutions to the Cauchy problem for large data was
first shown by Dafermos and Hsiao [14]. I. Hansen [25] obtained a similar blow-up result
for initial boundary value problems. Periodic small solutions are also studied by Feireisl
[21].

Weak solutions for systems in one space dimension, that do not conduct heat, have been
studied by Chen and Dafermos [9].

The radially symmetric case was discussed by Jiang [44] and more generally by Jiang,
Muiioz Rivera and Racke [45], the latter being the basis for the presentation here. Other
boundary conditions were studied by Rieger [103]. The results on global existence and
blow-up for the Cauchy problem are based on the original work by Racke [89,90] and
Ponce and Racke [80]. For local well-posedness results see also Chrzeszezyk [10], Jiang
and Racke [46], Dan [15], and Mukoyama [71].

3. Thermoelasticity with Second Sound

The classical thermoelastic system as a hyperbolic—parabolic coupling inhibits the paradox
of infinite speed of propagation of signals. This is due to the classical heat equation based
on Fourier’s law for the dependence of the heat flux on the temperature (gradient). Taking
the simplest one-dimensional model from Section 2, given in the Egs. (2.12) and (2.13),
we may rewrite these for zero right-hand sides as

Uy — Qyyx + Y0y =0, 3.1
86, + qx + Jus =0, (3.2)
q + Kby =0, 3.3)

where g denotes the heat flux. Here (3.3) is the Fourier law representing an instantaneous
response to changes in the gradient of the temperature visible in the heat flux. This causes
the effect of infinite propagation of signals in this model. For some applications like work-
ing with very short laser pulses in laser cleaning of computer chips, see the references
in [93], it is worthwhile thinking of another model removing this paradox, but still keeping
the essentials of a heat conduction process. One such model — for a survey compare Chan-
drasekharaiah [8], for general Cattaneo models cf. Oncii and Moodie [79] - is given by the
simplest Cattaneo law replacing Fourier’s law (3.3),

19 +q + 6, =0, (3.4)

now regarding the heat flux vector as another function to be determined through the dif-
ferential equation, initial conditions, and, if applicable, boundary conditions. The positive
parameter t is the relaxation time describing the time lag in the response of the heat flux
to a gradient in the temperature.

Neglecting the elastic effects for a moment (u = 0, y = 0) and just looking at heat
conduction models, we obtain for the temperature the equation

0y + 6, — BOix =0, (B =x/d). (3.5)
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For t = 0 obtained under Fourier’s law, we have the classical parabolic heat equation,
while for ¢ > 0, obtained under Cattaneo’s law, we see the classical damped wave equa-
tion. For both, under proper initial and boundary conditions, we have the exponential sta-
bility in bounded domains in R”, and for both we have the same decay rate of the L°°-norm
(n/2) for the Cauchy problem in R”. Hence there is an expectation that the characteristic
behavior should be the same also in connection with elastic systems.

Indeed, we shall demonstrate this for various situations in what follows. Actually, for
one-dimensional models we shall see that for a series of real materials the quantitative
behavior is similar. But it is important to notice that this is not true, for example, for
Timoshenko-type thermoelastic systems, where a system can be or remain exponentially
stable under Fourier’s law, while it loses this property under Cattaneo’s law, see [23].
Therefore, a careful analysis of systems with second sound is necessary. Technical dif-
ficulties arise from the fact that there the heat flux no longer has the same regularity as
the temperature gradient. Recent investigations of Sprenger [109] for contact problems in
thermoelasticity with second sound underline this.

The general differential equations are formally the same as (2.1) and (2.2) (for right-
hand sides being zero in the sequel), i.e.,

pUy — V'S =0, (3.6)
& —tr{SF,} + Vg =0. (3.7)

The difference is now two-fold: First, the Helmholtz free energy additionally depends on
the heat flux,

Y =v(VU,0,q) (3.9)
turning (3.7) into

6+ To){a(VU. 60, 9)6; — tr [(Sp(VU,8,9)'VU]}
+divg = b(VU, 0, q)q (3.9)
with
a=—Yoo, b(VU,0,q) = O+ To)Yoq(VU,0,q) = ¥4(VU,0,q),
and, second, Cattaneo’s law is assumed,
©(VU,0)q; +q +k(VU,0)VO =0, (3.10)
where 7 is the tensor of relaxation times.
We shall present a survey of results for spatially one- and two- or three-dimensional
models, covering the time asymptotics, the well-posedness of nonlinear systems, and the

propagation of singularities. Remarks on possible further (hyperbolic) models will con-
clude the considerations.
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3.1. Linearized systems

For the linearized model, for which the well-posedness can be proved with semigroup the-
ory again, we consider, exemplarily, the system

Uy — gy + B0y =0, (3.11)
0: + yqx + dusy =0, (3.12)
T0qr +q + k0, =0, (3.13)

where x € (0, L), and where «, 8, y, §, To, k are positive constants, appropriate for an un-
derlying homogeneous medium. In particular, 7y is the relaxation time, a parameter being
small in comparison to the others.

If we rewrite the equations as a first-order system for W := (uy, us, 0, q) we see that
W satisfies W, = AW, + B(W), where B(W) = (0,0,0 — %q)’.A has four real, distinct
eigenvalues, hence it is a strictly hyperbolic system in the main part W; = AW, with a
damping term B(W).

The differential equations are made complete with initial conditions

u©,) =uo, u;(0,)) =ur, 60,)=06, ¢0,)=q0 (3.14)
and boundary conditions
u(,0) =u(,L)=6t,00=0(@,L)=0, t=>0. (3.15)

Then we have the following result on exponential stability.

THEOREM 3.1. Let (u, 0, q) be the solution to (3.11)—(3.15). Then the associated energy
of first and second order,

1 2 L . . . 2
E(”ZEZ/O {“5(8! W + s (d] ) + B (3/7'0)
j=1

+)/,310(8,j_1q)2} (t, x)dx

decays exponentially, i.e.,

3dy,Co>0 Vi>0: E(r) < Coe Y E(0).

The proof works with multiplicative techniques, as for the classical case in Section 3.2,
but has to overcome the technical difficulties arising from the fact that the heat flux has
a different regularity to the temperature gradient. We shall consider a few details in the
three-dimensional situation below.

For different real materials the optimal decay rate d;;; was computed for the boundary
conditions u = ¢ = 0 (assuming fOL Opdx = 0) as the spectral bound of the associated first-
order operator, i.e., as the minimum of the real parts of the eigenvalues. This was possible
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since these boundary conditions allow a Fourier series expansion, e.g.
o0

u(t,x) = Zaj(t)sj(x)a

j=1
where

2.2

2 L
5;(x) :=\/;sin(\/7jx), cj(x) = \/;cos(\/fjx), W= JLZ .

The characteristic polynomial is

w0t — 0 + (t0a + WS + yK)1jp° — (@ + BOAjp +ayih; =0,  (3.16)
with roots pr(j), k = 1,2, 3, 4. Then the optimal decay rate is

digs = inf Re ).
1ss JeNA=123.4 pk(])

For 7p = 0 we have the situation in classical thermoelasticity. It turns out that the opti-
mal decay rates are the same for classical thermoelasticity (d.;) and for thermoelasticity
with second sound (d;ss), within the computed range given in the following table, list-
ing these decay rates for different materials. The domain length L was chosen to be L =
6.25 x 10™*[m] as it is typical for the example from laser cleaning mentioned above; the
value for the relaxation is also a typical one of order 10~ [s]. For a comparison we also list
the corresponding values dj, for pure classical heat conduction (u = 0, y = 0, 79 = 0).

Material dey = dygs dy,

silicon 7.462-107T [ 2.240- 10°
aluminum alloy | 1.819 - 10! 1.504 - 10°
steel 2.721-107" | 1.191 - 10?
germanium 9.930- 10~ | 8.881-10°

gallium arsenid | 7.838 - 107! | 7.921 - 102
indium arsenid | 2.667 - 10~ | 4.803 - 10?
copper 2.117-10" | 3.066 - 103
diamond 2.440-10° | 1.793-10*

Of course there are differences in the behavior for different parts of the solution, in par-
ticular for high-frequency (j large) parts, but the mean behavior as time tends to infinity is
very much the same. We remark that it is also possible to have second sound systems that
decay faster than the corresponding classical ones. Below we shall get more information
on the closeness of the two thermoelastic systems for specific materials.

For the Cauchy problem in one space dimension, a detailed analysis of the Fourier trans-
formed system and the different regions of low, middle and high frequency parts, gives the
following description of polynomial decay rates



Thermoelasticity 389

THEOREM 3.2. Let (u, 8, q) be the solution to the Cauchy problem corresponding to
(3.11)—(3.14). Then it satisfies

_Llag=2
Gt 10, 0.0t ) ey < CA+0 721D w1, uo, B0, 40)lwn ).

where2 < g < oo, 1/p+1/q = 1, and C is a positive constant, neither depending on t
nor on the data.

Now let 2 C R", n = 2, 3, be a bounded reference configuration with smooth boundary
8L (C? is sufficient). Then the differential equations for a homogeneous isotropic medium
are

Uy — nAU — (u+ A VV'U + BVO = 0, (3.17)
0, +yV'g+8V'U =0, (3.18)
70q: +q +«V6 = 0. (3.19)

The parameters u, 8, y, 8, 7o and « are again positive constants with A + 2 > 0. These
equations are completed by initial and boundary conditions.

U(O’ ) - UOv Ut(Oa ) - Ul’ 9(07 ) - 905 q(Ov ) =40, (320)
Ut,)=0, 6()=0 ondQ,i>0. (3.21)

Having in mind the results for classical thermoelasticity from Section 2, we assume

rotU =rotg =0 in [0, 00) x €, (3.22)
vxqg=0 1in[0, 00) x 0L2. (3.23)

This is, in particular, satisfied for radially symmetric situations. We then have
VV'U =AU and |VU| = |V'U| (3.24)
and
A+ (n+1VV'U =aAU,
where
o=2un+ A
Let the energy terms of first and second order be defined as

1
Ei(t) = E/Q {x8|U,|2 + k8a|VU|? + «kBl6> + rﬁy|q|2} (¢, x)dx
= Et;,U,0,q),
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E>(t) == E(t; Uy, 01, q).

THEOREM 3.3. Let (U, 6, q) be the solution to (3.17)—(3.21) satisfying (3.22), (3.23).
Then the associated energy

E(t) = E1(1) + Ex(1)
decays exponentially, i.e.,

3dy, Co >0 Vi>0: E() < Coe D E(0).

PROOF.

d d
S E10 = —Bylqll?, B0 = —Bylg*. (3.25)

The differential equation (3.19) yields

2172 2
IVOI? = — llael® + = llal. (3.26)

Multiplying (3.17) by = AU and observing (3.24) we get

) 1d 1 , 382 )
IAUI? < —— —{VU, VU) + — VU * + 3 =5 IVOI* + 3 ||AU||
o dt o
implying
2 1d 1 3 B2
ZIAUIP 4+ =—=(VU;, VU) < = |IVU > + 5 = (I VO]*. (3.27)
3 o dt o 4a

Multiplying (3.18) by =-V'U,; we obtain

3y

3 3 3
ZIVUN? = Liq. VV'U) — L(vg. VU Yag + —(V6,, Uy),
o ad ad ad

where (-, -)3q denotes the L2(dQ)-inner product with norm || - ||3q. Thus, using the Eqs.
(3.17) and (3.19) again,

3 3y d 3Byto d 3By d 2
ZIVUN? < == —(q, Uy) — = —(q. q1) — ———
S IV U = s d( 1) g g4 0~ Lage g1l
+27 llgel1? + 1 IIAUII Skl d( Ur) — & d( Ur)
w25z 't adie de U T e a
27 3B 4 /
+5_2”V9” D) IIAUII + S IVOI" = —5{va. ViUi)ag

(3.28)



Thermoelasticity 391

Combining (3.27) and (3.28) we obtain, observing (3.24),

2 1 d B2 3B
ZIVUNR + =AU 1P + —Gi() < | = =) Ivel?
aHzH+2H ”+m10_(42+8 5” I

27y2 3y
gz lal? =~ (vq, VUDag, (3.29)
where
1 3y 3Byt 3By
G1(0) = —(VU;, VU) = —5{q, Un) + (g, q:) + —||q||2
o2 a2dk
RE))
+ = {q:Us) + ——(q, Uy). (3.30)
adk adk

Using the first Poincaré estimate for U; and 6, as well as (3.17) for U;;, we obtain

1U 1>+ U1 + 1617 < c(IAU I + VO + VU 1P, (3.31)

where ¢ > 0 will again denote a constant that may take different values at different places,
c=c(a, B,v,6, 10, Q).
Multiplying (3.17) by U we get

o 2 2 2
EIIVUII < c(lUnl” +1VOIl). (3.32)

A multiplication of (3.18) by 6; yields

AR g<qz, VO) — y(g:, VO) + ﬁ||V’Uf||2 + l||9t||2
dt 2 2

whence, for arbitrary it > 0,

d
(g, VO) < iy llgl® + iy I VoI + 8>l V' U, (3.33)

o — 2y

follows, and fi will be determined later.
The boundary term appearing in (3.29) will be treated next, similar to Section 2.
3
‘—V<vq, V'Up)ag
al

< CSTI lvgli3q +2 | V'U; ”39

(3.34)
where 1 > £ > 0 is still arbitrary and will be determined later, and ¢ (similarly ¢3, c3, .. .)
denotes a fixed conitant.

Let 0 e (C (Q))3 be such that 0 = (0;);=1..., With op = vt on 9%, and let
O = 8xk k=1,

Multiplying (3.18) by —gak 0r6; (summation convention) we obtain
B,z P By d

0= _3”91”39 + %((V/U)sz 0) — ? a(v/‘], 01 0;0)
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’3’;<Vq o1 3k0) — ‘%(Ae o1 6) — BIV'Us, o1 0k6;). (3.35)
70 70

Since

(A, oy 0k0) = (VVO, Uk3k9)3g —(V0, (de)akQ) (VO, 01,0, VO)

where we used the boundary condition )3 = 0 to conclude that VO =
(3.35),

(VO, (Vor)ok0) + ((V’G)VQ, Vo),

9 - v, we get from

2
0= —ﬁllez I3 — P ((V 0)0;.6;) + ﬂ—(v 4, 0k 0)

.3 _ 2Byk

00

”(Vq 089)+M
08

AV PPN

(VO, (Voy)oko)

- M((v oIVO, VO) + 2B(V Uy, 0100,). (3.36)

700
On the other hand, we obtain in the same way, differentiating (3.17) with respect to ¢ and

multiplying by oy dx Uy, cf. Lemma 2.25, that

U d
H : +<u+x)||V/Uz||§g—2a<Un,akakUz>

— (v o)un, Ue) — 2u(d; UL, (3j01) 8k U} )
+ 1 {((V'o)VU,;, VU = 2(u + M)(V'Uy, (Vo) 3 Uy
+(u 4+ V((VO)WV'U,, V'U) —28(V0;, or i Uy). (3.37)

Moreover, we have

Re(V'U;, ok dk0k) = Re(Vb;, ok dkU;) + Re(6;, (Vor) ok U,
— (Vo)V'U,). (3.38)

Adding (3.36) and (3.37), taking real parts and observing (3.38), we obtain

28 2 ﬂV’C

2
?H@t”ag 08 +(M+)‘) Iv'u; ”asz

H AU, ||?

E

28y
+d Re 5 —(V'q, ox0) — 2(Uys, o Uy)

< (161> + IVOII* + IVUL I + AU |1?). (3.39)

Until now we only used rot U = 0 from the assumptions (3.22), (3.23). In the next step we
also exploitrotg =0 and v x ¢ = 0 on 9.
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Multiplying (3.18) by o¢ yields
00, 0q9) +v(Vg,0q) +8(V'U;,09) =0 (3.40)
with
= 2, 63 2
[70(0r, og)| < €N~ + gllqll (3.41)
for some € > 0 to be determined later. Then

R c4
18(V'U;, o) < EIV'U|* + 3||q||2, (3.42)

1 1
(Vq,0q) = Envqn2 — (), Qj00a0) + (g, (V'o)q). (3.43)

Combining (3.40)—(3.43) we conclude (¢ small)
- cs
Ivgll* < EAOA* + 1V'UAD + Z g . (3.44)

From (3.29), (3.33), (3.34) and (3.39) (multiplied by ﬁ), (3.44) follows for sufficiently
small fi, &, &:

! 2 1 2 2, d 2 2
S IVU + ZIAUI + csllb )" + 2 H (@) = er(ligi ™ + llg11), (3.45)

where (cp. (3.30) for G(¢))

& 2By /

H(t)=G1(t) + Re (—(V q, ok 0k0) —2(Un,0k3kUz)>
M+ A 8

—2jilg, V8). (3.46)

A suitable Lyapunov function F is defined by
1
F(r) = E(El(t) + Ex (1) + H(),

where ¢ > 0.

Combining (3.25), (3.31), (3.32) and (3.45) we see that F satisfies, for sufficiently

small ¢,

d
aF(I) < —di(E1(1) + Ea(1)) (3.47)
for some d; > 0. On the other hand (& small enough)

3AC1,Cr >0 Vi>0:CiE(t) < F(t) < CrE(1),
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with E(t) = E1(t) + E»(t). This yields the assertion with

d C
d() = —1, C() = C—?

As in Section 2, we have the application to the radially symmetric situation.
The Cauchy problem

Uy — nAU — (A +m)VV'U + VO =0,
0 +yV'g+68V'U =0, (3.48)
70q: +q +«V0 =0,

where t > 0,x € R3, with prescribed initial data, can be treated as in the classical
case, by decomposing U into its curl-free part UP° and its divergence-free part U’°,
U = UP° 4+ U*°. Then U%° again satisfies a wave equation as in (2.117), and (U??, 0, q)
satisfies (o := A + 2u)

UP’ —aVV'UP’ + BV =0,
00, + yV'qg + VU’ =0, (3.49)
qr +q+ Vo =0.

Then, with methods as in the one-dimensional case: diagonalizing in Fourier space the prin-
cipal terms corresponding to low, high, and middle frequencies, and obtaining the asymp-
totic behavior of the characteristic roots, the parabolic-like decay for the latter system can
be obtained, yielding, for example (cf. Section 2.3).

THEOREM 3.4. The solution (UP, 8, q) satisfies
1@.UP?, VUP?,0,q)@)llq
o)
<CA+0" 2D @B,UP, VU, 0, 9)(O)lm,.p.

where C > 0 is independent of t and of the initial data, and2 < g < oo, 1/p+1/g =1,
my = 31— 2/q).

We note that the detailed asymptotics in exterior domains (complements of compact sets)
has not yet been treated. First steps with low-frequency asymptotics of resolvents will be
given in [77]; there 79 = 0, i.e., the classical case is also considered.

A detailed comparison of the linear system of second sound to that of classical ther-
moelasticity has been given in [36]. Let  be any domain in R*, n = 1, 2, 3, smoothly
bounded. We consider the initial-boundary value problem (3.17)—(3.21) again and denote
for 79 > O the solution by (U7, 87, ¢7), writing in the rest of this section t := ¢ for sim-
plicity. By (U, 6, §) we denote the solution for 7 = 0, i.e., for classical thermoelasticity.
Of course, g = —k'V@, and initial compatibility gg = —Kéo is assumed.

The energy terms of order j € N are defined for t > 0 by

El@) = E.[0]7'U.8/7"0.08/ ' q10).
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where
! 2 2 7712 B 2
E:[U.0.q1() =5 o Ui+ wIVU P+ G+ wIV'U P + 16
T
+ ﬁ—qulz) (1, x)dx.
Sk
If
el (1) = 2t Eé(O)Eé+1(O) - széH(O), for0 <t <
o\t) =
E ({ ), otherwise,
and

dEL(1) = E. [0} W™ = 0), 9/ 67 —6), 8/ " (¢" - D1)

then we have the following general comparison of the systems with ¢ > 0 and t = 0,
respectively, in terms of the energy of the difference of the solutions, dE+ (7). This can be

obtained by differentiating £ () and using the monotonicity.

THEOREM 3.5. Forall j € Nandt > 0 we have

2
. T . .
dEI (1) < Ze(])+ L(6) + dE (0).

In particular for j =1, 2:

2 2
dE (1) < %eé(r), dE2(1) < %sg(t) +JE2(0)E3(0).

Moreover, a time-independent estimate is given by
j v it j
dE! () < ZEO (0) +dEZ(0).

It is easy to get a time-independent estimate of order 72 for exponentially stable situations
as in bounded intervals in one dimension or in the bounded radially symmetric case, cf.
[93,94]. But there the exponential stability is used, and the constants are not given explic-
itly. We shall finally use the estimates to get results for real materials below. Moreover,
the estimates here carry over to anisotropic situations and can be put into a more general
framework then applying, for example, to thermoelastic plates.

For the application, we consider now the systems where a right-hand side is given in
(3.19)

Tqi +q + KOy = f, (3.50)
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where the support of f is supposed to be in [#7, ] x €2 together with zero initial values,
U@, =0, Ui (0,) =0, 6(0,) =0, q(@0,) =0. (3.51)

THEOREM 3.6. Forall j € Nandt > 0 we have

. 2 tr .
dE] (1) < 1/ / ’6—’/|a/f|2(s,x)dxds.
4 t Q oK

As an application we consider the model arising in laser cleaning of silicon wafers. Here
Q = (0,L) c R', L denoting the length in metres. We have the following parameter
values.

o B y 1) K T L
9.62-107 392 598-10~7 164 148 10712 6.25.1074

The laser pulse is modeled by
f,x)=1o-e" " jr(t —uT),
where

T2
: — 2
jr(t) = exp - +T

2272

fort e (—ﬁtl T, ﬁrlT), and zero otherwise, and

Iy Ag T T
2.10'" 1.04-10° 1078 10

Then the following estimates show for this example the interesting result that the differ-
ences of the systems for t > 0 and r = 0, respectively, are experimentally in part not
relevant (values for the displacement in metres, for the temperature in degrees Kelvin).

COROLLARY 3.7. For anyt > 0 we have

U™ = D)t oo < 11610710, IUF = T)(t, Illoo < 143107,
I(UF = U, Yoo < 1.43-1072,

and for t > tr (following the laser pulse),

1 [t ~ ~
Z/o 10T —(z, )|dx < 2.36-1073, 16T = 6)(t, )loo < 1.74 - 10°.
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The behavior of discontinuous solutions has also been investigated, as well as the behavior
of discontinuities as the relaxation parameter t tends to zero. We summarize the results in
the three-dimensional case. In studying expansions with respect to the relaxation parameter
of the jumps of the potential part of the system on the evolving characteristic surfaces, we
obtain that the jump of the temperature goes to zero, while the jumps of the heat flux and
the gradient of the potential part of the elastic wave are propagated along the characteris-
tic curves of the elastic fields when the relaxation parameter goes to zero. An interesting
phenomenon is that, when time goes to infinity, the behavior will depend on the mean cur-
vature of the initial surface of discontinuity. These jumps decay exponentially when time
goes to infinity, more rapidly for smaller heat conductive coefficients.

We consider the homogeneous isotropic case again. Since the solenoidal part of the dis-
placement vector, and of the heat flux, satisfy the classical wave equation and a simple ordi-
nary differential equation, respectively, we directly look at the coupled potential part, i.e.,

UL —a®>AUPp + VO =0, (3.52)
0, +yV'gP° + VU’ =0, (3.53)
g’ +q"° + Vo =0, (3.54)

UPO(O’ ) = U(fov U[pg(()? ) = Ulpo’
(3.55)
0(0,-) = 90’ qPO(O, D)= qéw7

where « := /21 + A. The data (VUO, Ul 69, qo) are assumed to be smooth away from,
and possibly having jumps on, a given smooth surface

c={xeQcR o'x) =0}
described by a C2-function ®° : Qp ¢ R?® — R, with Qq open, satisfying

IVe’(x)|=1 ono. (3.56)
Assumption (3.56) is important for the application of the following techniques, but is made
without loss of generality, since for a surface o, one can choose the distance function
®0(x) := dist (x, o). Let

U= U,0,,03,Uy) = (VU U 6,q7).
Then (3.52)—(3.55) turns into the following system for U:

3
U+ Ajo;U+ AU =0,  U©0.)=0", (3.57)
j=1
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0
where 9; = Bx,-’] =1,2,3,

0 -V 0 0

3 —a’V 0 BV 0 0s5x5  Os5x3
ZAjaj = 0 sV 0 )/V/ , Ap = 1 . (3.58)
j=1

03><5 —IdRS
0 0 v o 4
T
The characteristic polynomial
3
det (ung - Zng])
j=1
4,4 2( 2 Ky 2, K ye? 4
e PR (a +ﬂ5+7) 6P + | (3.59)
has real roots A, | < k < 8, and, under the assumption (3.56), we have that the eigenval-
ues of
3
B:=) 0,94, (3.60)
j=1
are
M=0, 1<k=<4 (3.61)
1
1 2 dkya? ’
K
mo=p= s (0?4 ps L) ko (2 ps+ L) - =
T 2 T T
5<k<8 (3.62)
taking
s < pe <0 < u7 < us. (3.63)

The characteristic surfaces Xy = {(f, x) | Px(¢,x) = 0}, 1 < k < 8, evolving from the
initial surface o = {(0, x) | ®°(x) = 0}, are determined by

0D + ur|Ver| =0, &40, ) = o0 (3.64)
hence

S = {(t, x) | —prt + @°(x) = 0. (3.65)
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Let Vq, ®° and Vs, ®° denote two orthogonal vectors on the tangential plane to the initial
surface o. The associated right (column) eigenvectors r; and left (row) eigenvectors [ of

B, with the normalization condition

can be computed explicitly, as well as expansions of these and the eigenvalues in powers

of t. For k = 5, 6 we have the expansion, as T — 0,

1 Ky ky\2 dkya?
2_,2_ L1 2 Ky 2 LA
ui=ip =3 |a?+po+ " —I—\/(a +p5+-L)
Ky o?Bs )
=—+B5+—14+0(), (3.66)
T Ky

and fork =7,8

1 K ky\2 dkya?
=1} = - a2+ﬂ5+—y—\/(oe2+/38+—y> -2
2 T T T

2
—a? = P 0w, (3.67)
Ky

Let the matrices L and R be given by

L=1]:1, R:=(r,...,rg).

Then V = Lf], with U satisfying (3.57), satisfies

3
WV 4D (LAR;V + AV =0, V@i=0=V"=L0° (3.68)
j=1
where
- 3
Ag:=LAoR+ ) LA;d;R. (3.69)

j=1
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Let [H]yx, denote the jump of H along Xi. Then (Vi, V2, V3.V4) are continuous at
U,§=5 Yk, and V;, j =5,...,8, does not have any jump on X,k = 1,...,8 fork # j.
Moreover, [Vi]y, =0for1 <k < 4.

Now we turn to the interesting evolutional equations of [V ]y, for 5 < k < 8. Denote
by D,x the mth row and kth column element of a (8 x 8)-matrix D. Obviously, the kth
equation given in (3.68) can be explicitly written as

8 3 8
WVi+ Y > (LA RmdVin = — > _ (A0)im Vin + Fi (3.70)

m=1 j=1 m=1

for 5 < k < 8. Since

3
(Aklng - ZLa,-chA,-R) = (Aldgs — Ak =0 (3.71)
j=1 kk
with A = diag(Aq, ..., Ag), we know that the operator 9; + Z;zl(LAjR)kkaj
is tangential to X = {Axf + dO(x) = 0}. Similarly, since all entries in line
k of Arldgs — Z?:l L3j®°A;R = Jldgs — A vanish, we deduce that for

m # k, (0, (LA{R)km, (LA2R)gm, (LA3R)gy,) is orthogonal to the normal direction
(—xx, (V®YY) of Xy, which implies that ijl(LAjR)kmaj is tangential to ¥; when
m # k.

Therefore we obtain that for each 5 < k < 8, [Vi]y, satisfies the following transport
equation:

3

(a, + Y (LA R)kdy; + (Ao>kk> [Vils, = [Fils, (3.72)
Jj=1

with initial conditions

[Vils, (t = 0) = [V, (3.73)

In order to determine the behavior of [Vi]x, from (3.72), (3.73), it is essential to study
(Ao)kk, where, by (3.69), Ag is given by

3
Ag=LAoR+» LA;j;R. (3.74)
j=l1
Denoting the row I and the column r; by I = (Ig1, ..., k) resp. ry = (Fig, ..., rgr)

we have, using (3.58), fork =5,...,8
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1 8
(LAR)kk = = ) Ilkjrjk

hence

CkKY

(LAoR)k = ——-
208

This implies for k = 5, 6, using (3.66),

(LAgR)ki = <—] +(’)(r2)> d
04 ) kk
2 rz(—kr” + B5 + “iﬁ‘st + O(12))
= i — _'66
=57 o + O(7), (3.75)

and for k = 7, 8 using (3.67),

288
(Lo = | 25 22 o) Y
2%y (a? — L7 + 0(2))
P L ow. (3.76)
2ky

Now we compute (23: 1 LAjdjR)jk. Let ¢; be the jth standard unit vector having only
zero components besides a 1 in the jth component. Then

0 -’ 0 0
—01221 0 ,351 0
Ar=1 0 3 0 y&’
0o o0 %z o
T

and A, A3 arise from A; by replacing ) by é; and €3, respectively.

Denote by LA;jd;R = (al-]k)gxg for any j = 1, 2, 3. Then, by a direct computation, we
deduce that fork =5, ..., 8,

afy = —ladir + ko (Bdirse — a?81r1k) + s (891726 + ¥ d1761)
K
+lk6;alr5k

ag = —l1dors + L (Bdarsy — adarix) + s (8d2r3i + v d2r7k)
K
+ lk7;32i’5k

alzk = L1837 + lea(BO3rsk — a®d3r1x) + les (80374 + v 837sk)
K
+lk8;33r5k
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which gives

3
(Z LA131R> = —lx1(0172k + 0273k + 0374k)
J=l kk
+Iks (8(B17rak + 02r3p + 3374x) + ¥ 176k + 0277k + 378K)) -

‘We conclude

3

A
S LAjR) = (=sis Fh) P Y ) A, (3.77)
i=1 k a’— )‘1% Thk

where A denotes the Laplace operator in R3. Since

Shoe 1 5 ) 822
s—lk=a|d—-——=]=—a—=
! az—)»,% az—)\,%

we get from (3.77)

3 3
BoA; Ky 0
LA;0;R = — 4+ — | AD". 3.78
(J; ™ )kk * ((az — )2 i Thk G719

Expanding we obtain for k = 5, 6

S 3
" <& N ﬂ) _ (% + o(#)) i (L+ps+0m).

(@2 — A2

L /T arom)
Ak Ky

implying

3
1
<§ LA,~3,-R> = %5 Y 14+00)ae’, k=56 (3.79)
" T
Jj=1 kk

Similarly we obtain

3
(Z LAijR> =+ (% +0() A’ k=7.8. (3.80)
j=l kk



Thermoelasticity 403

Combining (3.74)—(3.76) and (3.79) with (3.80), we obtain

11

~ — - [ Ae L o), k=5,6,

(Ao)kk = 253 2Vt 3.81)
— + AP+ O(1), k=1,8.
2ky 2

In (3.81) we already notice the phenomenon that the mean curvature H of the initial
surface o,

will play an essential role in the behavior of the jumps as t — co oras 7 — 0.
For any fixed xY € o, denote by

t — (1, x1(1; 0,x%), x2(; 0, x°), x3(2; 0, x%))

the characteristic line of the operator 9d; + Z;=1 (LA R)ik axj passing through (O, x0, ie.,
xj(t; 0, xo) satisfies

%toxo) = (LAj Rk (t, x1(1: 0, x°), x2(1; 0, x°), x3(1; 0, x%))
xj0:0.x%) =x9, 1<;<3
and
[Vidzey = [Vils, (¢, x1(2: 0, x°), xa(1: 0, x°), x3(1: 0, x%)). (3.82)
Then, from (3.72) and (3.81) we conclude:

tex .
[Vilse = [V Tge™ B 0020

B e 5w FiVT (A G0 NFOWDS 0y k=5 6, .
- B a t . .
o Ty ¥ fo(Ad)o(x(s,O,xo))JrO(r))ds[Vk()]o, k=17.8.

For t — 0 the dominating term for k = 5, 6 is e_i, i.e., we have exponential decay of
the jumps of V; on Xy as T — 0 ort — oo for a fixed small t > 0. If k = 7, 8 the dom-
inating term, for t — 0, is exp(— fé(% + %ACDO(x(s; 0, x9)))ds), whether the jumps of
Vi on X decay exponentially depends on the size of the mean curvature (= A®Y/2).

EXAMPLE. Let o be the sphere of radius r:

a:{xeR3||x|:r}={x|Cbo(x)zr—lx|:O}.
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Then, we have

={,x) [t =7 — x|} ={, %) | |x| =7 — put}.

We recall the convention on the signs of uy given in (3.63). Spreading surfaces, as t — oo,
are Xg, Xg, and

AD(xp) = 2 2 0
0) = =->0.
|xol 7

exponentially if

8 2 8 2
'3_ > APY == ( P <A’ =Z resp.),
aky r aKy r

that is, depending on the size of the mean curvature H = %

We obtain

8
U=N'U" U 0,q") =RV =) Vir.

Thus, as t — +o00, [Vs]x, is decaying exponentially, while [Vg]x, decays (grows resp.)

(3.84)

To complete the discussion on the linear problem, we have to compute U = RV from V,

k=1
O(r)e 3 IHOWD) k=5,6,
1
VUl =1 5 (VU1 VO° - (U + O(D) (3.85)
o Jo (2 58000 (5;0,x°)+O(x))ds k=78
O(YT)e FIHOWD), k=56,
1
015, = 175 <a[V’Ué’O]U F VL. (U], + O(t)) (3.86)
o I EG £ AP (x(5:0.4°)+O () ds k=78
1
(6] S [l + O HITOVD k=56, (3.87)
X — .
k Ot)e" IS AP 0NFO@N | _ 7 g
( / —[60lo vl + v<1>°<[q° L U 1o
.v<1>°) + O(ﬁ)) e~ 5 (IHOWD) k=56,
4Pz, = s (3.88)
s ((a[v/Uf’”]g F V- [UP),) VOO + O(r))
o l/0<2’i‘§/:|: A(I)O(x(s;O,xO))-i-O(r))ds k=78
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Altogether, from the above discussion we conclude

THEOREM 3.8. Suppose that the initial data V'UP°, 3;UP°, 0 and qP° may have jumps
onoc = {dDO(x) = 0} with |VCI>O(x)| = 1, then the propagation of strong singularities of
solutions to the linearized problem (3.52)—(3.55) is described by (3.85)—(3.88). In partic-
ular, we have

(1) The jumps of V'UP°, 3;UP°, 0, qgP° on X5 and ¢ decay exponentially, both when
T — Oforafixed t > 0, and whent — +00 for a fixed T > 0.

(2) The jumps of V'UP°,9,UP°, qP° on X7 (Zg resp.) are propagated, and when
t — oo they will decay exponentially when % +aAD (% — aAD? resp.)
are positive, more rapidly for the smaller heat conductive coefficient ky, while the
jump of the temperature 0 on X7 and ¥g of order O(t) vanishes when Tt — 0,
which shows a smoothing effect in the system (3.52)—(3.54) when the thermoelastic
model with second sound converges to the hyperbolic—parabolic type of classical
thermoelasticity.

Semilinear problems have also been dealt with [100].

Notes: For a survey on hyperbolic heat conduction models see Chandrasekharaiah [8], for
general Cattaneo models cf. Oncii and Moodie [79], see also Lord and Shulman [66]. The
results for the linear theory on exponential stability in one dimension are taken from Irm-
scher and Racke [35,36,38,93]. The decay result for the Cauchy problem is from Yang
and Wang [122], see also Wang and Wang [118]. For the three-dimensional case we have
the exponential stability result from our paper [94], while the discussion of the Cauchy
problem is given in [119]. The general comparison results and the application are due to
Irmscher [36], and the results on the propagation of singularities is taken from our pa-
per with Wang [100], the one-dimensional case had been treated in [98]. Linear systems
with time-dependent coefficients have been treated by Weinmann [120]. A low frequency
expansion in exterior domains is given by Naito, Shibata and Racke [77].

3.2. Nonlinear systems

Nonlinear systems, as introduced at the beginning of Section 3, have been treated for one-
dimensional bounded reference configurations as well as for the Cauchy problem. Two-
or three-dimensional situations have been studied for the radially symmetric case, more
general situations like the fully nonlinear Cauchy problem is still under investigation.

In one space dimension the general nonlinear differential equations given in (3.6), (3.9)
and (3.10) turn into the following,

up — a(ux, 0, @uxx + b(ux, 0, q)0x =ri(ux, 0, q)qx, (3.89)
9[ + g(u)m 65 Q)C]x + d(u)Cs 97 Q)utx = r2(”x7 65 Q)C]n (390)
T(ux, 0)qr +q + k(uyx, 0)0x =0, (3.91)

where



406 R. Racke

1 —Sy h
g .

- 4= (for 6] < Tp).
@ + Ty)a 6+ Ty)a

ry =,
© + To)a

The assumptions on a, b, ri,a (resp. g), d,r2, T,k are such that if they are smooth
functions and that there exist positive constants cy, ¢3, ¢3,c4 and K < Ty such that if
|ux|, |0|7 |q| S K’ then

a(ux,0,q) = ci, T(ux, 0) > c2, k(uy,0) > c3, aux,0,q) > cs
as well as

b(ux,0,q) #0# d(ux,0,q).
Moreover, we shall assume

r =0, rn=0.

We notice that this assumption could be removed by Messaoudi and Said-Houari in [67].
Observe that always r1 (0, 0, 0) = r2(0, 0,0) = 0 in accordance with the linearized equa-
tions, compare the previous sections. The coefficients «, 8, v, 8, 79, ¥ in the linearized
equations are, of course, given by

a =a(0,0,0), B =5(0,0,0), y = g(0,0,0),
8=4d(0,0,0), 70 = 7(0, 0), k = k(0, 0).
In addition to the differential equations, we have initial and boundary conditions
u(©,) =uo, u;(0,-) =up, 6(0,-) =60, 4q(0,-) = qo, (3.92)
u@,0)=u(,1)=6(0,0=6(,1)=0, t>0. (3.93)

With energy methods again, treating the arising nonlinear terms as perturbations of the en-
ergy terms, and observing that the perturbations are of cubic order rather than the quadratic
energy terms and hence comparatively small, we obtain

THEOREM 3.9. There exists a constant &y > 0 such that if
Ao = lluolls + lurlZ + 16013, + lgoll3,> < o
then (3.89)—(3.93) has a unique global solution

3 2
ue () C"(0.00), H™(Q).  6.q€ () C"(0.00), H " (Q)):

m=0 m=0
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moreover, the system is exponentially stable, that is, there exist constants dy, d» > 0 such
that fort > 0

3 2
AW =Y 1@ 8 ult, I+ D113, 070, @)t )I* < die™ Ao.
j=0 j=0

The one-dimensional Cauchy problem had already been treated by Tarabek [112], and
meanwhile, was augmented by a description of decay rates. We shall assume for the rest of
the section that T and k are constant functions,

T =19, k=« (3.94)

that is, Cattaneo’s law is the linear one. The reason is that the proofs of the L2-decay re-
sults in classical nonlinear thermoelasticity (Fourier’s law) repeatedly used the divergence
forms of the differential equations arising from the balance law for the momentum (3.6)
and for the energy (3.7). The same structure is not present in the general Cattaneo law. We
shall also exploit that the free energy 1 and the internal energy have the form

Yy, 0, q) = Yolux, 0) + V1 (uy, 0)g>, (3.95)
ey, 0, q) = eo(uy, 0) + e1(uy, 0)g°, (3.96)

with suitable vy, Y1, €o, €1, see [79]. We rewrite the system (3.89)—(3.91) first as follows,

Uy — Quyyx + B0y = hy, (3.97)
0 + vqx + Susy = ho, (3.98)
709 + g + k6 =0, (3.99)
where
a=a(0,0,0), B:=00,0,), y:=g(@0,0,0), §:=4d(,0,0), (3.100)
hi = (S(uyx. 0. q) — auy + BO)s. (3.101)
K r
ha = (y = 8 + (6 — dyurx + 0 + iq, (3.102)
1 1 Kk
h3 = To{(———>q+<———>0x}. (3.103)
T T T T
Defining
V = (Wakduy, u:,0,q)
we obtain

A, + AV, + BV = F(V, V),
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V(0) = Vo := (Vaxdug.x, u1, 6o, qo), (3.104)
where
10 0 0 0 —Vaxs 0 0
0o._ |0k O O 1. | —vaks 0 Bks 0
AV = , Al =
00 B« O 0 Bkd 0 PBky
00 0 Bymw 0 0 Brky O
000 0O 0
. |000 0 ~ KkShi
~looo o | Bichy
000 By 0
We have from (3.100)—(3.102)
F(0,0) =0, Fv.v,)(0,0) =0. (3.105)

The linearized system, i.e., for F= 0, is solved by
V() =e'fv,

where
R :=—(AY"1A'S, + B)

generates a Co-semigroup on D(R) = (WH2(R))* ¢ (L*(R))*. Then the solution to
(3.104) is represented in general by

t
V(t)zevaoJrf e"IREW, V) (r)dr, (3.106)
0
where
F = (AY)'F. (3.107)

The asymptotic behavior of the LZ-norm of the solution to the linearized problem is de-
scribed by

LEMMA 3.10. Let F = 0. Then there are constants c, c1 > 0 such that for all t > 0:
()

1 —c1t 1 al _ 2l _
1LV ©)ll2 < e {e™ 10 Volla + L+ 0 Vol | @ =0,1).



Thermoelasticity 409
(ii)
_ _3
18,V )2 < e {0 Vo2 + (1 + 075 Vol }
(iii)
3
Va2 < e [ IVolliz + (1 + 073 Vol }
This lemma follows from the results of Yang and Wang [122], in particular from the expan-
sions of the characteristic values; cp. similar results for classical thermoelasticity in [47,
Thm.3.6], going back to Kawashima [50].

Now we can state the theorem on the L2-decay rates. The global well-posedness is
given, cf. [112,99].

THEOREM 3.11. Let Vo € WH2(R)N L' (R), and mg := ||Vol|3.2+ || Voll1. For sufficiently
small my, there is ¢ > 0 such that for t > 0, the solution V to (3.104) satisfies

1
IVOliz <c(l+1)7% - my.

PROOF. With
V = Wakduy, u;, 0, q)
we have
Vi— RV = F(V, V), F(V,Vy) = (0, hy, ha, 0).

The fact that F vanishes quadratically in zero, cp. the next lemma, is not sufficient, despite
the linear decay behavior being like that of a heat equation, because terms like “V - V,” ap-
pear, cf. Zheng and Chen [125]. Therefore, we shall rewrite the nonlinearities in divergence
form in order to be able to exploit the better decay of derivatives in the later estimates for
IV (#)|l2, a modification of the corresponding proof in classical thermoelasticity, cp. [47].

LEMMA 3.12. @)
hi(V, V) = (S(uy, 0, 9) —auy + B0), = (h11(V)), .
(ii)
u2
ha(V, V)= ||6+8u, —y {e—e(0,0,0) + 7’ + ¥ (Suy)x
t
= (h21(V))r + (h22 (V).
(iii)
Ihi1 (V)1 121 (V)] 1haa (V)] < el V%
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(iv)

ki (V, VOl 1ha(V, VOl < c(IVI? +Ve|?)  (near V = 0).

PROOF: For (i) compare (3.101). For (ii) we first have

2
u
(e + é) = (Sus)x — qx. (3.108)
t
It follows
u2
O +Suy +yge =160 +68u, —y {e—¢(0,0,0) + 7’ + ¥ (Suy)x
t

which yields (ii) (cp. (3.98)).
lhit(V)I,  haa (V)] < c|V?

follows immediately from the definition of 41y, k2> and from (3.100) and S(0, 0, 0) = 0,
which is assumed without loss of generality.

The estimates (iv) also are immediate consequences of (3.100)—(3.102), so it remains to
investigate /21 (V). Here we have

hot(V) =6 +6u, —y {eux (0,0, 0)uy +£9(0,0,0)0 + £4(0, 0, O)q}
+OW? +0%+ ¢ +ud).
Observing
eu, =S+ O+ To)(=S), € =—(0+To)Vees
as well as (3.96) and (3.100) we obtain
yeu (0,0,0) =4, y€0(0,0,0) =1, £4(0,0,0) =0,
hence
ha1(V) = O + 6% + ¢* +uf) = O(|V ).

This proves Lemma 3.12. g

Continuing the proof of Theorem 3.11, we notice that, as a consequence of Lemma 3.12,
we may rewrite F as

F(Vv VX) = (01 hl(Vv VX)7 hZ(Vv Vx)a O)/
= (0. (11 (V) . (hn (V) + (hna(V)), . 0)'.
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Since W : 1 — e""R (0,0, (ha1(V(r))), 0)’ solves
W, — RW =0, W(r) = (0,0, ha1(V(r)), 0)
we conclude

ek 0,0, (ha1 (V(r))), ,0)
- (e(t_r)R (0,0, (h21(V(r))) . o)’) + 9 (e“—”R 0,0, (h21(V(r))) . ‘”’)

= 0, (7% (0.0, (ha1 (V1)) . 0 ) + R (7R 0,0, (21 (V(r))) . 0) )

=0, (7% 0,0, (ha1(V (1)), 0))
— (AN A18,e R (0,0, (ha1 (V (7)), 0)
— (AT Be"IR (0,0, (ha1 (V(r))),0) . (3.109)

By the representation (3.106) we get, using (3.109),

t
V@ =+ [ e RO, b1 . 0)
0

— (A7 A1, 00,0, 21, 0)' = (A% BeR(0,0, a1, 0)' |

R r=t
+ [e(’_” (0,0, h21(V(r)),O)/] o (3.110)

r=l
This representation will be used to estimate || V (¢) ||2, while the simpler one given in (3.106)

will be sufficient to estimate ||d, V (¢)]|2.
Let

M) = sup (1+r)3[V()1z. G111

0<r<t
By (3.110) and Lemma 3.10 we obtain
-1 ! —cy(t—r)
IVl <c+1)~4([Voll2 + Voll1) + ¢ {e ! (A1, hoz, hai)llh 2
0
3
+ (41 —=r) 4|[(hi1, hoa, h2D) s } dr + c|lh21(V)|l2, (3.112)

¢, c1, ... denoting positive constants neither depending on ¢ nor on V.
Since

(11, Aoz, hoD) l12(F) <cllVI 20V e (r)
<c(1+7) 7M@) Vollaa, (3.113)
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the latter by the fact that |V (£)]l2.2 < c¢||Voll2,2 (cf. [112]), and since

161, b, hanlh < elIVIB < el +7)72 M), (3.114)
we get

t
WOl e +0 tmo e [ et Emem)

0
FA4t—r"i0+ r)—%MZ(r)} dr + (1 + 1)~ M(t)my

<c( 40" Fmo(1+M@) +c(1 + 1% {moM(t) ¥ Mz(t)} L
where
' e—a1=n) -4 i
J=J@t)= [ e A £ )31 +1)idr
0
! _3 _1 1
—l—f(l—i—t—r) T +r)"2(1+1)3dr
0
satisfies

sup J (1) < oo
t>0

(see Lemma 7.4 in [91]), hence
IVl < e(t+07% {mo(1+ M@) + M)} (3.115)

To estimate ||, V (¢)]|> we use (3.106) directly and the Lemmas 3.10 and 3.12 to similarly

conclude
t
3 o —
18V ()2 < c(1+ 075 (| Vollia + ||V0||1)+C/ [emr 1, ho)l 2
0
3
+ (Ut =07 G ) de
_3 ! — (t—r) _1
<e(l D) 4m0+cf [0+~ MImo
0
_3 _1. 9
+A41—r"i04n 2M(r)}dr
< c(l+07F mo(1 + M) + M0}, (3.116)

where the term “||Vyx |loo” in the estimate for [|(A1, h2)]l1,2 produces || Vo[3,2.
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Combining (3.115), (3.116) we get
M) < e fmo(1 + M) + M)
Choosing mo < % we obtain
M(1) < 2camg + caM*(2).
Since
M(0) < cmy,

it is a standard argument (cp. e.g. [91]) to conclude that — for sufficiently small mg — we
have M (t) < c3 (c3 being the smallest zero of f(x) = c2x2 — x 4 2camy) and then

1
IV®li2 <ca(l41)" 3my,

which proves Theorem 3.11. (]

Finally we report on the recent results on the global well-posedness of the nonlinear
initial-boundary value problem in radially symmetric bounded situations in two or three
space dimensions. The system is written as

Uy — A(VU, 0, q)AU + B(VU, 6, ¢)V6 = 0, (3.117)
¢(VU,0,9)6; +g(VU,0,9)V'q + B;;(VU, 8, q)d,0;U; =0, (3.118)
t1(VU,0)q: +q + K(VU, 0)V6 = 0, (3.119)

for functions (U, 0, q) = (U, 0, q)(t,x),t > 0,x € Q, Q being a bounded radially sym-
metric domain in R3. We again consider the initial conditions

Ut =0 =U", Uit =0)=U", 0@t =0)=0" (3.120)
and the Dirichlet boundary conditions
Upa =0, faq = 0. (3.121)

To get the global existence for small initial data we have assumed, as in Section 2 in
(2.182), that for (U, 0) withrot U = 0,

U

Ciju(VU, 0, q) = Ay (VU, AU, i=1,23, (3.122)

0x;jox;

and anticipated that we shall prove a result for U with vanishing rotation. For the tensors
A, 7, K and the functions c, g we have similar assumptions as in the classical case, i.e., that
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they are uniformly positive for bounded values of their arguments, and that B is definite
there. Again the system shall be initially isotropic, i.e., forn = 1, 2,

A(Oa 07 O) = aIdR”v C(Oa 07 0) = é" T(Oa O) = 70,
B(0,0,0) = Bldgs, 2(0,0,0)=y,  K(0,0) = «ldgn.

Then we can rewrite (3.117)—(3.119) as

Uy; —aAU + BV = F, (3.123)
t0, +yV'q+BV'U =G, (3.124)
T0q: +q +x«VO0 = H, (3.125)
where

F = (A(VU,0,q) —a)AU — (B(VU, 0, q) — B)V6, (3.126)
G = —(c(VU,0,9) — )b, — (g(VU,0,9) —y)V'q

—uw((B(VU,0,q9) — BVU,), (3.127)
H = —(t1(VU,0) — 19)q; — (K(VU, 6) — k)V0. (3.128)

Of course we assume that the coefficients are compatible with radial symmetry, cp.
Section 2. Furthermore we assume

KT =TK (3.129)

which is, for example, no restriction in the standard case T = toldgn.

THEOREM 3.13. There is € > 0 such that if

U a2 + 10 .2+ 16°113.2 + 11g°l3.2 < e, (3.130)
then there exists a unique solution (U, 0, q) of (3.117)-(3.121) satisfying
U e () C/(10,00), H*/(2)),0,9 € (] C/ (10, 00), H* 7 (Q)).
j=0 j=0

Moreover, the system is exponentially stable, i.e., there are constants C,d > 0, being
independent of the data and of t such that for all t > 0 we have

4 3
A@) =Y 1@, VU@ DI+ Y110, V) 0, ) (1, )| < Ce™ A(0).
Jj=0 j=0
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The subtle proof uses the energy with nonlinear terms,

1 1.
Ei(t) .= E1[U, 0, q](t) = 5/(|Ut|2 + Ui Akm U + qi K" j Tjmgm)dx,
Q
E2(t) = El[Ulv 915 %](t),

and then combines techniques from [93,94]. As in the classical case, the radially symmetric
situation is an application of a more general statement in an arbitrary smoothly bounded
domain €2 (cf. the linear situation in (3.22)), which just requires

rotU =rotg =0 in [0, 00) x €,
vxqg=0 1in[0, 00) x 0€2,

where v denotes the exterior normal vector on 0£2.

Notes: The result on exponential stability in one dimension is given in [93]. Extensions
were provided by Messaoudi and Said-Houari [67]. Tarabek [112] proved a global well-
posedness result for the one-dimensional Cauchy problem and the decay to an equilibrium.
Details for the local existence, and decay rates were given by Racke and Wang [99]. The
global well-posedness and the exponential stability in three dimensions was proved by
Irmscher [36,37]. The propagation of singularities for semilinear systems is included in
the paper by Racke and Wang [100]. A semilinar transmission problem has been inves-
tigated by Ferndndez Sare, Mufioz Rivera and Racke [22]. The fully nonlinear Cauchy
problem and exterior domains have not yet been treated.

3.3. Remarks on dual-phase lag systems

The Cattaneo model is sometimes illustrated by starting with a delay relation between the
heat flux and the temperature gradient expressing that the heat flux should notice a gradient
with a certain delay, after a relaxation time t has passed,

gt +1,) =—k6(1,). (3.131)

The Fourier law then formally arises from a Taylor expansion of order zero with respect
to 7, while the Cattaneo law formally is obtained by an expansion of order one, cf. [8,
116]. Moreover, there exist different mechanisms causing a dual-phase-lag expressed in
the delay equation

qt +14,)) = —k0( + 719, ) (3.132)

with two relaxation parameters 7, 79 > 0. Conditions under which first- or second-order
approximations on the right-hand and/or on the left-hand side lead to exponentially stable
systems — of rather hyperbolic and also of rather parabolic type — have been investigated,
see, for example, the papers of Quintanilla and Racke [82—85] and the references therein.
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More generally, one might look at Taylor expansions

J

] 8/ 7L
qt,)+---+—=——q(,-) = —kVO(t,)—--- —k—=—V0O(t, ) (3.133)

t

and hope for “better” results because of a “better” Taylor approximation. We point out that
this is not true but that we have instability if j — m > 2 (observe that for Fourier’s law
we have j —m = 0 and for Cattaneo’s law j — m = 1). This instability can be proved
looking at the roots of the associated characteristic polynomial and detecting roots with a
sign of the real part leading to exponentially increasing solutions not allowing stability, cf.
[19]. This instability for m = 0 and j > 2 fits the fact that the delay equation (3.131) leads
to an unstable system already for the simple pure heat equation with delay, cf. the book of
Pri3[81].
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1. Introduction

In this chapter we will review the main results concerning the unique continuation
properties for solutions to second order parabolic equations with real coefficients.

Roughly speaking, we shall say that a linear partial differential operator P, or the
equation Pu = 0, enjoys a unique continuation property (UCP) in an open set € in RY if
the following type of result holds true, [88]. Let A be a subset of €2 then

Pu=0inQand u =0in A imply # = 0 in Q. (1.1)

A quantitative version of the UCP property (1.1) is called a stability result or a quantitative
estimate of unique continuation (QEUC):

If two solutions # and u, to Pu =0 in 2 are close in A

then they are close in €2.

In the present introduction we shall outline the main steps to derive the main type of
UCP and QEUC for parabolic equations.
Such UCP and QEUC can be divided in two large classes:

(i) Backward uniqueness and backward stability estimates for solutions to parabolic
equations;

(ii) spacelike unique continuation properties and their quantitative versions which, in
turns, can be divided in two subclasses:

(ii1) Uniqueness and stability estimates for non-characteristic Cauchy problems, weak
unique continuation properties and their quantitative versions for solutions to
parabolic equations;

(ii2) Strong unique continuation properties (SUCP) and their quantitative versions in
the interior and at the boundary, for solutions to parabolic equations.

To make clear the exposition we introduce some notation. Let a(x,t) =
{a (x, z‘)}:lj=1 be a real symmetric matrix valued function which satisfies a uniform
ellipticity condition. We denote by b (x,t) and c (x,t) two measurable functions from
R"*+! with values in R” and R, respectively. We assume that b and ¢ are bounded. We
denote by L the parabolic operator

Lu=div(a(x,t) Vu) —oiu+b(x,t)-Vu+c(x,1t)u.

(1) Backward uniqueness and backward stability estimates.

Let D be a bounded domain in R” with a sufficiently smooth boundary and let 7' be a
positive number. Let L be as above, and let H be a functional space in which it makes
sense to look for the solution to Lu = 0, in D x (0, T), for instance, H = Hy =
L?(0,T; H>(D)N H} (D))NH" (0, T; L? (D)). The backward problem for the operator
L can be formulated as the problem of determining « satisfying
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Lu=0, inD x(0,T),
ueH, (1.2)
u(.,Ty=~h, inD,

where £ is a given function. It is a simple matter to show that the problem (1.2) is ill-posed
for lack of the continuous dependence of solution u on the datum /. Here we illustrate such
ill-posedness in the simplest case of L = 83 —0,n=1,D = (—m, ) and H = Hy. Let
us consider the following sequence of functions

u® (x, 1) = ekl (T=0) gin kx, keN.
We have, for every k € N,

(af — at) u® =0, in (—7,7) x (0, T),
u® e Ho,
u® (T = ekt (T= sinkx, in (—m, 7),

moreover we have, for every N € N,

Bivu(k) ., T)H — 0, ask—> o0
L®(—7,7)

and, for any r € (0, T'), we have

e

— 0, ask — oo.
LY (—m,m)
In other words, any small perturbation of the datum % of the problem (1.2) may produce
uncontrollable effects on the solution u whenever such a perturbation and effect are
evaluated in any functional spaces which are reasonable for the applications.

In the case in which D is an unbounded domain, for instance D = RR”", a classical
example of Tychonoff [36,90], shows that if the space H does not include a suitable
growth condition at infinity with respect to the x variables then the uniqueness for problem
(1.2) may fail. In both cases (D bounded or unbounded domain) it is of great interest
for investigation about the uniqueness of the backward problem (1.2). More precisely it
is of interest to investigate the properties of the space H and the minimal assumptions
of the coefficients of L, especially on the leading coefficients a’/, which guarantee the
uniqueness for problem (1.2). Also, due to the ill-posedness character illustrated above,
it is very important for the applications to ask for some additional information on the
solutions to (1.2) which ensure a continuous dependence of such solutions on the datum 4
in some suitable functional spaces. As an example of the matter let us consider, again, the
simplest case L = 33 —0o,n=1,D = (—n, ) and H = Hp. In such a case, assuming
the existence of a solution u to the problem
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(92 - a,) w=0, in (—m,7) x (0, T),
" € Ho. (1.3)
u(.,T)=nh, in (—m, ),

it is simple to determine u. Indeed, denoting by f = u (., 0) we have

o
k2
u(x,t) = kae Kt sinkx,
k=1

where
1 T
fr = —f f (x)sinkxdx, keN.
L
Since
ux,T)y=h(x), foreveryx e (—m, m),
we have
fi=eThe, ke,
where

1 T
hy = — h (x) sinkxdx.
T

-7

Therefore, by using the Holder inequality we have

3

2=
I ol g2y =7 Y hje? T

=~
—_

2

1-L 1
2 22T\ T 27
(hke ) hk

=7
k=1
1—L i
o0 ) T o0 T
< (7‘( Zh%ey‘ T) (n Zh,%) ,
k=1 k=1

that is

1—L r
llue (., t)||L2(7m7T) < (”” (. 0)||L2(7n,n)) T (||h||L2(,n’n)) r. (1.4)

The estimate (1.4) is a stability estimate for the backward problem (1.3). A most important
consequence of (1.4) is that if it is a priori known that the solution u to problem (1.3)
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satisfies the condition |[u (., 0)ll;2(_y ) < M, where M is a given positive number, then
llu (., t)IILz(_ﬂ’ﬂ), t € (0, T), is small whenever £ is small.

Inequality (1.4) can be also obtained employing the so-called logarithmic convexity
method. With such a method inequality (1.4) is derived as a consequence of the convexity
of the function

F(t) zlog ||M ('7t)||L2(—7-[,71)7 re [07 T]

The logarithmic convexity method has been introduced by Agmon and Nirenberg [4], see
also [3], in order to prove the uniqueness for the backward problem for abstract evolution
equations. Subsequently the logarithmic convexity method has been used by other authors,
[13,40], in order to generalize the results of [4]. However, the uniqueness for the backward
problem for abstract evolution equations has been proved for the first time by Lions and
Malgrange [75] by using the method of Carleman estimates, [47,48]. The method of
Carleman estimates has been also used by Lees and Protter in [71] to prove the uniqueness
for the backward (1.2) under the following Lipschitz continuous hypothesis on the matrix
valued function a

la(x,t) —a(y, Dl =C(x —yl+ 1t —1]. (1.5)

We emphasize that, in order to have the uniqueness for the backward problem (1.2), the
hypothesis (1.5) is not the minimal one. Indeed, Del Santo and Prizzi in [26-28] have
proved that the uniqueness for the backward problem (1.2) is ensured whenever the matrix
valued function a is non-Lipschitz continuous with respect to . More precisely, denoting
by u the modulus of continuity of a, with respect to the ¢ variable, in [26,27] it is proved
that to have the uniqueness for problem (1.2) it is sufficient that p satisfies the so called
Osgood condition

1
/ L s = +oo. (1.6)
0o m(s)

In [26,27,76] it is also proved that the uniqueness for the backward problem (1.2) may
fail whenever a is Holder continuous of order «, for any @ € (0, 1), with respect to the
variable 7.

(i) spacelike unique continuation properties and their quantitative versions.

Let D be a bounded domain in R"” and let I' be a sufficiently smooth portion of the
boundary dD. Let ¢, i be given functions defined on I' x (0, T'), where T is a positive
number. The non-characteristic Cauchy problem for Lu = 0 can be formulated as follows.
Determine u such that

Lu =0, inD x (0, T),
u=g, onI" x (0,T), (1.7)
a’djuv; =1, onT x (0,T),

where v = (v, ..., vy) is the exterior unit normal to 0 D.
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We say that the Cauchy problem (1.7) enjoys the uniqueness property if # vanishes
whenever ¢, ¥ do. It is well known, [43,69,79,83], that the non-characteristic Cauchy
problem is a severely ill posed problem, as a small error on the data ¢, ¥ may have
uncontrollable effects on the solution u of (1.7). Therefore it is very important for the
applications to have a stability estimate for the solutions of (1.7) whenever such solutions
belong to a certain class of functions. There exists a large quantity of literature, for
parabolic and other types of equations, on the issue of stability, we refer to the books
[52] and [69] for a first introduction on the subject.

The uniqueness for the Cauchy problem (1.7) is equivalent to, [78], the so called weak
unique continuation property for operator L. Such a property asserts that, denoting by w
an open subset of D, if u is a solution to Lu = 0 in D x (0, T) such that u = 0 in
w X (0,T),thenu = 0in D x (0, T). If I' is smooth enough, say Cc!, then stability
estimates for the Cauchy problem (1.7) can be derived by a quantitative version of the
above mentioned weak unique continuation property, see Section 4.3 of the present paper
for details. Conversely, such a weak unique continuation property, is a consequence of the
following spacelike strong unique continuation property [7] for the operator L. Such a
property asserts that, if « is a solution to Lu = 0in D x (0,T), ty € (0, T) and u (., tp)
doesn’t vanish identically in D then, for every xo € D, there exist C > 0 and K > 0 such
that for every r, 0 < r < dist (xg, d D), we have

/ u® (x, 19)dx > Crk. (1.8)
By (x0)

In other words, if the the operator L enjoys such a spacelike strong unique continuation
property then u (., fg) either vanishes in D or it cannot have a zero of infinite order in a
point of D. We emphasize that in (1.8), C and K may depend on u. The natural quantitative
versions of a spacelike strong unique continuation property are the doubling inequality for
u (., t9), [33], and the two-sphere one-cylinder inequality. In a rough form the latter can be
expressed as

6 1-6
”M (~7 tO)”Lz(Bp(xo)) S C ||M ('7 tO)”Lz(Br(X())) ”u”LZ(BR()C())X(IofRZ,I())) ) (19)

where 6 = (C log %)_1, 0 <r < p < R, thecylinder Bg (x0) x (to — R?, to) is contained
in D x (0,T) and C depends neither on u nor on r. See Theorem 4.2.6 for a precise
statement.

Likewise, L enjoys a strong unique continuation property at the boundary if a solution u
to Lu =0in D x (0, T), which satisfies a homogeneous boundary condition, for instance
u=0onlx(0,T),I C3RQt)€ (0, T)andu (., tn) doesn’t vanish identically in D then,
for every xo € I, there exists C > 0 and K > 0 such that, for any sufficiently small » we
have

/ u® (x, 19)dx > crk. (1.10)
By (x0)N$2
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We emphasize that also in (1.10) as in (1.8), the quantities C and K may depend on u, but
they do not depend on r.

Before proceeding, we dwell a bit on the regularity of the leading coefficients of L
that guarantees the uniqueness and the stability of solutions to problem (1.7). Indeed, by
some examples of Miller [77] and PIis [80] in the elliptic case, it is clear that the minimal
regularity of a with respect to the space variables has to be Lipschitz continuous. On
the other hand, if a depends on x and ¢ optimal regularity assumptions (to the author
knowledge) are not known. Even the cases n = 1 or n = 2 present open issues of optimal
regularity for a.

Now we attempt to give a view of the literature and of the main results concerning
the spacelike unique continuation properties for parabolic equations and their quantitative
versions. To this aim we collect the contributions on the subject in the following way.

(A) Pioneering works and the case n = 1;
(B) Weak unique continuation properties and the Cauchy problem for n > 1,
(C) spacelike strong unique continuation properties.

Concerning (A) we make no claim of bibliographical completeness. A good source of
references on such points is the book [16].

(A) Pioneering works. Such works concern mainly the case where L is the heat operator
d; — A and those papers that are related to investigation of the regularity properties of
solutions to o;u — Au = 0, [39,46,84]. In this group of contributions we have to include
the classical papers and books in which the ill-posed character of the Cauchy problem
for parabolic equations was investigated for the first time [43,50,83]. The case n = 1
is a special, but nevertheless interesting case. Of course, much more than in the general
case (n > 1), operational transformations, particular tricks and even resolution formulae
are available in the case n = 1, [14,15,21,45]. In such a case the regularity assumption,
especially concerning the leading coefficient, can be relaxed [44,61,65].

(B) Weak unique continuation property and Cauchy problem for n > 1. The greater
part of the papers of this group share the Carleman estimates technique for proving
the uniqueness and the stability estimates. The basic idea of such a technique has been
introduced in the paper [19] to prove the uniqueness of a solution of a Cauchy problem
for elliptic systems in two variables with nonanalytic coefficients. Nowadays the general
theory of Carleman estimates is presented in several books and papers [29,37,47-49,51,52,
54,58,59,69,86-89,95]. In particular, in [51], a general theory of Carleman estimates for
anisotropic operators (of which L is an example) has been developed. Nirenberg [78] has
proved, in a very general context, the uniqueness for the Cauchy problem (and the weak
unique continuation property) when the entries of matrix a are constants. In such a paper
Nirenberg has posed the following question. Let u be a solution to

Lu=0, inDx(0,T),
where D is as above. Let @ be an open subset of D.

Is it true that u (., to) = 0in w implies u (., ty) =0in D?



Unique continuation properties for parabolic equations 429

In other words, the question posed by Nirenberg is whether a weak form of the above
mentioned spacelike strong unique continuation holds true.

John [50] has proved some stability estimate for the Cauchy problem for the operator
L under the same hypotheses of [78]. Lees and Protter, [71,82], have proved uniqueness
for the Cauchy problem, when the entries of the matrix a are assumed twice continuously
differentiable. To the author’s knowledge a stability estimate of Holder type for the Cauchy
problem for the operator L, under the same hypotheses of [71,82], was proved for the
first time in [9], see also [8]. Many authors have contributed to reducing the regularity
assumption on a in order to obtain the weak unique continuation for operator L, among
those we recall [37,85], the above mentioned [51] and the references therein. In the context
of a quantitative version of weak unique continuation properties for operator L, we mention
the so-called three cylinder inequalities. Roughly speaking these are estimates of type

Y 4

lull 28, oy x t0. 7—10) = € Wl 725 (100,79 1 12(BR (o) x 0.7)) * (11D
where y € (0,1),0 <r < p < R,ty € (0, T/2), the cylinder Bg (x0) x (0, T) is contained
in Dx (0, T) and C depends neither on u nor on , but it may depend on #y. Such an estimate
has been proved in [24,42,91] when a € C 3. More recently, [32,92,93], the regularity
assumption on a (up to Lipschitz continuity with respect to x and ¢) has been reduced and

(1.11) has been proved with an optimal exponent y, thatis y = (C log %)_1. Inequality
(1.11) and its version at the boundary have been used in [25] to prove optimal stability
estimates for the inverse parabolic problem (Dirichlet case) with an unknown boundary in
the case of a non-time-varying boundary [53].

(C) Spacelike strong unique continuation property. Such a property and the inequality
(1.9) have been proved for the first time in 1974 by Landis and Oleinik [68] in the case
where all the coefficients of operator L do not depend on 7. In [68] the authors discovered
a method and named it the “elliptic continuation technique”, to derive unique continuation
properties and their quantitative versions, by properties and inequalities which hold true
in the elliptic context [3,10,11,22,38,56,66,67,70]. They have employed this method also
for parabolic equations of order higher than two and for systems. The elliptic continuation
technique depends strongly on the time independence of the coefficients of the equation.
Some fundamental ideas of this technique can be traced back to the pioneering work of Ito
and Yamabe [55]. Roughly speaking, the above method consists of the following idea. Let
u be a solution to the parabolic equation

div(a (x) Vu) — o,u =0 (1.12)

and let #y be fixed, then u (., fy) can be continued to a solution U (x, y), y € (=6, ),
6 > 0, of an elliptic equation in the variables x and y. In this way some unique
continuation properties (and their quantitative versions) of solutions to elliptic equations
can be transferred to solutions to equation (1.12). In [68] the regularity assumptions on the
matrix a are very strong, but in 1990 Lin [73] employed the same technique to prove the
spacelike strong unique continuation properties for solution to (1.12), assuming a merely
Lipschitz continuous. In [17,18] the elliptic continuation technique has been used to prove
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some two-sphere one-cylinder inequalities at the boundary (with Dirichlet or Neumann
conditions) for solution to (1.12).

A very important step towards the proof of the spacelike strong unique continuation
property for parabolic equations with time dependent coefficients, consists in proving the
following strong unique continuation property: let u be a solution of Lu = 0in D x (0, T'),
and (xg, 7o) € D x (0, T') then u (., tp) vanishes whenever

) N/2
u(x,t):O((lx—xol +|t—tol) ), for every N € N.

Such a property has been proved for the first time by Poon [81] when Lu = ou —
Au+b(x,t)-Vu+c(x,t)u, D =R" and u satisfies some growth condition at infinity.
Hence in [81] the strong unique continuation property has not yet been proved as a local
property. Such a local strong unique continuation property has been proved, by using
Carleman estimate techniques, in [30] for the operator Lu = d;u — div (a (x,t) Vu) +
b(x,t) - Vu + ¢ (x,t)u, when a is Lipschitz continuous with respect to the parabolic
distance and b, ¢ are bounded. In [7] the spacelike strong unique continuation has been
derived as a consequence of the theorem of [30], already mentioned, and of the local
behaviour of solutions to parabolic equations proved in [6]. In [35] the same spacelike
strong unique continuation property has been proved as a consequence of a refined version
of the Carleman estimate proved in [30]. The natural quantitative versions, that is the two-
sphere one cylinder inequality and doubling inequality on characteristic hyperplane, have
been proved in [33,94]. In the present paper, Sections 4.1 and 4.2 are devoted to a complete
proof of the two-sphere one-cylinder inequality (at the interior and at the boundary) and
a simplified version of the proof of the Carleman estimate proved in [30] and [35]. Quite
recently the spacelike strong unique continuation property has been proved in [60], with
some improvement on the regularity assumption of the coefficients of operator L. On this
topics see also [20].

In [30,35] the strong unique continuation properties at the boundary and the spacelike
strong unique continuation properties at the boundary for second order parabolic equations
have been proved. Some quantitative versions of the latter property have been proved in
[33]. The investigation about such unique continuation properties at the boundary presents,
with respect to the investigation for the analogous interior properties, additional problems
arising from the boundary conditions. A crucial step toward the resolution of such problems
is based on the results obtained in the investigation of the strong unique continuation
properties at the boundary for second order elliptic equations, [1,2,5,56,57,63].

The plan of this chapter is the following. In Section 2 we give the main notation
and definitions. In Section 3 we give some results concerning the uniqueness of the
backward problem for second order parabolic equations. Such a Section 3 is also conceived
as an introduction to the Carleman estimates methods, in particular for the derivation
of a unique continuation property using a Carleman estimate. In Section 4 we prove
some spacelike unique continuation properties and their quantitative versions. Such a
Section 4 is subdivided into three Subsections. In Section 4.1 we consider the parabolic
equations with time independent coefficients. In Section 4.2 we prove the two-sphere one-
cylinder inequalities in the interior and at the boundary. In Section 4.3 we apply the above
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mentioned two-sphere one-cylinder inequalities to get sharp stability estimates for Cauchy
problem for second order parabolic equations.

2. Main notations and definitions

For every x € R", n > 2, x = (x1,...,x,), we shall set x = (x/,x,), where
x = (x1,...,x,—1) € R*"!. We shall use X = (x, 1) to denote a point in R"*!, where
x € R"andt € R. Forevery x € R", X = (x, 1) € R""! we shall set |x| = (3_F xz)l/2

i=1"%
and |[X| = (le2 + Itl)l/z. Let r be a positive number. For every xo € R" we shall denote
by B, (xg) = {x € R" : |x — xo| < r} (the n-dimensional open sphere of radius r centered
at xo) and B, (x(/)) = {x eR"1: ’x’ - x6| < r} (the (n — 1)-dimensional open sphere of
radius r centered at x(/)). We set, generally, B, = B, (0) and B, = B, (0). We shall denote
by B = {x € B, : x, > 0}

Given a sufficiently smooth function u# of x and ¢, we shall denote by d;u = %,
2 92 .. f)
8l.ju = W,l,] =1,...,nand by d;u = ﬁ.

Let Xo = (x0, t9), Yo = (yo, o) be two points of R"*+! we shall say that S : R+
R is a a rigid transformation of space coordinates under which we have Xo = Yy if
S(X)= (o (x),t—ty+ 109), where o is an isometry of R" such that o (x9) = yp.

DEFINITION 2.0.1. Let  be a domain in R”*!. Given a positive integer number k and
o € (0, 1], we shall say that a portion I of 92 is of class CX* with constants pg, E > 0
if, for any X € T, there exists a rigid transformation of space coordinates under which we
have X = 0 and

Qn (3;0 0) x (—pg, pg)) = {X € B, (0) x (_pg, pg) e > (2, t)},
where ¢ € Ck (B), (0) x (—p2. p?)) satisfying
®(0,0) =|Vy(0,0)| =0

and
< Epyp.
”w“Ck'a (B;)O(O)X(*pg*pg)) - £0

We shall occasionally use the sum index convention. In addition, in order to simplify
the writing and calculations we shall use some of the standard notations in Riemannian
geometry, but always dropping the corresponding volume element in the definition
of the Laplace—Beltrami operator associated to a Riemannian metric. More precisely,
let {g" (x, t)}?’j=1 be a symmetric matrix valued function which satisfies a uniform

ellipticity condition, letting g (x, 1) = {gij (x, t)}:.lj: , denote the inverse of the matrix
{87 (x, t)}?j:1 we have g7! (x, 1) = {gV (x, t)}?j:1 and we use the following notation
when considering either a function v or two vector fields £ and n:
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LoE-n=27 8 (&, 0) &y, [EIT =7 i) 8ij (x, 1) &,
2. Vv = (01v,...0,v), Vev(x,1) = g_1 (x,t) Vv (x,1), div(é) = Z?:l 0;i&,
Ag = div (V).

With this notation the following formulae hold true when u, v and w are smooth
functions

0 (87 (rodu) + = Agu+ 0y, Ag (v2) = 20800 +2|Ver} @2.1)

and

/ VA wdX = —/ Vv - VewdX
Qx(0,1) Q2x(0,1)

+ / (Vow - v) vdS, (22)
902 % (0,1)

where 2 is a domain of R”, whose boundary 92 is of Lipschitz class, dX = dxdt and dS
is an (n + 1)-dimensional surface element.

For any matrix M in G ((0, T)), we shall denote its transpose by M™* and its trace by
tr (M).

We shall fix the space dimension n > 1 throughout the paper. Therefore we shall omit
the dependence of various quantities on 7.

We shall use the the letters C, Cyp, C| ... to denote constants. The value of the constants
may change from line to line, but we shall specifiy their dependence everywhere they
appear.

3. Uniqueness and stability estimate for the backward problem

In this section we give two results of uniqueness for the backward problem: in the
first one (Theorem 3.0.2) we consider the heat operator in the strip R” x (0, 1); in the
second one (Theorem 3.0.4) we consider the second order parabolic operator with variable
leading coefficients in a bounded space-time cylinder. In Lemma 3.0.1 and Lemma 3.0.3,
concerning the heat operator and the parabolic operator with variable leading coefficients,
respectively, we prove two Carleman estimates. In Lemma 3.0.1 the Carleman estimate has
been proved, in a slightly different way in [31]. The Carleman estimate of Lemma 3.0.3
has been proved, in a slight different form, in [71]. At the end of the present section
we give a sketch of the proof of uniqueness and of a stability estimate, (3.65), for the
backward problem by using the logarithmic convexity method which we have referred to
in the introduction to this chapter.

In all the sections, in order to simplify the calculations, we always consider the
backward parabolic operator. For instance, in Lemma 3.0.1 and in Theorem 3.0.2 we
consider the operator
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Pou = Au + o,u. 3.1

In Lemma 3.0.1 and Theorem 3.0.2, below, we shall use the following notation. Let a
be a nonnegative number, we let

Ka={u e C®(R" x [a, +00)) | u (x,a) =0, supp u compact} .

LEMMA 3.0.1. Let Py be the operator (3.1). There exists a constant Cy, Co > 1, such
that for every u > 0, every a € (0, ﬁ), every o, a > 1 and for every u € Ko such that

suppu C R" x [0, ﬁ - a), the following inequality holds true
20, _ x[2
au/ (t+a) ((t +a) e_"(H“)) u’e o dX
2 ta)) 2 gl
+M/ (t +a) ((t +a)e M “>) |Vu|? e %o dX

2 —n(t+a)) " PR
SCQ/(I—}—a) ((t+a)e z ) (Pou)? ¢~ T dX. (3.2)

PROOF. For the sake of brevity in what follows we prove inequality (3.2) when the
function u (x, t) is replaced by u (x,1) := u (x,t — a), so that u is a function belonging
to Ky. Also, the sign “~” over u will be dropped. Finally, we shall denote by [ (.) dX the
integral fR”X[a,+oo) ()dX.

Leto € C? ([0, +00)) be a positive function that we will choose later on. Denote

|x|?
o (x,1) = v (x +1)logo (1),
¢

v==e'u,
Lv=¢” (A+0d) (e %v).

Denoting by § and A the symmetric and skew-symmetric parts of the operator fL,
respectively, we have

Sv=t (Av + (IV(Z)I2 — 3;(1:) v) — %v,

1
Av=—t(2Vv-V¢ +vAp) + 3 (0 (tv) + td,v)
and
tLv = Sv+ Av.

We have

/ﬂ (Pov)* dX =/(Sv)2dX+/(Av)2 dX—i-Z/SvAvdX.
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Denote by
I := Z/SvAvdX.
We have
= —2/;2 (Au 4 (|V¢|2 _ a,¢) u) Vv - Vo + vAd) dX
+ /r (Av + (|v¢|2 - a,¢) u) (& (tv) + t8,v) dX
+ f {—%v (0; (tv) +to,v) +tv (Agv +2Vuv - V¢)} dx
=0+ DL+ .
Evaluation of 1.
We have
I =— /tzAv (Vv - Vé)dX — 4/:2 (|v¢|2 - a,¢) VW - VpdX
_ Z/tqub (vAv + (|v¢|2 _ at¢>) vz) dX == I}y + I2 + I1s.
By using the Rellich-Necas—Pohozaev identity

2(B - V) Av=2div (8 - Vv) V) — div (,3 |Vv|2)
+div (B) |Vv|> — 20; X9 vk,

with the vector field 8 = V¢, we have
Iy = / <4t285(¢8,-v3kv —2%A¢ |Vv|2) dx.
Concerning the term /17, using integration by parts we have
I = —2/ 2 (|v¢|2 - at¢) Vo .V <v2> ax
= 2/ 2div <<|v¢|2 - a,¢) v¢) v2dX

2/ 1242 {Aq) (|v¢|2 - a,¢) +Ve-V (|V¢|2 - a,¢)} dx.

Now we have

VoV (1991~ p) = 20500 — 01 (IV9P),

(3.3)

34

3.5)
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hence
I = 2/t2v2A¢ (|v¢|2 - a,¢) dx
+4/r2vzafk¢a,-¢ak¢dx —/z%zat (|v¢|2) dx. (3.6)
Now let us consider ;3. First notice that A¢ = —z. Then, by using the identity

vAv = div (vVv) — |Vv|?, and by integration by parts, we obtain
Ii3= % /t (div (vVv) — [Vu|* + <|V¢>|2 _ 3:¢) v2> dx

- ’%/ (=190 + (196P — 9) *) ax,

SO
_n _ 2 2 2
hy=3 f( 1V? + (|v¢| E)t(/))v )dx. G.7)
By (3.4)—(3.7) and taking into account that A¢ = —%, we have
I :4/t28i2k¢8,'¢8k¢v2dX +4ft285(¢8508kvdX

—[t2v28t (|v¢|2) dx. (3.8)
Evaluation of I>.
We have
A =/thvdX +/2t2 (|v¢|2 — a,¢) vd,vdX
+ /thAvatvdX —i—/t (|v¢|2 _ at¢>) v2dX. 3.9)
Now, using the identities vAv = div(vVv) — |[Vv[%, 2090 = 3 (v?), 20,vAv =

2div (0;vVv) — o, (IVv |2) in the first, second and third integrals, respectively, on the right-
hand side of (3.9) we integrate by parts and obtain

L =/t Vo2 dX —/;23, (|V¢>|2 — a,¢) v2dX

- /t (|V¢|2 - 8,(;5) v2dX. (3.10)
Evaluation of I3.

We have
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= / (_% +;A¢> v2dX — %/zat (vz) dx+/2tvw-v¢dx, G.11)

We use the identity 2vVv- V¢ = div (v2V¢>) —v?A¢ in the third integral at the right-hand
side of (3.11) then we integrate by parts and we obtain

I =0. (3.12)

Now, denote by
Ji = / 41292 $0; pOrpv2dX
- / |t23t (2 V| — a,¢) e (|V¢|2 — a,¢) v2] dx, (3.13)
I = / {4t28i2k¢8iv8kv+t|Vv|2}dX.
By (3.3), (3.8), (3.10) and (3.12) we have

1 =J+ /. (3.14)

Let us now examine the terms Jq, J;, at the right-hand side of (3.14). We have easily

Xi 2 8ij 2 Jx?
gib = 21 g2g— %W gePR = X 3.15
l¢ 4t’ 1]¢ 4t’ | ¢| 16t25 ( )
Ap=—-2 86 e s AL (3.16)
= —— =— —(« .
4 812 o)’
|2 o (1)) > Jx[?
Pp=——n — 1 . (v =—_—. 3.17
r® P )<0(t) ’(' ¢|> 813 G17)

Now we examine the term under the integral sign at the right-hand side of (3.13). We have
41202 0 p v — 129, (2 2 a,¢) w2t <|v¢|2 - at¢) V2
"d o
=@+ Do Z = (log 7).
@+ Dv o dt Ogto’
Therefore
"d
Ji=(@+1) / 202l S (log i) dx. (3.18)
o dt !
In addition, since

4202 pd;vdkv + 1 |Vol* = 0,
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we have
J =0. (3.19)

By (3.14), (3.18) and (3.19) we get

!/
d
I=@+1) / 121}2%5 (1og i/) dx. (3.20)

to

Let 1 be a positive number and let
o (t) =te M.

By (3.20) we have
I=(a+ l)u/tvde, (3.21)

for every v € K, such that supp v C R" x [a, ﬁ)

Now, let us consider the symmetric part S of  Py. We have
/ (Sv)?dX = / ((Sv + putv) — ptv)>dX
> —2,u/ (Sv 4+ ptv) tvdX
2 2 1 2
= —2u | PvAvdX —2u t(|V¢| — 5 )— S +ut ) rv2dx
=2 [ 2 (1VuP 4196 ) ax
1
—QM/ ( (2|Vq>|2 — a,¢) S+ > v2dX
=2Mfz2 (|vU|2 + Vg2 v2> dx
1 2
—2u (a—f-l)(l—m)—z—i-/u tvdX.
Hence by the inequality just obtained and by (3.15) and (3.16) and (3.21) we have
2 2 1 2
t= (Pyv)“dX > 1 Sv)"dX +2 [ SvAvdX
M 2 2 2.2 M 2
zE[t (|W| +VePu )dX+E(a+l)/tv ax

for every v € K, such that supp v C R" x [a, ﬁ) Finally coming back to the function u
we obtain (3.2). O
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In the next theorem we shall use the following notation. Denote by H the set of functions
u defined on R" x (0, 1) such that for every R > 0 its restrictions u|p,x(0,1) belong to
H?>!(Bg x (0, 1)). Also, for a given positive number M > 0 define

Hyr = {u € H |ux, 0) =0 ue" e L2 (R" x (0, 1))}.

THEOREM 3.0.2. Let Py be the operator (3.1). Let u be a function belonging to H yy which
satisfies the inequality

|Pou| < A (|Vu| + |u]), inR" x (0, 1), (3.22)
where A is a positive number. Then

u=0, inR"x(0,1).

PROOF. Let u > 1, be a number that we shall choose later on and leta = % min {ﬁ, ﬁ }
Denote by § = ﬁ —a.Lletn € C! ([0, 1]) be such that 0 < n < 1, n(¢t) = 1, for every
te [O, %], n(t) =0, forevery t [% 1] and, for a constant c,

)
In" (0] < 68—0, forevery t € |:4_1’ 5]

Letu € Hy. By Lemma 3.0.1 and by the standard density theorem we have that, for every
a > 1, the following estimate holds true

—2ua 1x?
ot,uf (t+a) ((z‘ +a) e_“(H'“)) (un)? e~ T+ dX
R" % (0,1)
—2a _ \x\z
+ MfR . (t +a)? ((t +a) ef“('“’)) |V (un)|> e T+a dX
"x(0,1)

2 —p(ra)) PR
< Co (+ @ ((+ @) e 00) T (R )P e” WX,
R7x(0,1)

(3.23)
where Cy is the constant that appears in (3.2).
By (3.22) we have
|Po (nu)| < A (IVul +ul)n+ Alul|n'|, inR" x(0,1). (3.24)

By (3.23) and (3.24) we have

x|

—2u
g / (t + a) ((t +a) e—/*<’+“>) (un)? e~ T dX
R % (0,1)

x|

—2a
u / (2 (4 @) e ) |V )P e ax
R” x (0,1
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_ _xf?
§2COA2f (t +a) ((t +a)e ™) 2 (up)? e~ ra dX
R % (0,1)

—2a _ 1x?
+2CoA? / (t +a)? ((t +a) e*“(”“)) IV (un)|>e” Tra dX
R" % (0,1)
—2a 1x?
+2CoA? / (t +a)* ((t +a) e_“(’+“)) uln?e T dX, (3.25)
R7 5 (0,1)

for every @ > 1.

Ifo > (4A% +1) Coand pu > (2A% + 1) Co, the first and second terms on the left-hand
side dominate the first and the second terms on the right-hand side of (3.25), respectively.
Let us fix u = (2A% 4 1) Co, and we get

—2a Ix[2
af ara(er@er ) a2
R” x(0,1)
C —2a k2
< 5_21/ (,; 6) t +a)? ((t—l—a)e_“(ﬂr“)) ule T dX, (3.26)
R"X 15

for every o > (4A2 + 1) Co, where Cy depends on A only.
Now, let us consider the following trivial inequalities

Jx[?

—2u

/ (5 ) (t + a)z ((l +a) e*/t(ertl)) ule Mo dX

R7>(%.3

s —2a 2
- ((é +a) e—#(ﬁd)) f Wle~ Tm dx (3.27)
: s (3.4)
and
—2a w2

/ (t+a) ((+a@)e ) e T dx

R” x(0,1)

x|

. —2a 5 B2
z/ (t+a) ((t—i—a)e_“( +“>) (un)? e Mo dX
R" x(0,8/8)

P (s —2a B x 2
>a ((— + a) e M(g-"—a)) / ule  HFo dX. (3.28)
8 R"x(0,8/8)

By using (3.27) to estimate from above the right-hand side of (3.26) and by using (3.28) to
estimate from below the left-hand side of (3.26) we get

) 2
u‘e +adX
R" % (0,8/8)

C
~ ad’a

—~
fee] ST EN[S2)
Q
~
© |
=
—
o
+
Q
~—

Ix|?
/ ule  THa dy, (3.29)
Rx(3.3

<
SN—
@ |
=
—~
o0l
+
Q
S—"

—~
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for every o > (4A2 + 1) Co. When « goes to infinity the right-hand side of (3.29) goes to
0 and it follows that u = 0 in R" x (0, §/8). By iteration we get u = 0 in R” x (0, 1) and
the proof is completed. 0

Let P be the following backward parabolic operator
Pu =9, (gif (x, 1) aju) + o, (3.30)

where {gi-/ (x, t)}?j:1
£ eR"and (x,1), (y, 7) € R""! we assume that

is a symmetric n X n matrix whose entries are real functions. When

MEP < Y Y (&g <27 EP (331)
i,j=1
and
n 5 12
( (87 v =87 (3 0)) ) < A(x—yl+lt—1), (3.32)
i,j=1

where A and A are positive numbers with A € (0, 1].

Let 2 be an open bounded domain in R"” with Lipschitz boundary 9<2. Denote by v the
unit exterior normal to 32 and denote by B one of the following boundary operators on
a2 x [0, 1).

(a) Bu = u (boundary Dirichlet operator),

(b) Bu = Vgu - v (boundary Neumann operator),

(¢) Bu = Vgu - v + yu (boundary Robin operator). We assume that y is a measurable
function on 92 x (0, 1) satisfying the following conditions

ly (x,0)] <A~1,  forevery (x,1) € 9Q x (0, 1) (3.33)
and

ly x,t) —y (x, DI <At — 7,
for every (x,1),(x,7) € 92 x (0, 1). (3.34)

In the proof of Lemma 3.0.3 and Theorem 3.0.4 below, we shall use the notation
introduced in Section 2. In particular, with such notation we have

Pu = Agu + o;u.

In the next lemma we shall denote by H 3 the following functional space

HB=[ueH2~‘(szx(0,1))|u(x,0)=0,6u=o}.
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LEMMA 3.0.3. Let P be the operator defined in (3.30). Assume that (3.31)—(3.34) are
satisfied. Then there exist constants C1, C1 > 1, 8o, 0 < 8¢9 < 1, depending on A and A
only, such that for every a € (0, &p), @« > Cy and w € Hp, with suppw C Qx[0,8) — a),
the following inequality holds true

a/ (t+a)‘2“‘1w2dx+/ (t +a)~2 |Vew|? dX
Qx(0,1) Qx(0,1) &

<C / (t +a) 22t (Pw)? dX. (3.35)
Qx(0,1)

PROOF. Let a be a positive number that we shall choose later on. Let w be a function
belonging to Hp, with suppw C 2 x [0, 1). For any « > 0, denote by

v(x,)=0C+a) *w(x,1).
For a number s that we shall choose later on, denote by

Lv:=(+ a)sfa Pw=(t+ a)s Agv + o (t+ a)“l v+ (t+ a)s 0rv.
We have

Lv = Sv+ Av, (3.36)
where

K s s—1

Sv=(t+a) Agv—}—(a—z)(t—i—a) v

and
s s—1 s
Av:E(t+a) v+ (t +a)’ ov.

Observe that S and A are the symmetric and the skew-symmetric part of the operator L,
respectively.

For the sake of brevity, denote by [ (.)dX the integral [, o.1) () dX. By (3.36) we
obtain

/(Lv)de=/(Av)de—i—/(Sv)de+2/AvSvdX. (3.37)

Let us examine the third integral on the right-hand side of (3.37). We have

/AvSvdX - (a —_ %) (/ (% t+a)* 20 + (t +a)>! va,u) dX>

s 2s—1 2s
+§ (t+a) VAudX + | (t+a)” dvAgudX

=L+ L+ (3.38)
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Evaluation of 1.
By using the identity vo;v = %8, (vz) and integrating by parts, we get

1 —
h=— i (a - %) [ (t + a)> 2 v2dX.

Evaluation of .
By (2.2) we have

s 25—1 2
122_5/(t+a) s |ng|ng

42 / (t +@)* " (Vgv - v) vds.
2 Jaax©.1)

Evaluation of 1.
By using the identity

! 2\, Ly i ij
dvdg = =30, (Iverl2) + S oo+ 0, (87 0v00)
and integrating by parts, we obtain
1 .
L=s / (t +a)>* ! |vguy§ dx + 3 / (t +a)* 3,87 d;vd;vdX
+f (t +a)* (Vg - v) d,vdS.
ARx(0,1)
Now, denoting by

D:—/ t +a)* " (Vev-v)vdS
2 Jaax .1
+/ (t +a)* (Vev - v) dvdS,
3Qx(0,1)
by (3.38)—(3.41) we have
1= s 25—2 .2
/AvSvdX_ . (a—z)/(t~|—a) v2dX

s 25—1 2
+§/(t+a) s |ng|ng

1 .
+ 5 / (t +a)* ;8" 9;vd;vdX + D.
The identity above and (3.32) yields

l—s s 25—=2.2
/AvSvdXz . (a—§>/(t+a) v2dX

+/ (t+a)* 7 (3= Cot+a) Vol dx + D,

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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where Cq, Cy > 1 depends on A and A only.
Now, lets = 5 L and let a be such that 0 < a < W By (3.43) we have

1
/AwMXz%/U+M*ﬁM+§/WMEM+D, (3.44)
for every v € Hg such that suppv C Q x [0, 8y a) and every o > 4—1‘.

Now let us examine the term D at the right-hand side of (3.44).
If either Bv = v or Bv = Vv - v, then by (3.42) we have D = 0.
If Bv = Vgv - v 4 yv then by (3.42) and integration by parts, we have

1 1
1>=-:/ yﬁdS—-i/ (t +a) (3;y) v2ds.
4 Jaax@©,1 2 Jaax©.1)

Now recall the following trace inequality, [5]: there exists a constant ¢; depending on the
Lipschitz character of 92 only, such that for any ¢ > 0 we have

/ #m58/|wM¢w#1/h%L
I Q & JQ

for every h € C! ( ) where ds is the n-dimensional surface element.
Therefore

DSQ/ v2ds
Q% (0,1)

cic
§C38/ ]Vv| dX + — 13
Qx(0,1)

vde,
2 Qx(0,1)

where ¢, and ¢3 depend on A and A only.
Now we choose ¢ = 16]—63 in the inequality just obtained. By such an inequality and by
(3.44) we get ‘

o 1.2 1 2
/AvSvdX > E/([+a) Ly dX+1—6/|ng|ng, (3.45)

for every v € Hp, such that suppv C Q x [0, 8o — a) and every ¢ > max {}1 166‘1C§},
where §p = S]To

Finally by (3.37), (3.44) and (3.45) we get
/@m%xz%/ﬁ+a)lﬁx+—/ﬁvwdx

for every v € Hp, such that suppv C Q x [0, 89 — a), and every o > max {}1 16c1c§}.
Finally coming back to the function w, we obtain (3.35). t

THEOREM 3.0.4. Let P be the operator defined in (3.30). Assume that (3.31) and (3.32)
are satisfied and assume that, when Bu = Vgu - v + yu, (3.33) and (3.34) are satisfied.
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Let u be a function belonging to H>' (2 x (0, 1)) which satisfies the inequality

|Pul 5A(|Vgu|g+|u|), inQ x (0, 1) (3.46)
and
Bu=0, onoQ2x(0,1), (3.47)
ux,0=0, inQ,
then

u=0, inQ2x(O1).

PROOF. Let §p be defined in Lemma 3.0.3, and let § be a number belonging to (0, §¢) that
we shall choose later on. Let n € C' ([0, 1]) be such that 0 < n <1,n() =1, for every
t €0, %], n(t) =0, forevery t € [%, 1] and, for a constant co,
' (0] <=2, foreveryt e 89 (3.48)
n =5 Yy 22 .

Leta = %. We have nu € Hp and suppnu C Q x [O, %) so we can apply inequality
(3.35) to the function nu. Since, by (3.46), we have

1P )l = A (|Vul , + lul) 0+ Aul [] . in @ x 0, 1),

we have

0{/ (t+a) 2 Y un?dXx + / (t +a) |V, (m;)|fg dx
Qx(0,1) Q2x(0,1)

<2C;1A? . (t +a) 2 (un)? dx
X (U,

_ 2
+2C1A? i (Ol)(t+a) 2y, (un)|ng
x (U,

+2C1A? (t +a) 2 y2y%dx, (3.49)
Qx(0,1)

for every o > Cj.

If « is large enough, then the first term in the left-hand side of (3.49) dominates the first
term of (3.49), so recalling (3.48) we have

Ol/ (t +a) 2 M ulnldx
Qx(0,1)

+ t +a)y 2 (1 - 2C1A28> |Veu|> n2dx
Qx(0,1)
2C1c2N?
< 120 /' (t 4+ a)~ 2+ 424X, (3.50)
8 Bix(4.3)
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for every @ > C, where Cy, C> > 1, depends on A and A only.

Let us choose § = min {80, } and by (3.50) we obtain

_1

2C1 A2

oz[ (t +a) 2 1 u’ntdx
Qx(0,1)

2C1c2N?
< ‘—20 / (t + @) u2dx, (3.51)
§ ox(3.3

for every o > C3.
Now, let us consider the following trivial inequalities

38 —2a+1
/ (t +a) 2 uldx < (-) / u*dXx (3.52)
ax(1.) 4 ax(1.)
and
/ (t +a) Y ulnldx > / (t +a) 2 L u’ntdx
Qx(0,1) 2x(0,8/8)
58 —2a—1
> <—> / u?dX. (3.53)
8 2x(0,5/8)

By using (3.52) to estimate from above the right-hand side of (3.51) and by using (3.53) to
estimate from below the left-hand side of (3.51), we get

C3 5 2
/ widx < = <—) / u’dX, (3.54)
Qx(0,6/8) a \6 x($.3)

for every o > C», where C3 = 2C1c(2)A2. When « goes to infinity the right-hand side of
(3.54) goes to 0 and it follows that u = 0 in By x (0, §/8). By iteration we get u = 0 in
By x (0, 1) and the proof is completed. O

Logarithmic convexity method.
In what follows we sketch the proof of the uniqueness and of the stability estimate for
the backward problem based on the logarithmic convexity method. To this aim we recall the

following elementary fact. Let f (s) be a positive smooth function defined on the interval
[0, a], where a is a positive number, if f satisfies the inequality

. . 2
Fr(s)=f(@)f(s)— (f (s)) >0, foreverys €[0,a], (3.55)
then

F(s) < (fO)'a(f(a)a, foreverysel0,al. (3.56)
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Indeed, (3.55) is equivalent to the convexity of log f (s).

Let {g" (x, t)}lf’j:1 satisfy (3.31) and (3.32) and letu € H>! (Q x (0, 1)) be a solution
to the equation

Pu =39 (g"f' (x, 1) a,-u) L ou=0, inQx(0,1). (3.57)

Assume that u satisfies the boundary Dirichlet condition

u=0, ondQx(0,1). (3.58)
Denote by
& (1) =/ u® (x,t)dx, fortel0,1]. (3.59)
B

Let 0 (s) be a function that we shall choose later on, 6 is an increasing positive function
with values in [0, 1], 6 (0) = 0. Denote by

fs)=9¢0 ().

By the chain rule we have

. 2 .
Fr(s) = Fy (0 (5)) (9 (S)) +¢" (B ())$ (6 (5))6(s). (3.60)
By differentiating ¢ we obtain
¢ () = 2/ u(x,t)oru (x,1)dx. 3.61)
Q
In addition, by (3.57) and integrating by parts, we have
/ w (e, 1) dyu (x, 1) dx = —/ uw(x, 1) 9; (g"f (x.1)dju (x,t)) dx
B Q
=/ g (x, 1) dju (x, 1) diu (x, 1) dx.
Q
Therefore, besides (3.61), we have
¢ (1) =2/ g (x, 1) dju (x, 1) du (x, 1) dx. (3.62)
Q

Now we use this expression to differentiate ¢’ (¢). By integrating by parts and using (3.57),
we get
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¢ (t):4/ g (x, 1) dju (x, 1) 8 du (x, 1) dx
Q
+2/ 38" (x,1) dju (x, 1) Ju (x,1)dx
Q
= _4/ 3 (g"f (x, 1) dju (x, t)) du (x, 1) dx
Q
+2/ 38" (x, 1) dju (x, 1) du (x,1)dx
Q
=4/ (0ru (x,t))zdx—l—Z/ 8,gij (x,1)dju (x,1) dju (x,1)dx.
Q Q

Hence

Fy (z)=4</ (8,u(x,t))2dx> (/ u? (x,t)dx)
Q Q
2
—4</u(x,t)8,u(x,t)dx>
Q
+2<f uz(x,t)dx> (/ g (x,t)aju(x,t)aiu(x,t)dx).
Q Q

By the Cauchy—Schwartz inequality and (3.32), we obtain

Fy (t)zZ(/ uz(x,t)dx) (/ 98" (x,l)aju(x,t)aiu(x,t)dx>
Q Q

>_C (/ u? (x,t)dx) (/ [Vu (x,t)|2dx),
Q Q

where C1, C; > 1, depends on A only. Hence, recalling (3.60), (3.59) and (3.62),we have

. . 2

Fr(s) = (me @ =€ (06) ) ( / u? (x, 0 (s))dx)

By
X (/ |Vu (x,e(s))|2dx>. (3.63)
By
Now, we choose 6 such that
0 _ ! log(1-C fi 0 !
(s) ——C—2 og (1 — Cas), ors € |: ’2_C21|’

where C; = % The function 6 satisfies the equations

.. . 2 .
2w(s)—c1(9(s)> =0, 0(0)=0 §@O0)=1.
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Therefore by (3.63) we have

1
Fr(s) >0, foreveryse |0, —|. (3.64)
’ 2Cy
By (3.56) and (3.64) we conclude that, denoting by § = min {2172 %} T =6 (5).
w(t) = l’gzczt , the following stability estimate holds true, for every ¢ € [0, T,

1= (1) ()
/u2 (x,t)dx < (/ u? (x,O)dx) (/ u? (x,T)dx> ) (3.65)
Q Q Q

The above inequality implies, in particular, thatif u, u € H 2.1 (2 x (0, 1)), satisfies (3.57)
and (3.58) and

u(.,00=0, ing,

thenu (.,1) =0, t € [0, T) and, by iteration, we have u = 0 in Q2 x (0, 1).

4. Spacelike unique continuation properties and their quantitative versions

In Section 4.1 we consider the case of parabolic operators whose coefficients do not depend
on ¢t and we present the so-called elliptic continuation technique due to Landis and Oleinik,
[68]. In the next two sub-sections we consider the parabolic operators whose coefficients
do depend on ¢. In Section 4.2 we prove the two-sphere one-cylinder inequality at the
interior and at the (time varying) boundary. In Section 4.3 we prove some sharp stability
estimates for the Cauchy problem for parabolic equations.

4.1. Parabolic equations with time independent coefficients

In this section we present some quantitative estimates of unique continuation for solutions
to parabolic equations whose coefficients do not depend on 7. The method for deriving such
estimates has been introduced in [68] and, concerning the smoothness assumption on the
coefficients, has been improved in [73]. In what follows we give an outline of the above
method and we limit ourselves to present detailed proofs only of the main points of the
method, we omit the most technical proofs for which we refer to the quoted literature and
especially to [17]. Throughout this section, for any positive number r, we shall denote by
B, the (n + 1)-dimensional open sphere of radius r centered at 0 and we shall denote by
B ={x € B, : xp11 > 0}.
In order to simplify the exposition we consider the equation

Lu :=div (a (x) Vu) —o;u =0, in By x (0, 1], “.1)
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i7 n . . . .
where a (x) = {a’f (x)}l. j=1 182 symmetric n X n matrix whose entries are real-valued

functions. When & € R"” and x, y € R"” we assume that
n .
MEP < Y dl &g <A EP (4.2)
i,j=1
and
n .. .. 2 172
(@ w-a’m) ] =ak-yl, (43)
i,j=1

where A and A are positive numbers with A € (0, 1].

Letu € H>! (B x (0, 1)) be a solution to (4.1). Denoting by u the following extension
of u

u(x,t), if (x,t) e B1 x(0,1),
= 31 . (4.4)
—3u(x,2—1)+4u x’E_Et , if (x,t) € By x[1,2),
we have w € H>! (B; x (0, 2)) and, [34],
@l g2 (B, x 0,2)) < C Null 215, x0,1)) » 4.5)

where C is an absolute constant.

Letn € C! ([0, 400)) be a function satisfying 0 < n < 1,5 = 1in[0,1],n =0
in [2, +00) and |n’ | < ¢, in [1, 2]. Moreover, denoting by u the trivial extension of
n@®)u(x,t) to (0,+00) (ie. u(x,t) = 0if ¢t > 2), let us denote by uy, u, the weak
solutions to the following initial-boundary value problems, respectively,

Lu; =0, in By x (0, 4+00),
u; =0, on 3B x (0, +00), (4.6)
ur (,0) =u(,0), in By

and

Lu, =0, in By x (0, +00),
Uy =1, on 3B x (0, +00), 4.7
uy (.,0) =0, in Bj.

Since u1 +ur» =uonadBy x (0, 1] and (u1 + u2) (.,0) = u (., 0) in By, by the uniqueness
theorem for initial-boundary value problems for parabolic equations, we have



450 S. Vessella

uyp (x, ) 4+ur(x,1) =u(x,1), foreveryx € Bj. 4.8)

In what follows, we shall denote by Cp the constant appearing in the following Poincaré
inequality

fPx)ydx <Cp | IVf)|*dx, forevery f e Hy (By),
Bi B

where we recall that Cp < 1, [41], and Cp = k]_Z’ where kg is the smallest positive root of
0
the Bessel function of first kind J 2, [23]. Let us denote

A
by = —, (4.9)
Cp
and
H= Sup ||u (.,t)”HI(Bl). (4.10)
tel[0,1]

PROPOSITION 4.1.1. Let u and up be as above. We have
luz G, Ol g1 gg,) < CrHe ™ 1D+ forevery t € (0, +00) (4.11)

((t —2) isequaltot —2if t > 2 and itis equal to 0 if t < 2) where C1, C1 > 1, depends
on A and A only.

PROOF. Let
V=1uy — U,
where ¥ is the function defined above. Denoting F = — L, we have
Lv=F, in B; x (0, +00),
v =0, on dB; x (0, +00), 4.12)
v(,0=—-u(,0), in By.
We claim
lua (Ol 2p,) < CH, foreveryt € [0,2], (4.13)
IVus (., )2,y < CH, foreveryt € [0, 2], (4.14)

where C depends on A and A only.

In order to prove (4.13) let us multiply the first equation in ((4.12) by v and integrate
over By x (0, t). We get, for every ¢ € [0, 2],
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[ v enar 21F 1 g0+ [ 0 @ 0w
B ’ By

t
—1—2/ dr/ vz(x,r)dx.
0 B

By applying Gronwall’s inequality we have
/Bl v (x, 1) dx < &* (2 1F122 5 0.2 + H2), for every 1 € [0,2]. (4.15)

Now by (4.5) and the regularity estimate for parabolic equations we have
||F||L2(le(0,2)) <CH, 4.16)
where C depends on A and A only. From this inequality and (4.15) we obtain (4.13).

In order to prove (4.14), let us multiply the first equation in (4.12) by 9;v and integrate
over By x (0, t). We obtain

w [ oenPar a7 [V 0P d o 21F g
B By '

s0, by (4.10) and (4.16) we have (4.14). The claims are thus proved.

Now let us denote by i, k € N, the decreasing sequence of eigenvalues associated with
the problem

{div (aVe) = pe, in By, 4.17)

Q= 0, on 331
and by ¢, k € N, the corresponding eigenfunctions normalized by
/ pi)ydx=1, kel
B
We have
O>-bizpmzpz->ppg=---. (4.18)

Since up = 0, on B X [2, +00), we have

o0
uy (x,t) = Zﬁkq)k (x) e =2 for every t > 2, 4.19)
k=1

where

ﬂk=/Bu2(x,2)¢)k(x)dx, k e N.
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Since us (.,2) = v (., 2) in By, by (4.13), (4.18) and (4.19) we have

o
/ u% (x,t)dx = Z ﬁ]%GZMk(th)
By k=1

< e—2h1(t—2)/ u% (x,2)dx < CH2e201=2)
By
for every t > 2, (4.20)

where C depends on A and A only.
Moreover, for every t > 2, we have

/ a(x)Vuy (x,t) - Vuy (x,t)dx
By

o0
= _/ dus (x, t)up (x, ) dx = Z x| pRe?H=2), 4.21)
By k=1

By choosing t = 2 in (4.21) and using (4.14) we get

o
>l B < CH?, (4.22)
k=1

where C depends on A and A only.
By (4.18), (4.21) and (4.22) we derive
|Vus (x, 1)|>dx < CH?e™2010=2  forevery 1 > 2, (4.23)
By

where C depends on A and A only.
Finally, from (4.13), (4.14), (4.20) and (4.23) we get (4.11). O

Let us still denote by u, the extension by O of u> to By x R and let us consider the
Fourier transform of u, with respect to the ¢ variable

oo oo
o (x, n) = / e My (x, 1) dt = / e Muy (x,t)dt, peR. (424)
0

—00

We have that %, satisfies

div (a (x) Vi (x, p)) —iptp (x, ) =0, if (x, u) € By x R. (4.25)
PROPOSITION 4.1.2. Let u, be as above. We have, for every . € R,

n e H (24 L) et 426
12 (1)l 2 5y ) < €C e, (4.26)
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where ¢ is an absolute constant, C1 is the constant that appears in ((4.11) and § is
given by

§ = — 4.27)

PROOF. Let us denote, for every u, & € R, x € B
v &) = e (v, ).
For every i € R ~ {0}, the function v (., .; ) solves the uniformly elliptic equation
div (a (x) Vv (x, &; w)) +1isgn(un) Bgzv (x,&u)=0, inB; xR. (4.28)

Let k € N and denote by r,, = 1 — 5”—1{, forevery m € {0, 1, ..., k}. Moreover, set

L

if [s] > ry,

hm (s) = (1 4+ cos2mk (rpy1 — ), ifrpa1 < |Is| < rm,

ol SRR

) Is| < rmt1s

Mm (x,8) = hp (1x]) b (1€])
and
U (x, &3 0) = 0g'v (x, &), me{0,1,... k}.
We have that v,, (., .; u) satisfies
div (a (x) Vv, (x, &; w)) +isgn (un) 8§vm (x,&wuw)=0, inB; xR. (4.29)

Multiplying Eq. (4.29) by v, (x, &; 1) n,zn (x, &) (here v, denotes the complex conjugate
of v,,) and integrating over D,, = B, X (—rp, ), we obtain

/ @V, - Vi) n,%ldxdé —i—/ |3gvm|2 nidxdg < szzf [V |2 nrzndxdé,
m Dm

m

2
where Cp = 8v/2n?

Therefore, for every m € {0, 1, ..., k}, we have

‘/Dm+l

By iteration of (4.30) form =0, 1, ...,k — 1, we get

C2m2

2
ag”*‘u‘ drdé <

/ ‘ag’u(z dxde. (4.30)
Dy,

Cok?

k
2
/ ‘Bé‘v‘ drde <2 [ 25 f [ (x, ) dx. 431)
Bijax(~1/2,1/2) A B
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Now, let us estimate the integral at the right-hand side of (4.31). By (4.11) and the
Schwartz inequality we have

+o00 ) 2
@2 (x, w)*dx = / e My, (x,t)dt‘ dx
Bl Bl 0

+o00 +00
< / dx <f e—bl(t—2)+dt) </ e—bl(l—2)+u% (x, 1) dt)
By 0 0
1

where c is an an absolute constant and Cj is the constant that appears in (4.11).
By the inequality just obtained and by (4.31) we get, for every k € N,

Cak?
/ ‘Bgv‘ dxdé < cC2H> <2 n ) 2— , (4.32)
Bijax(—1/2,1/2) by A

where c is an absolute constant.
For fixed u € R~ {0} and ¢ € L? (B1/2, (C), let us denote by W the function

___ 11
() =f v E WY (dy, & e <——, —).
By 2°2

Recall now the inequality

1/2
IfllLocry <€ (|J| £ 1720 + 117" |}f’|}iz(,>) , (4.33)

where J is a bounded interval of R, |J| is the length of J and c is an absolute constant.
By (4.32) and (4.33), we have that for every k € NU {0} and § € (=4, 1),

1 02
‘\wo (5)‘ < cCyH ¥l 12 (5, ) <2+b_1) ((sz 1) k> . (4.34)

By using inequality (4.34) and the power series of W at any point & such that Re (§p) €
( 5 2), Re (§9) = 0, we have that the function W can be analytically extended in the

rectangle

Q:{ée@:Re(S)e( 1) Im (§) € (—24, 28)}

2°2

where § = g’—. Denoting by W such an analytic extension of W to Q we have

~ 1
(W (—i8)| < A CLH Y1l 125, ) (2 + E) , (4.35)

where c is an absolute constant.
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Conversely, by the definition of v, we have
T (—is) = f 55 (x, 1) W ),
Bi2
so that, by (4.35), we obtain (4.26). O

Estimate (4.26) allows us to define, for every x € By and y € (—\/58, \/§8>, the
function

1ot .
ws (,y) = - / iy (x, 1) cosh (V/=iny ) de, (4.36)
—00

where

[—ip = |l/~|1/2 e~ aisgn(u)

It turns out that w, satisfies the following elliptic equation

div(a (x) Vo (x, ) + 02ws (x, ) =0, in By 2 x (—«/55, ﬁa) 4.37)
and the following conditions at y = 0

wy (x,0) =uy (x,1), foreveryx € By, (4.38)
dywz (x,0) =0, forevery x € Byp. (4.39)

Moreover, notice that w; is an even function with respect to the variable y.
Now let us consider the function u1. Since such a function is the solution of the initial-
boundary value problem (4.6), we have

[ee)
W (x, 1) =Y aeop (x), (4.40)
k=1

where py and ¢ (x), for k € N, are, respectively, the decreasing sequence of eigenvalues
and the corresponding eigenfunctions associated with the problem

div(aVe) = ue, in By,
¢ =0, on dB;

and

ak=/ ur (x.0) g (1) dx, k€N,
By
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Let us define
o0
wy (x,y) = Y axel gy () cosh (Vimy) “41)
k=1

It is easy to check that w is a solution to Eq. (4.37) and satisfies the following conditions

wi (x,0) =u; (x,1), foreveryx € By, (4.42)
dywy (x,0) =0, foreveryx € By. (4.43)

Moreover, notice that wy is an even function with respect to the variable y.
Now, let us define

w=w +wy, inBj; x (—ﬁa, ﬁa) , (4.44)

we have that w is again a solution to Eq. (4.37), it is an even function with respect to
the variable y and, as a consequence of (4.8), (4.38) and (4.42), we have that w (x, 0) =
u (x, 1) for every x € Bjy/. In addition by (4.39) and (4.43) we get dyw (x, 0) = 0, for
every x € By». Also, observe that by (4.26), (4.36) and (4.41) we derive

C1H 1

)
lw (., y)”L?(Bl/z) < CW <1 + b_l) , foreveryy e (_E 5) . (4.45)

Indeed, if y € (—%, %) then, by the Schwartz inequality, we have

2

2 1 oo i
— _ s -
02 W) = [ R [ e o cosh (i) a

- (27[)2 B> —00
+oo _ 12
y (/ . 6(2 «/E)WI dﬂ)
—00
C1H 1 2
<cof = (14 =
‘C( 18 ( +b1)) ’

where c is an absolute constant and C is the constant that appears in (4.11).

Moreover, for every y € R we have

o0
lwr G2, = D ofe? cosh? (Vipuly)
k=1

=<

]2

ai = llu (0725, < H.

~
I
_
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By the inequalities obtained above, we get (4.45).
In the following proposition we summarize the results obtained above.

PROPOSITION 4.1.3. Let w be the function defined in (4.44). Then w is a solution to the
equation

div (a (x) Vw (x, ) + 82w (x,y) = 0, in By x (-«/Ea, ﬁa) (4.46)

and w satisfies the following conditions

wx,0)=u(x,1), foreveryx € By, 4.47)
dyw (x,0) =0, foreveryx € By. (4.48)

Moreover w is an even function with respect to the variable y, and w satisfies inequality
(4.45).

The following lemma is nothing more than a stability estimate for the elliptic Cauchy
problem (4.46)-(4.48). A detailed proof of such a lemma can be found in Lemma 3.1.5 of
[17].

LEMMA 4.1.4. Let w be the function defined in (4.44). Then there exist constants C,

C > 1, v, B, v0,8 € (0,1), depending on A only, such that for every r < %yo the
following estimate holds true

p 1-p
/~ w?dxdy < C / w? (x, 0) dx /~ w?dxdy , (4.49)
B, By By

where p = Sge”r and § = 2/2p.

Now we recall the three sphere inequality for elliptic equations [62]. In what follows we
denote by @ (x, y) = {a% (x, y)}:l;i] a symmetric (n + 1) x (n 4 1) matrix whose entries

are real valued functions. When & € R"*! and (x, y) € R"*! we assume that
~ n+1 .. ~
KEP < > adu (xoy) &g <0 EP (4.50)
ij=1
and, for every (x1, y1), (x2, y2) € R"*1,
ntl g N
(Z (67” (x1, y1) —a" (x2, y2)) ) S A(xi—x2f+ Iy =D, @51

1,j=1

where X and A are positive numbers with e 0, 1].
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LEMMA 4.1.5 (three sphere inequality for elliptic equations). Let d(x,y) =
{a (x, y)}z-;il satisfy (4.50) and (4.51). Let W € H' (By) be a weak solution to

div (@Vis) =0, in B). (4.52)

Then there exist constants y1, y1 € (0, 1), C, C > 1, depending on x and A only, such that
for every ry, ro, 13 that satisfy 0 < ry <rp < %rg < y1 we have

c 0) 1=
/~ #2dxdy < C (ri) f~ #2dxdy /~ #2dxdy . (453)
B, r B, B,
where
log % + %)
B = Vo (r1,r2,r3) = — > (4.54)
log (5 + 57 )+ Clog Xr?

THEOREM 4.1.6 (two-sphere one cylinder inequality for Eq. (4.1)). Let u €
H>'(B; x (0, 1)) be a solution to Eq. (4.1) and let (4.2), (4.3) be satisfied. Then there
exist constants y», y» € (0, 1), C, C > 1, depending on A and A only, such that for every
r1, 12, 13 that satisfy 0 < r;y <r, < yor3 < )/22, we have

B
/ u? (x, 1) dx < K (rp, r3) H*1=F%D / u® (x, 1) dx , (4.55)
Br2 Br]
where
C
K (ra,r3) =C 3 (r—3> ,
r3—ry \r
D = o (% - %%> 4.56
= 1, i3 7 (4.56)
log (5 + > + Clog b
~ A 3A
= (1 —s))ry+ s,r3, S 4.57)

= —, b= —
4—A 4 2em

and B is the same exponent that appears in inequality (4.49).

PROOF. Let us consider the function w introduced in (4.44). Recall that w satisfies (4.46)—
(4.48). Let r1, rp, 3 satisfy

-1
O<ri<nc=< <4max lﬁ, A_I]) 73 < Vi,
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where y, = min {yp, V]—A; , Yo and y; have been defined in Lemmas 4.1.4 and 4.1.5,
respectively, § is given by (4.27). Let 7, and b be defined by ((4.57), we have 0 < br; <
rN<r <7< %r3 < y1. By applying Lemma 4.1.5 to the triplet of radii bry, 72, r3 we get

c S -9
2 3 2 2
/~ w2dxdy < C (—) /~ w2dxdy /~ w2dxdy . (458)
B7z r Bbrl Br3

where ¥ = vy (br1 , ré, r3), with ¥ defined by (4.56) and C depending on A and A only.

Now, let us recall the following trace inequality. Givenr, p,0 < p <r, f € H' (B]"),
we have

/ 2 (x,0)dx

B,

r ) )
<c ( f1§+ f7(x, y)dxdy + r'/;§+ (3y f (x, ) dxdy) 7 (4.59)

P2 — p2

where c is an absolute constant.
Setry = % (r2 + 72). By the Caccioppoli inequality and (4.59) we have

2 1 2 1 2
Ldedy—— wdxdy+— wdxdy
B 2 )3 2 )

Ty 372 372
1 ~
> E/N wzdxdy +C (r, — r2)2/N (|qu)|2 + (3yw)2> dxdy
B x B x
) )

*

C' (r3—r) *2r2 5 /; wldxdy + 7 /~ (8yw)2 dxdy
B, x B,x
r2 T,

v

rnm—n

>C" (r3 — r2)/ w? (x,0)dx = C”" (r3 — rz)/ u? (x, 1) dx,
Br2 Br2

where C, C’, C” depend on A only.
By the inequality just obtained and recalling (4.44) and (4.58), we obtain (4.55). O

COROLLARY 4.1.7 (Spacelike strong unique continuation for Eq. (4.1)). Let u €
H2! (B1 x (0, 1)) satisfy Eq. (4.1).
If for every k € N we have

/ W (x, dx = 0 (er), asr — 0, (4.60)
B,

then

u(,1)=0, inB.
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PROOF. Let us fix p € (O, yzz], where y» has been introduced in Theorem 4.1.6. By
applying Lemma 4.1.5 to the triplet of radii 1 = r, r» = p and r3 = y», by (4.60)
and passing to the limit as r tends to 0, we get

/ u? (x,t9)dx < Ce_c'k, forevery k € N, 4.61)
By

where C depends on A, A and ||”||L2(Bl %(0,1))> only, and C;| depends on XA and A, only.
Passing to the limit as k — oo, (4.61) yields u (., 1) = 0 in B,. By iteration the thesis
follows. O

4.2. Two-sphere one-cylinder inequalities and spacelike strong unique continuation

In this section we prove the Carleman estimate (Theorem 4.2.3) for parabolic operators
proved in [30], [35], see also [33]. In order to prove such an inequality we adapt to the
case of variable coefficients the approach used in Lemma 3.0.1 for the heat operator. In
Theorems 4.2.6 and 4.2.8 we prove the two-sphere one-cylinder inequality at the interior,
and at the boundary, respectively. As a consequence of such theorems we get in 4.2.7
and 4.2.10 the spacelike strong unique continuation property in the interior and at the
boundary. In the present section it is convenient to carry out the calculations for the
backward parabolic operator. Thus we denote by

Pu = 9; (gij (x,1) 8ju> + 0su,

n

where {g"/ (x, 1)}, j—1 is @ symmetric n  n matrix whose entries are real functions. When

£ eR"and (x,1), (y, 7) € R""! we assume that

MEP < Y el (&g <27 EP

i,j=1

and

n )\ /2 1/2
( (87 ey =87 (. r))) =a(r—yP+li—) " @)
i,j=1

where A and A are positive numbers with A € (0, 1].
We shall use the notation introduced in Section 2. In particular, with such notation we
have

Pu = Agu + o;u.



Unique continuation properties for parabolic equations 461
Also, we shall use the following Rellich—-Necas—Pohozaev identity

2B Vev) Agv =2div ((B - Vgv) Vo) — div (B[ Vo]

+div (8) |vgv|§ —28; 8580 v0pv + BF gV d;vdv, (4.63)

where 8 = (/31, R ﬂ”) is a smooth vector field.

LEMMA 4.2.1. Assume that 0 : (0, 1) — (0, +00) satisfies

0 =<6 <y,

1
10" ()] < Cob (1), / (1 + log ;) @dr < Co, (4.64)
0

for some constant Cy. Let y > 1 and

t s
o (t) =texp (— /Oy (1 — exp (—/(; #dn)) ds—s> . (4.65)

Then o is the solution to the Cauchy problem

() - 24

and satisfies the following properties when 0 < yt <1

,0(0)=0, o 0 =1 (4.66)

e <o) <t, (4.67)
e ¢ <o’ (1) < 1. (4.68)
PROOF. The proof is straightforward. (|

LEMMA 4.2.2. For every positive number ( there exists a constant C such that for all
y>0ande € (0,1),

1 23
yte™Y < C <8 + <log —) ey> . (4.69)
&

PROOF. Consider the function ¢ (y) = y — ge” on [0, +00). Since the maximum of ¢ is
log% —1,y—¢e’ <log % and we get (4.69) when v = 1. If i > 1, we use the inequality
just proved and the convexity of y* to get

y 153 ] 1 M ] ) 1 1 "
(—) < (8 /eyt 4 1og 7 ) <2M= <ee) + <— log —) > ,
% gl/n no €

that gives (4.69).
If 0 < u < 1 we obtain (4.69) by the inequality for 4 = 1 and the inequality
(a+b* <ak +b". 0
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In the next part of this section we shall denote by

3/2
0o
()=t log " , te(,1]. 4.70)

It is easy to check that 0 satisfies (4.64) of Lemma 4.2.1. We denote by o the function
defined in (4.65) where 6 is given by (4.70) and y = ;‘—2 witha > 1,6 € (0,1). In
addition, for a given number a > 0, we shall denote by o, (f) = o (t + a).

THEOREM 4.2.3. Let P be the operator defined in (3.30) and assume that (3.31) and

(4.62) are satisfied. Assume that g (0,0) = 8, i,j = 1,...,n. Then there exist

constants C, C > 1, no € (0,1) and §1 € (0, 1) depending on A only A only, such
82

that for every a, @« > 2, a,0 < a < Ta 6 €(0,61]and u € C(‘)>Q (R" x [0, +00)), with

supp u C By, X [O, %), the following inequality holds true

lx[?
Ol/ +1 011—2(1—2 ®) 6 (y (t+a)) wle  Tito dX
Rn

+

_
+/ l(t+a)a;2“*2 (16 (y (t+a))|Vgu|ze Tota 4 X
Rn+

+

_
< c/ 1(t+a)20;2“*2 (1) |Pul? e T+a dX
Rn+

+

—i—C“a“/ (u2+(t+a)|Vgu‘2> dx
R’-1¢—+1 8

X2
—I—Coza_2“_l(a)/ u? (x,O)e_%dx
Rn

x|

o (@) 2w
—T/I:M|(Vgu)(x,0)|g(”0)e @ dx. 4.71)

PROOF. We divide the proof into two steps. In the first step we prove that if the matrix
g does not depend on ¢ then there exists 6o € (0, 1) such that, for every § € (0, dol,
inequality (4.71) holds true. In the second step we prove inequality (4.71), for a suitable §1,
in the general case. For the sake of brevity, in what follows we prove the inequality when
the matrix g (x, 7) and the function u (x, t) are replaced by g (x,t) = g(x,t —a) and
i (x,t) = u(x,t — a), respectively, so that 3%/ (0, a) = 8"/ and # is a function belonging
to C° (R" x [a, +00)). Also, the sign “~” over g and u will be dropped. Finally, we shall
denote by [ (.) dX the integral fR"x[a,Jroo) () dX.

STEP 1. Set g (x) = g (x, @) and denote

Piu = 0; (gij (x) a,-u) + oru,
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|x|?
¢(x, 1) = % (¢ +1)logo (1),

v =e¢u,

Lv=¢?Pi (e%v).

Denoting by S and A the symmetric and skew-symmetric part of the operator ¢L,
respectively, we have

1
Sv=1 (Agv + (|vg¢|§ _ al¢) u) -5,
1
Av = 3 (0 (tv) +torv) — ¢t (vqu) +2Vev - Vg¢)
and

tLv = Sv + Av.

Furthermore, noticing that

Agtp = —f—t + 0 (1)

where
1 -1 ij
Yo (x,1) = Z("-”(g )—Xjaig )
we write
tLv = Sv+ Agv — tpv, “4.72)
where

1 n
Agv = 5 (@ (sv) +10,0) — 1 (—Ev +2V,0- vg¢) .

CAlx|
t

Noticing that |yo| < , where C is an absolute constant, we have by (4.72)

thzlLv|2dX2/|Sv~|—A0v|2dX—4/t21//§v2dX
z/lSv|2dX+/|A0v|2dX+2vaondX
—4C?A? f Ix)? v2dX. (4.73)
Denote by

1 ::2/SvondX.
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We have
I= —2/t2 (agv+ (|Ves]2 — 0) v) (—Z—tv + 2V, V) dX
2
+ft (Agv 1 <|vg¢|g - a,¢) v) (& (tv) + t8v) dX
1
+/ {—Ev (0 (sv) +10;v) + tv (—:—tv +2Vgv - Vg¢>>} dXx
=L+ 5L+ 1. (4.74)
Evaluation of 1.
We have
2
I = —4[12Agvvgu  VepdX — 4/t2 (|vg¢|g — atq)) Vv - VepdX
+ 5[ (thgv + (|vg¢|g - a,¢) v )dx = I+ I+ . (475)
By using identity (4.63) with the vector field 8 = V¢ we have
; ; 2
I :/ [420; (£99,0) g™ dnvin — 2780 Voo,
_2? (gkj 9 ,-¢) (akg’” ahva,u) } dx. (4.76)
Concerning the term /12, by integration by parts we have
Ia= —2/ 2 (|vg¢|§ - atqs) Ve -V, (v2) dx

- 2/ 2div ((yvmz, - a,¢) vg¢) v2dX

2f 122 {qus (|Vg¢|§ - 8;(1)) + g0, (|Ves| — B,q&)} dx.
Now we have
§70i90; (|Veo: - 8,9)
= (28]2-k¢gkh8h¢ + ajghk3k¢3h¢) g7 09 — %8, (|Vg¢|§) ;
hence
Iy = 2/ 202 A (|vg¢\§ — a,¢>) dx

1 .
+4 / 12v? <a§k¢g’<hah¢ + 39 ghk8k¢8h¢> ¢ 3 pdX
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— /t2v28, (|vg¢|§) dx. 4.77)

Concerning /;3, by the identity vA v = div (vV,v) — |ng|§ and by integration by parts
we obtain

=" /, (div (29g0) = [Vof? + (|Ves [} — 810) v?) dx

n 2 2 2
— 5/ (=t 1Verl2 + (1Ve0l; - 0r0) v?) ax,
SO
n 2 2 2
I3 = Ef (=t 1Veuls + (|96 [; - 0i@) v?) ax. (4.78)
Now, let us introduce the notation
n ..
vy = <§t n 2t2Ag¢) (|vg¢|§ - a,¢) + 2020, " o gl 9,
0 (Vgv) = =220 | Veuls — 26 (410,0) (3 dnvaro)
By (4.75)—(4.78) we have
L= 4f 2 {ai (gkfaqu) g vy + afkqsgkhamgifa,-qsvz} dx
—/t2v28, (Iveel?) dX+/w1v2dX+/ 0 (Vgv) dX. (4.79)
Evaluation of I>.
We have

L :/thgvdX +/2t2 (}vg¢>|§ _ 8,(;5) V3, vdX

+/2t2AgvatvdX+/t(|Vg¢|§ — a,¢) v2dX. (4.80)
Now, we use the identities
VA =div (07g0) = Vo2, 2000 =5, (v?)
and
. 2
20,vAgv = 2div (E)zvvgv) — 0 <|ng|g> ,

in the first, second and third integrals, respectively, on the right-hand side of (4.80), then
we integrate by parts and obtain
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12:/z Vo] dX - /ﬂa, (IVeel: - 0r) v2ax
_ / (|Ves]: — i) vdx
a2 /R (|vg¢ o)l — o (x, a)) 02 (x, a) dx
+a2/Rn Vv (x. a)| d. (4.81)

Evaluation of I3

We have

_ I n\ , 1 5
L= —/ (E + Z) v2dX — z/t&, (v )dx +/2wvgu VepdX. (4.82)

We use the identity
20V, - Ve = div (vzvgqb) — A0,

in the third integral on the right-hand side of (4.82), then we integrate by parts and obtain

I = —/tl/fovde + %/ v (x, @) dx. (4.83)

Now, denote by
Ji = / 4205, 0g " onpg" ipv*dX
—/ {tzat (2 Veol: - at¢) N (|vg¢|§ - a,¢) v2} dx, (4.84)
b= / {420, ("79,0) g™ dnvino + 1 |Vouls + 0 (Vev) | ax, (4.85)
J3 = / (Y1 — 1) v2dX, (4.86)
B, = —a? A;n (|vg¢> o)~ (x, a)) v (x, a) dx
+a2/ |ng (x,a)|2 dx—i—C—l/ v? (x,a)dx. (4.87)
Rn g 2 Rn
By (4.74), (4.79), (4.81) and (4.82) we have

I=Ji+J+ 3+ B (4.88)



Unique continuation properties for parabolic equations 467

Let us now estimate from below the terms Ji, J2, J3, at the right-hand side of (4.88).
We have easily

b = —~- 26 = 5’ Vel =g (1) 324 (4.89)
4¢’ 9ij ’ § 16t2’

tr L)) + x:8:67 (x 2 o (t
Ayt = (871 () +x;0:8Y ( )7 8t¢>—|x| @+ ) @) . (4.90)

4t o)’

2 / /

2 — I i) 2\ _ i NN
0 ¢ = a3 (a+1) <o 0 ) 0 <|Vg¢|g> =—g7 (x) R (4.91)
Observing that if g"/ (x) = 6",i, j = 1,2,...,n, x € R", then the term under the integral

sign at the right-hand side of (4.84) is equal to (« + 1) vz‘; (f[ (log o7 ) it is easy to check
that

3
I > @+ 1)/z »ZZ <log %) dX—CA/ %vzdx, (4.92)

where C is an absolute constant. N
Likewise, observing that if g"/ (x) = §Y,i,j = 1,2,...,n, € R", then the term under

the integral sign at the right-hand side of (4.85) vanishes, so that the following inequality
holds true

= —CA/ x|t |Vev|? dx, (4.93)

where C is an absolute constant.
Now, let us consider J3. Let § € (0, 1) be a number that we shall choose later on, let o be

the function (4.65) where y = 8“—2, a > 1 and 6 is given by (4.70). We have

3 1
Y1 — 1ol < Y1l +1 1ol < C(IX|+L+(OI+1)I|X|—>

where C depends on A, A only. By (4.67) and (4.68) we have
lx |3
J3y>-C — 4+ (@+1)|x] (4.94)

for every v € Cg® (R" x [a, +00)) such that suppv C By x [a ;) where C depends on

A and A only.
Now by Lemma 4.2.1 and by (4.92)—(4.94) we get

3
1> (“;CFOI) /G(VI) vde—C/ <(a+l) x| +L> v2dX

—C/|x|t|ng|ZdX+Bl, (4.95)
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for every v € Cgo (R" x [a, +00)) such that suppv C B x [a, l), o > 1, where Cy is

<

defined in Lemma 4.2.1 and C depends on A and A only.
Let g9 € (0, 1] be a number that we shall choose later. We get

/|Sv|2dXzso/|Sv|2dX =£0/I(Sv+0(yt) v) — 6 (yt)v]?dX
> —2sO/te (y1) vAgudX
_280/ (: (|vg¢>|§ - a,¢>) — % +o (yt)) 0 (y1) v2dX
=280/l9 1) (IVevl} + [ Voo [} v?) ax

1
—260[ (r (2 |vg¢|§ - atqb) —5+6 (yt)) 0 (y1) v2dX.
(4.96)

Now by (4.67), (4.68) and (4.89)—(4.91) we obtain

1
(z‘ (2 \vg¢|§ — a,¢) —5te (yt)) 0 (rt)

3
1
§C<¥+(a+l)9(yt)), f0revery0<yt§§,a2 L, 4.97)

where C depends on A and A only.
By (4.96) and (4.97) we have

/|Sv|2dX2280/t9 (y1) (’ng|§+ |Vg¢|§ UZ) dx

3
- C180/ <¥ +(@+1)6 (yt)) v2dX, (4.98)

for every v € Cgo (R"™ x [a, +00)) such that suppv C B X [a, %), o > 1, where C
depends on A and A only.
By the inequality just obtained and (4.95) we get

1
Z/SvondX+/|Sv|2dX >@+1) (To —C180> /e(yz) v2dX
(&

+280/t9 (yt) (|vgv|§ + |vg¢|§ ,ﬂ) dx

3
_C/ ((a+l) M—l—@) v2dX

—C/|x|t(|ng|§+|Vg¢|§v2)+31, (4.99)
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for every v € Cgo (R"™ x [a, +00)) such that suppv C Bj X [a, 7 )@ > 1, where C

depends on A and A only and C is the same constant that appears in (4.98).
at the right-hand side of (4.99), then, recalling (4.73) and

Now we choose gy = 26,60
coming back to the function u, we have

1
/ 21 Piu2 dX = % / 0 (yi) P dX
1 2 5
+E/t9 (1) [Veul, e*dX + B,

- cf x|t | Veul? e2dx

3
- C/ ((a +1) x| + %) ue®dx, (4.100)

forevery u € Cgo (R"™ x [a, +00)) such that suppu C Bj X |a, ﬁ),a > 1,where C > 1,

depends on A and A only.
Now, we use Lemma 4.2.2 to prove the following estimates

3
[ e vl ax < ¢ (e [ fwafax

+C8/9(yt)t |Vgu|§ez¢dX, (4.101)
IxP\ 25 Co\20F3 2
/ () fel 4+ = ue¢dX5c(e0y) /udX
+Cab / 0 (yr)ue*dx, (4.102)

where C is an absolute constant. ) 3
By applying Lemma 4.2.2 with u = bl e = (y1)272% and by using (4.67)

we have

| —
~

1
£

1/2
2 1/2 |x|2 ! 2
x| €2 = (4s5)/ T e~ U o

12
<c <(yt)a+§ 22t 172 ((% 4 2a) log _t>
Y

—2(at1) b
X o e #

20+3
<c ((ec"y) 50 (1) e2¢>, (4.103)

where C > 1, hence (4.101) follows.
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Likewise, by applying Lemma 4.2.2 with © = %, y = %, £ = (yt)%””‘ we have

3 5\ 3/2 ,
%ezqs —4(4n'? (%) e—%a—z(aﬂ)

<cC ((ec"y)2a+2 + a8 (y1) e2¢> . (4.104)

By (4.103) and (4.104) we get (4.102).
Finally, by (4.100), (4.102) and (4.101) we have that there exists §p € (0, 1] such that

for every 8 € (0,80], @ > 1, u € C5° (R" x [a, +00)) such that suppu C By x [a, %)
the following estimate holds true

20+3
/t2 |Piul? e*dX + C (ec‘)y) ik f (u2 +t |Vgu|§> e?dx
1
> %/G(yt)u e*dx + —f@(yr)twgu] e®dX + By,  (4.105)

where C > 1 depends on A and A only.
STEP 2. It is simple to check the following identity, for k € {1, ..., n}

P ((aku)2) — 20, (duPout) — 20; (aku (akgif (x, a)) 3 ,-u)
— 207 Pou +2 (08" (x,@)) judu + 287 (x, @) 0t

(recall that (Pyu) (x,1) = 0; (8" (x,a) du (x, 1)) + du (x,1)). Now we multiply both

—2u

o2
sides of the above inequality by o'! e_% and we integrate by parts. We obtain, for any

kefl,... n),

2/( i (x, a)Bkualku) 1=2x _7dX

5/(8ku)2 PS‘( 1-20 _>‘dX
~|—2/|8kuP0u| ak( 1-2ag )‘dX

2
0; <01_2°‘e_|4|r> ‘ dXx

lx[2
+2/ O Pou| o' e~ i dx

+2/ g (x,a)djudpu

+2/ ocg’ (x.a) 0 u8lku‘ “2ae- B g x

x2
—f (Oeu (x, a))2 o'~ (a) e~ i dx, (4.106)
Rn



Unique continuation properties for parabolic equations 471

where P;f = 0; (g7 (x, a) u (x,s)) — du (x,1).

We have
‘Pl* <01—2ae—"§"12)‘ =P} ((O_I—Zatnﬂ) (t—n/ze—f”z))‘

3 o2
<C m + & o172 4o e_%
- t 12

X 2
- C/uo_lf%zef%’
i’

and

Ix[?
‘V <O.120tefu>

where C depends on A and A only and C’ is an absolute constant.
By the above inequalities and (4.106) we get

/ ’Dzu

2 12« —ﬁ —2a 2 —ﬁ
o e #dX<Ca | o |Vgu|ge ardX
EICIER g 2
+Cf<7+ ol K4 | Vul,e™ 5 dx
x| 1—20 _k2
+C —o }vgu|g|Plu|e ardX
lx[?
+C/‘D2u’|P0u|0172“edeX

+Cf (Dzu

—Z/ o172 () (aku(x,a))ze*%dx
k=1 JR"

2
|Vgu|gol_2“e_%dX

=1V + 1@ [P 4 [D 4O B, (4.107)

2
(here |D2u|2 = Z:l,/:l <8i2ju> ) where C depends on A and A only.

By the trivial inequality @ > %, forevery t € (0, %], C > 1, we have C829(tﬂ > a,

whenever 0 < yt < % By the last inequality and (4.67) we have
Ix1?
1M < cs? / 10 (yt) o272 |vgu\§ e o dX, (4.108)

for every @ > 1, u € C5° (R" x [a, +00)) such that suppu C Bj x [a, %), where C
depends on A and A only.

To estimate /@ we observe that (4.65) gives o (t) < % whenever 0 < yt < 1. By this
inequality, (4.67) and Lemma 4.2.2 we have
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C 3 x|
1? < —/ <|x| + &) o172 | Voul? e a dX
14 t 8

C 2a+3
5—(eCoy> 2/1|Vgu|2dX
1% 8

‘,2
+C83/t9 (y1)o 22 |vgu|ge—%dx, (4.109)

forevery o > 1, u € Cgo (R"™ x [a, +00)) such that suppu C By x [a, %), where C
depends on A and A only.

In order to estimate / (3), I® and I® we use the inequalities 2ab < a? +b2, o (1)

t < 6(yt), when 0 < yt < %, and Lemma 4.2.2 and we obtain, for every o

u € C° (R" x [a, +00)) such that suppu C By x [a, %)

IA
—_ =0

v

20+1
% <c (eCoy) /; |Veul? dX
Ix2
+C52/t9 (yr)o =22 |vgu|§e*7dx

XZ
+c8? / 207272 | puf e i dx, (4.110)

x|

2
< %/‘Dzu‘ o2 qx
x2
+C52/t20_2_2“ |Piuf? e dX, (4.111)
1 2 12 1o,
I(S)SZf‘Du‘ o' T % A dX
X2
+C82/t9 (1) o272 |Vu|? e dx, 4.112)
where C depends on A and A only.
By (4.107)—(4.112) we have

1 2
m/\””

x|
+C / 10 (yt)o 22 |vgu|§ e~ dx

2 1x)? C 2()(-}-3
1—-2a ,— 21 C 2 2
o' T A dX < 2 <e 0)/) /t |Vguing

x|

2
+C/t20_2_2°‘ |Pu? e o dX, (4.113)

forevery o > 1, u € Cgo (R"™ x [a, +00)) such that suppu C By X [a, %), where C
depends on A and A only.



Unique continuation properties for parabolic equations 473

Now, by the inequality

|Piu| < |Pul+C |Vgu|g + Cﬁ’Dzu

where C depends on A and A only and by (4.105) and (4.113) we obtain

2 12 — =
Bl+C82[‘D wo— B 4x

! —2-2 _l2
+E/t9(yt)a “\vgu|ge i dX

| 2
+(°‘JCr )/9(7/;)0*2*%%*%(1)(

C (¢ \2+3 ) 2
< 8—2(e oy) /(u +t|Vgu|g)dX

|2
+C/t20_2_2°‘ |Pul?e S dx
X2
+C/‘D2u‘ 12 _udX—i—C/ 0722 |Vl e dX, (@4.114)

for every @ > 1, u € Cj° (R" x [a, +00)) such that suppu C B; x [a, ﬁ), where C,
C > 1, depends on X and A only.

Observing that 6 (yt) > X, whenever 0 < yr < 5, we obtain that, if § is small enough
and o > 1, the third and the fourth terms on the right-hand side of (4.114) are absorbed
by the second and the third terms on the left-hand side of (4.114). Therefore there exists
81 € (0, 8o] such that for every § € (0,61], @ > 1 and u € Cj° (R" x [a, +00)) such that

suppu C By x [ '3y ) the following inequality holds true

1 2
E/t@ (y1)o 22 |vgu|§e—%dx

1 2
Jr(OHCr )fe(yz)o—z—z‘xuze—%dx

; (e Coy)2a+2/ (w2 + 1 [ Veul}) ax

+C/t20_2_2°‘|Pu|2 i dX Bi, (4.115)

where C > 1 depends on A and A only.
Now for a fixed § € (0,5;] anda € (0
the right-hand side of (4.115).

, 4y] we estimate from above the term —3; on
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We have
2
B = —a2/R |(Vou) (x,a) + (V@) (x,a) u (x, a)|g(.’a) Q200r.a)
1
o ,/Rn (’( Ved) (&, a)|g( @ " b (x.a) - Z) u? (x, a)e?*> 9y,
Let ¢ € (0, 1) be a number that we shall choose later. We get

B < —ed® /R |(Veu) (s @,y €2 dx

S 1
= /ﬂé" <1 (Ved) (6 @) oy = 800 (.00 = 5)

x u’ (x,a) ez¢(x’“)dx.

Denote by no = min { 1, ﬁ } Let us choose ¢ = JT’ we have, for every x € By,

—

1
75 |(Ve9) (v, D o — o (x,a) = 5~

2 /
%(2“!—1)ﬁ @tho@ eth
o (a) eCoo (a)

Therefore

—B; < ——/ (x a)| 2‘Z’()"”)dx

(@ +1)a?

2 2¢(x,a)
u“(x,a)e dx
eCoo (a) n (x, )

for every § € (0,81], a € (O, #], « > 1land u € C5° (R" x [a, +00)) such that
suppu C By, x [ ' 3y ) This inequality and (4.115) give (4.71). O

In order to prove the next lemma we need some properties of the fundamental solution
I (x,t; y, 7) of the adjoint operator P* = 9; (gij (x,1) a,-u) — d;u of operator P appearing
in (3.30). We refer to [12] for the definition and the proofs of the properties of function
I" (x,t; y, 7). In what follows we recall some properties of I" (x, #; y, T) that we shall use
later on.

(1) Forevery (y, 1) € R™*1 the function I (_, .; y, 7) is a solution of the equation
P*(TC(,.;y,1)=0, inR" x (1, +00). (4.116)
(ii) Forevery (x,1), (v, t) € R*! such that (x, ) # (v, T) we have

I(x,t5y,7)>0 4.117)
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and
'x,t;y,7) =0, foreveryt <. (4.118)

(iii) There exists a constant C > 1 depending on A (and n) only such that, for every
(x, 1), (y,7) € R"! 1 > 7 we have

G cranyn<—C ot (4119)
————e = <T(xt;y,7) £ ————e 00, '
(r—1)"? (it ="

@iv) If ug is a function on R" continuous at a point y € R” which satisfies e Xy €
L? (R?), for a positive number s, then

lim Cx,t;y,0uy(x)dx =up(y). (4.120)

t—0t JRn

Moreover, by standard regularity results [64], [72] we have that, by (3.31) and (4.62), for
every (y, 7) € R"*! the function T (., .; y, 7) belongs to H>;! (R A, D).

LEMMA 4.2.4. Let P be the operator (3.30) whose coefficients satisfy (3.31) and (4.62).
Assume that u € H>' (By x (0, 1)) satisfies the inequality

| Pul §A<|Vgu|g+|u|>, in B, x [0,1). 4.121)

Then there exists a constant C > 1, depending on A and A only, such that for every

00, p1, P2, T € (0, %] satisfying po < p1 < p2 the following inequality holds true

1
f u? (x,t)dx > Pl u? (x,0)dx, foreveryt € [0, so], (4.122)
B

P2 B 0]

where

| (o= o) ~ -1
50 = min {T, e [(tog (CN W), | ] : (4.123)

(here x; = max {x, 0}),

2
przx(o,zT)” dx
Jb,, w* (x,0)dx
and
- C (o = o") o
C = (o2 — o) £l (4.125)

T (o1 — po)" ' (o2 — p1)?
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PROOF. Let p1, p2 satisfy 0 < p; < p2» < 1 and let ¢ be a function belonging to Cg (R™)
and satisfying0 < ¢ < 1inR", ¢ = 11in By, ¢ =0in R" \ B,, and

(2= p) IVl + (o2 = p1)* | D20 < C. i By, ~ By, (4.126)
where C is an absolute constant.
Denote
vix,t)=u(x,t) ¢ (x).

By (3.31), (4.62), (4.121) and (4.126) we have

|P 5C(|vgv|g+|v|+1<x3p2\3pl), (4.127)

where

2
|

K =(p2—p1)~ "

|””L°°(sz><(0,T)) + (o2 —p1)” |V””L°°(Bp2><(0,T)) , (4.128)

where xg, \B,, is the characteristic function of By, \ B, and C depends on 2 and A only.

Now, let pp € (0, p1) and let y be a fixed point of B, and denote

H((t) = / v? x, )T (x,t;y,0)dx, s>0. (4.129)
Rn

By differentiating H we get

dH (1)
dr

:2/Rn ov(x,)v(x, )T (x,1;y,0)dx
+/Rn v2(x,1)8,T (x,1; y,0)dx
22/12&" (Pv(x,t)v(x,t)T (x,1;y,0)dx
+fn v2 (x,1) 8T (x,s; y,0) dx
_2/1[{" (Agv (x,t))v(x,t)l"(x,t;y,O)dx. (4.130)
By the identity 2 (Agv) v=A, (vz) -2 ’ng|§ and integrating by parts we obtain
2/"1 (Agv (x, t)) v(x,t)T (x,1;y,0)dx

=f v2(x,t)AgF(x,t;y,0)dx—2/ Vv (e, D2 T (x, 13y, 0) dox.
n Rn
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By plugging the identity just obtained in the right-hand side of (4.130) and by using (4.116)
we have
dH (1)
dr

=2/ (Pv(x,t)vx,t)T (x,1;y,0)dx
Rn

+2/ [Vev (02T (x, 15 y, 0) dx. (4.131)
Rn

By using (4.127) in the identity (4.131) we obtain

dH (1) -
de ~

/\ng(x,t)li,l‘(x,t;y,o)dx
Rn

_ c/ﬂnv v e Dl (Vev 0] + 10 D+ Kxs\8,,)

x T (x,t;y,0)dx, (4.132)

where C depends on A and A only.

By using the inequality 2ab < é + b to estimate from below the right-hand side of
(4.132), we have

dH (¢)
dr

> _CH (1) — KZ/RH X85, T (5, 15 7, 0) d, (4.133)

where C depends on A and A only.
Since y € B, by (4.119) and (4.133) we have
_i-n)?
e i

m2

dH (¢)
dr

> —CH (1) — C1K* (p5 — p}}) (4.134)

where C depends on A and A only and C; depends on A only.

Now let us multiply both sides of (4.134) by e’ and integrate the inequality thus
obtained over (0, 7). By using (4.120) we get

_ (p1=rp)?
Ct 2 2( . n n ! eCT far
H O 2 (3,0 = QK> (o = o) | =i
n_ ph (r1=r0)?
>u®(y,0) — Cleue_%
B ’ (p1 — po)" ! ’
for every t € (0, Tp], (4.135)

2
where Ty = min { (o llgg?) , T}, and Cy depends on A only.

Now, integrating the inequality (4.135) over B, we obtain
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/ dy/ vz(x,t)F(x,t;y,O)dx
By,  JRr

1 n__ .n\ ,n (o1n0)?
> f W2 (y,0)dy — e G VL U (4.136)
C \/s,, (o1 — po)*~!

where C > 1, depends on A and A only.
In addition, by (4.119) we have

/ dy/ vz(x,t)F(x,t;y,O)dx
By,  JRr

-y [?
Y

|
Ce™ 4C
< P | =gy <c [ e de (4.137)
n R~ tn/2

By,

and by standard regularity estimates we have

C 1
K? < —2—/ u*dX, (4.138)
(p2 = p1)” P21 Jp,, x0.27)

where C depends on A and A only.
By (4.136)—(4.138) we obtain, for every ¢ € (0, To],

/ uz(x,t)dle/ uz(x,O)dx
B C

2 By,

(p1-rp)*
— Cye / u2dX, (4.139)
By, x(0.2T)

where
o Cls i)
T (o1 —p0)"~ (o2 — p1)*
and C > 1, depends on A and A only. By (4.139) we obtain (4.122). O

Now let us introduce a notation which we shall use in Lemma 4.2.5 and in
Theorem 4.2.6 below.
Leto > 1,a >0,k >0, p > 0 be given numbers. Denote

2
x| :

D@ = lx.1) e R" x (0, L T T <log 22V (4140
0 i(x ) € x (0, +00) 4a(t+a)+0g( +f1)_0g4a ( )

and, for p > (4aa)'/?,

P
L@ = sup {(r +a)"@th T ¢ (x,1) € ng) N Df)“)} . (4.141)
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LEMMA 4.2.5. For any positive numbers «, a, k and p > 0 such that « > 1 and
o > (4aa)'’?, we have

o

a—+k
LYW < 4% <—2> , (4.142)
0

where ci depends on k only.

PROOF. First notice that Lgl) < LEJO) for every a > 0, hence it is enough to prove (4.142)
fora = 0.

. _l? . .
Now, for any fixed x € R”, the function t — ke~ attains its maximum when
2
t = %. Therefore, in order to estimate Lg)) from above, we need to consider the
2
intersection I' of the paraboloid {(x, N eR = %} with the set Dé’;) N D;“) )
It is easy to check that the projection of I on the 7-axis is equal to the interval I =
2 2
P 2p)
(4o¢el+(k/°‘) ' Tae F ] Hence we have
0 —o—k —a—k .
Lfo)zsup[t oKeme .tel}
a+k
< ekk+) (4ap72> _ 0

THEOREM 4.2.6 (two-sphere one-cylinder inequality in the interior). Let A, A and R be
positive numbers, with A € (0, 1] and tg € R. Let P be the parabolic operator

P =0; (gij (x,1) aj) + o,

where {gi-/ (x, l‘)}:.ld.:1

R+ gssume that

is a real symmetric n x n matrix. When & € R"*, (x,t),(y, 1) €

MEP < Y g (&g < a7 g (4.143)

i,j=1
and
n , . 2 12 A 5 1/2
Y (e wn-gro) ) =2 (k-yPa—cl) L @14
i,j=1
Let u be a function belonging to H>' (BR X (0, Rz)) which satisfies the inequality

Veul, )
Pul < A| =+ 5] mBRx[O,R>. (4.145)
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Then there exist constants n; € (0, 1) and C > 1, depending on A and A only, such that
foreveryr and p such that 0 <r < p < nR, we have

/ u’ (x,0)dx
Bﬂ

1-6; 0
< cR (R_2/ ude> (/ u? (x,0)dx> 1, (4.146)
o Brx(0,R?) B,

1
B Clogé.

where

0 (4.147)

PROOF. By scaling we have that the inequality (4.146) is equivalent to

C 1-6; 01
/ uz(x,O)dx§—</ ude> (/ uz(x,O)dx) ,
B, 1Y By x(0,1) )i

1
ClogL”

estimate ((4.71) in a slightly different form which is more suitable for our purposes. It is
easy to check that, by (4.67) and by Cézg([ﬂ > o, whenever 0 < yt < % and by (4.71),
we have

where 6; = First we consider the case g/ (0, 0) = 8"/ and we write the Carleman

x|? x|

o? o %ute T dX + « o~ |Vul? e~ Tra dx
a a 8
Rtr—l Rn++l 8

_ P
§C/ (t+a)? o)™ |Pul?e” Tr0 dX
RnJrl

+

+C%” / <u2 +(t+a) |Vgu|2> dx
Rf’:’l 8

2
+Cac™ (a)/ u? (x, 0) e~ i dx, (4.148)
Rn

forevery « > 2,0 < a < % and u € C(‘)>o (R" x [0, 400)) such that suppu C

By, x [O, %), where 71 = ?, and g € (0, 1), C > 1, depend on A and A only (recall
that 5 is defined in Theorem 4.2.3).

By using Friedrichs density theorem we can apply the Carleman estimate (4.148) to the
function v = ug, where ¢ is a function belonging to C§° ( By, x [0, %)) that we are

going to define.
Let Ro = min {/T1, v/eno}, R1 € (0, Ro]. For any & > 2 denote

(R1/2)* R}
g —_—

d; =1 , dy = log —L.
! 0 4o 2 0g4a
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Let i1 be the function which is equal to 0 in R \ [d], d2], such that ¥ (v) =
2
exp %, if T € (d1, d>). Denote by v, the function such that

_ [P
[ &) g’

It is easy to check that ¥, (r) = 1, for every T € (—o00,d)), Y2 (r) = 0, for every
T € (dp, +00) and

Y2 (7) ift e R.

[v) (1)] <

C
; |W§/ (r)| = d if T € [dy, da], (4.149)
2

dy — dy —dn?

where C is an absolute constant. Notice that the right-hand side of the inequalities do not

depend on « and R;.
Now, let us define

Jx|?

o x, 1) =1y (m

+log (t + a)) , (4.150)

for every a € (O, %] and a > 2.
It is easy to check that ¢ € C3° (B,,O X [O, %)), ¢ = 1 forevery (x,t) € D;,al)/z and

¢ = 0 for every (x,t) € (B,,O X [0, %)) ~ Dggl). Moreover by (4.145) we have that the
function v = ug satisfies the inequality

(Pl A (Vul + lul) xpp0

|x| [Vou
C( Ve |g+ lul

@ p@ 4.151
o (l + a) (t + a)2> XDEQI)\D;K’])/Z ( )

where C depends on A and A only.

Now we apply inequality (4.148) to the function v. By (4.151) we obtain, for every
a>2,

2 —a. 2 _ﬁ —o 2 _ﬁ
o o, “u’e W+adX + o 0, |Veul, e %0 dx
D@ (a) 8

R /2 R1/2

—a 2~ - 2 i
<C o, “ute Mo dX + C 0, ¢ |Veul, e” 0 dX
D@ (@) 8

R /2 Ry /2

2

o [P Vel 2 e

—i—C/ o, * 5+ 7| e T FIdX + 1,
D\ D) a2 (t+a)y  (t+a)

Ry /2

(4.152)
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L+1 L12+]Vu|2 dx
Ry /2 a2 (t +a)? £l

where

I = C“oz“/
D(a)

+Ca (0 (a)™® / v? (x, 0) e*%dx (4.153)

B

and C > 1, depends on A and A only.

Now, for « large enough, the first and the second integral on the right-hand side of (4.152)
obtained above, can be absorbed by the left-hand side of (4.152) and we have

_ xf?
o? o %ute Tra dX
p@ 4

P [Veul, w2\ e
< / o £+ ;e ax 11, @154
D(ﬂ) D(u) a2 (t + Cl) (t + a)

R|/2

for every & > C, where C depends on A and A only.

In order to estimate from above the first integral at the right-hand side of (4.154) we use
(4.67) and Lemma 4.2.5, so we get

2 2
|.X'| Veu u2 \x
/ O—J*O‘ | § |§ + I e d+adX
D(a) D;;ll)/z o? (t+a) (t +a)

a2
< C“f (t +a)y~ 3 (IVgMI2 + uz) e T dX
DD g

Ry /2
C/otaot
= /D@ oo, (IVeul? +u?) ax, (4.155)

2
for every o > C and every a € <0, %), where C C > 1, and C’ > 1, depend on A and

A only.
By the inequality obtained in (4.155) and by (4.154) we have

2
o? o %ule Mo dX
D(a)

Ca®
< o /(a) o (IVeuls +u?) dx +1, (4.156)
R DYy

2
forevery @ > C and every a € <0, 1’;—11>, where C > 1 depends on A and A only.



Unique continuation properties for parabolic equations 483

Now we estimate from above the term / (defined in (4.153)) on the right-hand side of
(4.156). Concerning the first integral at the right-hand side of formula (4.153) it is simple
to check that

|x|* ) 2
—2+1 u +’Vgu|g dx
pi) | \e? (t +a)
2
<Clul® , +/ Vu|® dX, (4.157)
L°°<D5Q1)) DE:I)| 8 |g

for every o > 1, where C is an absolute constant. Concerning the second integral at the
right-hand side of (4.153) we have

f2
/uz(x,O)e—%dng W (x, 0) dx, (4.158)
B

Br(a)

where

1/2
_ R

r (Cl) = |4daa ]Og4— .
oa

By (4.156)—(4.158) we have

2 C%® 2
o? o ute Mo dX < ——— | ||lull? + Voul® dX
@ @ 2(a+3) Loo(p@ @ 87g
D R Ry D,

CO(

o

u? (x,0)dx, (4.159)
Br(a)

2
for every @ > C and every a € (O, llz—ix), where C > 1, depends on A and A only.

Let r be a number in the interval (0, el 2R1) and, for every a > C, let @ belong to
2
(O, e f—;), such that
R? 172
r (@) = | 4aalog —= =r (4.160)
doa
By asymptotic estimates of a we have

—1 -1
Y SR Y 5

Furthermore, using standard regularity estimates [72], we estimate from above the first and
second integrals on the right-hand side of (4.159) and we get
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__xf?
o? o %ule M dX
p@ 4@

< 2—%/ uzdx+$/ u® (x, 0) dx,
RY“ Jg, x(0.8?) a’ Jp,

for every @ > C, where C, C > 1, depends on A and A only.

(4.162)

Now we estimate from below the left-hand side of (4.162). Let p € (0, %), by (4.67)
we have

) a2
o= %u“e o dX
p@ 4

o2~ AN 2
2/ o7 ute HrodX > —— | —— / u-dX, (4.163)
DLH) C 4o DLﬁ)

where C > 1, depends on A and A only. By the inequalities obtained in (4.161)—(4.163)
we have

(XZ ude < ﬂ
D@ -

2

dXx
2a+s / u
R1(a ) Br, x(0,RY)

-1
+C%p® [ r? |10 R—%
p g3

for every @ > C, where C > 1, depends on A and A only.
Denote

/ u? (x,0)dx, (4.164)

-

O=B_o_x(1,n),

1/2 12
M = / u’dXx , &= (/ u’ (x,O)dx) .
Bg, x(0.R?) ;

Observing that for every p € (eﬁ, %) we have t; > #; > Oand Q C Df@
(4.164) gives

, inequality

2a
20
a2/ wax <SP M2+( <o 1/2) &, (4.165)
Q R] r( )

log R?/r?
for every @ > C, where C > 1, depends on A and A only.

In order to estimate from below the left-hand side of inequality (4.165) we apply
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. —1/2 —1 —1/2
Lemma 4.2.4. In doing so we choose pg = 52, p = 0 5= ¢ SLand T = p3.

3
Let us denote
1/2
u? (x,0) dx) .

=l

We have that there exists a constant Cp > 1, depending on A and A only such that if

pn—4M2
o > op = Comax {1, log k7 (4.166)

P0

then

P0

2 th—t
/:ﬁdx:/ dtf uz(x,t)dsz/ u? (x, 0) dx
0 fn By, C Js

02

= %K? (4.167)

By inequality (4.165) and (4.167) we get

20

Cp)* C

p21<25%1w2+ p =) & (4.168)
R r (log Rf/rz)

for every « > o« and every r, Ry, p satisfying the relations Ry € (O, Eo], r €
(0,e7'2R ], p € (el/zr, %], where C > 1 depends on A and A only.
Denote by

B log (M28_2)
o= log (R?r—2log (R3r-2))’

The following cases occur: (i) @1 > g, (ii) ¢; < «g. If case (i) occurs then we choose in
(4.168) @ = o and we have

P2K? < % M2(1—60) 2600, (4.169)
Rl

where

_ log(M*p72/C)
N log (R%r—2 log (Rzr—z)) ’

6o (4.170)

where C > 1, depends on A and A only.

Now consider case (ii). We have either
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pn—4M2
o) = ColOg T > Co,

or

,On_4M2
o = Co = Colog | —7— |

4.171)

4.172)

where Cy is the same constant which appears in (4.166). Let us introduce the notation

~ 1 1
fo = L = —
0 Colog (RIr—2log (R3r—2)) ! Colog !

If (4.171) occurs then, recalling that &y < o, we have trivially
M2 pn—4M2
01 log ) <log %z )

K2 < M2(1—§o)82§0_

hence

If (4.172) occurs then we have trivially
~ M?
0() lOg 8—2 < 1,

M201 < 88291.

hence

Also, by standard regularity estimates for parabolic equations we have

<C1

K< —
— 2
Rl

M2

where C depends on A only. Therefore (4.174) and (4.175) yield

K2 < Sl = ﬂMz(l—%)Mﬁo < ﬂMz(l—%)gz%
2 ) = 52 :
R R? R?

4.173)

4.174)

(4.175)

(4.176)

. . . R?
Now there exists a constant C > 1, depending on A and A only, such that if ,02 < ﬁ

then we have 50 < 6. Therefore by (4.169), (4.173), (4.175) and (4.176), we get

K2 < % M2(1—§0)82§0’
R15,0

4.177)
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for every R € (O,Eo], r e (O, e_l/le], p € (el/zr, %], where C> > 1, depends

on A only. N N
In the case g (0,0) # & we can consider a linear transformation § : R" — R",

. n .. . .
Sx = {S-l/'xj},'zl’ such that, denoting g%/ (y,1) = mS,’cgkl (S7'y,1) S/, we have
29 (0,0) = 8"/ and

B, /i C S(B,) C B /5, forevery o > 0.

Therefore, by a change of variables, by using the inequality (4.177) and the trivial
-1
inequality r2 <log riz) > r3, for every r € (0, 1) the thesis follows. O

COROLLARY 4.2.7 (Spacelike strong unique continuation). Let u € H>! (BR X (O, Rz))
satisfy inequality (4.145).
If for every k € N we have

/ w2 (x,0)dx = 0 (1*), asr >0, (4.178)
then

u(.,00=0, inBg.
PROOF. Is the same as the proof of Corollary 4.1.7. (]

In order to state the theorem below we need to introduce some new notations. Let E
and R be positive numbers, 7) € R and let ¢ : R"~! x R — R be a function satisfying the
conditions

% (0,0) =|Vye(0,0)] =0, (4.179)
2 2
190, (o) * R IVl () + R | D] (o)
2
+R ||3t<p||Loo(ergr> < ER, (4.180)

where Qs = By x [0, R?).
For any numbers p € (0, R], T € [O, Rz), denote by

Qp.p = {(x,t) € B, x (0, p2> DXp > (p(x’,t)},
Opo (M) ={xeB,:x,>0(x, 1)},
Ty = [(x,t) € B, x (O, p2) : Xp :(p(x/,t)].

THEOREM 4.2.8 (two-sphere one-cylinder inequality at the boundary). Let P be a second
order parabolic operator as in Theorem 4.2.6. Let ¢ : R*™1 x R — R be a function
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satisfying (4.179) and (4.180). Assume that u € H>! (QR,(,,) satisfies the inequality

pul < A (Y o (4.181)
ul < R %) in QRr.y .
and

u(x,t) =0, forevery (x,t) €I'g . (4.182)

Then there exist constants ny € (0, 1) and C > 1, depending on X, A and E only, such
that for everyr, p, 0 <r < p < mR, we have

/ u? (x,0)dx
0,(0)

CR2 1-6; 6>
<— (R / u*dx / w? (x,0)dx | (4.183)
'0 QR,w Qr,(p(o)

. 1
_Clogg'

where

0> (4.184)

For the sake of simplicity, here we give a proof of Theorem 4.2.8 with the following

additional condition on the matrix {g" (x, 1) }?j=1 :

n 1/2
. . 2 A
(Z (g” (x, 1) — 8" (x, r)) ) = @lr—rl (4.185)

i,j=1

for every (x,1), (x, 7) € R**L,
An outline of the proof of Theorem 4.2.8 (without condition ((4.185)) is given in [33].
We need the following proposition proved in [93].

PROPOSITION 4.2.9. Let Ay and Ao be positive numbers, with Ao € (0, 1]. Let A (t) be a
n X n symmetric real matrix whose entries are Lipschitz continuous in R. Assume that

MIEP<A@DE-E <Ay |E*, foreveryE e R" and seR,  (4.186)

d
‘d—A(t) < Ao, ae inR. (4.187)
S

Denote by v/ A (t) the positive square root of A (t). We have

d
‘51/A (1)

<2570, ae inR. (4.188)
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PROOF OF THEOREM 4.2.8 WITH CONDITION (4.185). Let us introduce the following
notations. Let ¢ : R*— R” and ®; : R*"t' — R"*! be, respectively, the maps
V1 3a ) = (Vo + (¥, 7)) and @1 (v, 1) = (Y1 (v, 7), 7). We have @; (y',0,7) =
(y’, 0] (y’, r) , ‘L’), for every y/ € R""! ¢ e R. Furthermore, denoting R| = H—%’ by
(4.180) we have

1 (B x [0.R})) € Q.. (4.189)
Denote
oy (v, 1)\ ! oy (v, o\ "\
e o= (PED) e @0, r))((—‘”1 0-0) ) ,
y dy

(here %}yt) is the Jacobian matrix of ),
ur (v, 0) = u (P (y, 7))
and

(Pru) (v, 1) = div (g7 (v, 7) Vyur ) + e,

‘We have

v (v O\ ((9v o\ L
(Pu) (1 (3, D) = (Prun) (v, r)—( i T)) (( ne f)> ) Vyur.

By (4.143), (4.144), (4.180), (4.181), (4.185) and (4.189) we have that there exist 1| €
(0, 1], A1 > 0, A1 depending on A and E only, and A depending on A, A and E only,
such that, when (y, 1), (z,5) € R & € R", we have

MR = > g nngg <A IER, (4.190)

i,j=1

n B N 1/2
(Z (g’{ 0.0 - g’ s))2> < 1;—]1 (ly — 4T — s|)1/2, (4.191)

ij=1
1/2
& ij ij 2\ Ay
> (gl (>, 7) — & (y,s)) < glt=sl (4.192)
ij=1 1

and

[Vurl  upl . 5
|P1u1|§A1< +25 ). B x[0R}). (4.193)
Ry R;
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Furthermore
u (v,0,7) =0, foreveryy € Byt e [o, R%) . (4.194)

Now let H (r) and S (t) be, respectively, the positive square root of g (0, ) and the
Lipschitz continuous rotation of R”, such that S (t) e, = vers (H (t) e,), forevery T € R.

Denote
K@ =H@®) 'S,
&' G.o=K@) g (K @7, 1) ((K (r))‘l) :
uj (;’ T) =Uuj (K (t) 3;7 T) )
(Pouz) (3. 7) = div (g () Vyuz) + ot
We have

gz_l 0,7) =1,, foreveryt eR,
(Prur) (K (1)5,7) = (Pauz) (7, 1) — (K' (1)) K~ (2) Vyus.
By (4.190)—(4.194) and by Proposition 4.2.9 we have that there exist A, € (0, 1], A > 0

and C > 1, 1, depending on X and E only, and A», C depending on A, A and E only, such
that we have, setting Ry = %, for every (7, 1), (Jx, s) € R"T1 & e R”,

n ..
MlEP <> e GooEs <1 8P, (4.195)
i, j=1
1/2
n o i 2 A2 - - 1/2
(Z (¥ G.v) = 8 G ) ) < 2 (F=FP+ir—s1) . @196
ij=1
1/2
n S L 2 A2
(Z (g’z’ 0.1 — g (y*,S)> ) < =S lt—sl, (4.197)
i j=1 R;
[Viua|  uzl .
|Pyus| < Az( ;2 + ) B} x [o, R%) (4.198)
and
uy (3,0,7) =0, foreveryy € By .7 € [0, R%) : (4.199)

For the sake of brevity, we shall omit the sign “~ over y.

Now we adapt ideas in [1] to the case of time varying coefficients. Let ¢ be a function
belonging to C§° (R"~!), such that supp¢ C B, ¢ > 0and [p.1 ¢ (') dy’ = 1. Denote



Unique continuation properties for parabolic equations 491

by &) the function y,ll_"g (;—;> Denote
B, 1) = —gz_l (2,0, 7) en,
wi (2 zn 1) =2j =2 (Cy ¥ B; (D) (£)s J=1,...,n—1,
Wy (Z/, n, T) = —Zn (é‘(n) * B (., 'L')) (z/) .

With v, (., 7) : R" — R" we denote the map whose components are defined as follows,
foreachj=1,...,n

w; (z/,zn,r), forz, > 0,
4w;j (', zn, 7) = 3wj (¢, 20, T), forz, <O.

W2)j (' zn 1) = {

It turns out that v is a C!! function with respect to z and it is a Lipschitz continuous
function with respectto T € [O, R%) Moreover there exist constants C1, Cp, C3 € [1, +00)

depending on A, A and E only, such that, setting p; = g—?, 02 = g—;, we have, for every
€ [0, R),

() Y2 (z, ) € Bp,, forevery z € B,,,
(i) ¥2 (2,0, 7) = (2, 0), forevery 2’ € B,

0’
cen + +
(1) ¥ (z,7) € B, for every z € B,

(iv) C3_l |z — 24l < V2 (2, T) — Y2 (24, T)| < C3 |z — 24|, forevery z, z« € Bp,,

< C3,forevery z € By,,

32Y2(z,7)
v |G

. -1 Y2 (z,7)
vi) €5 < |det 20

< C3, forevery z € By,.

Let us denote

u3 (z, 1) =uy (Y (z,7),71),J (2, 7) = det%j’r) ,
. ez 0\ oy (2 0\ 7'\
83 "z = <28—y> & "Wz 1), 1) ((g—z) ) .

We have, for every 7 € [0, R3) and 7’ € B,

J 0,08 0,7) = In,
eV (,0,1) =gl (£,0,7) =0, forj=1,....,n—1.
Moreover by (4.195)—(4.197) we have that there exist A3 € (0, 1], A3 > 0 depending on

A, A and E only, such that for every (z, 1), (z4, 5) € B;‘z X [O, ,0%) and every £ € R" we
have

MlEP < Y g corEE <5 8P,

ij=1
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1/2
n .. .. 2 A3 ]/2
(Z (813] (z.7) — g5 (Z*,S)) ) SR—3<|z—z*|2+|T—SI) .

ij=1
By (4.198) we have
\%
‘div (gs_IVZm) + 31u3‘ <C [Vus| + @ , in B;rz x [O, p%) ,
P2 P>

where C depends on A, A and E only.

For every (z,7) € By, X (—p%, 0], let us denote by §3_1 (z,7) = {E;j (z, r)} the

n
i

symmetric matrix whose entries are given by

§;j (2 20 7) =g§j (¢ 1zal, 7)., ifeither1 <i,j<n—1 ori=j=n,
& ) = (£ 1)
=sgn(z) g (. lzal 7). ifl1<j<n—L

It turns out that g5 ! satisfies the same ellipticity condition and Lipschitz condition as g5 I
Denoting
v(z, 1) =sgn(zp)uz (. |zal, 7)), forevery (z, 1) € By, x [0, p§>,

we have that v belongs to H>! (B,, x (—p3,0)) and satisfies the inequality

div (7! [Vus|  |usl . 2
v (g3 Vzu3) + d;uz| <C s + F , in By, x |0, pz) ,
2

where C depends on A, A and E only.

By Theorem 4.2.6 we have that there exist constants 72 € (0, 1) and C > 1 depending
on A, A and E only, such that for every 0 < r < p < 202, we have

/ v? (x,0) dx
By

CP% —2/
e

/02 2 B

1
Clog 2’

1-04 9,
vde> ( / v? (x, 0) dx> , (4.200)
x(0.03) .

2

where

01 =
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Now, denoting by ¥r3 (z,7) = ¥1 (I' (r) ¥2 (z, T), T), we have for every p € (0, p2) and
v €[0,03)

Qc-154 (1) C W3 (., 1) (BF) C Qcpp(T), (4.201)
where C > 1, depends on A, A and E only. By (4.200) and (4.201), by using the change
of variables x = Y13 (z, 7), t = T we obtain (4.183). O

COROLLARY 4.2.10 (Spacelike strong unique continuation at the boundary). Let P be a
second order parabolic operator as in Theorem 4.2.6. Let ¢ : R"~! xR — R be a function
satisfying (4.179) and (4.180). Assume that u € H*' (Qr.) satisfies the inequality

[Vul  ul

|Pul < A <T + F) . inQRry

and
u(x,t) =0, forevery (x,t) € 'gy.

If for every k € N we have

/ uz(x,O)dsz(r2k>, asr — 0,
0r.4(0)

then

u(,0)=0, inQgry(0).

PROOF. It is the same as the proof of Corollary 4.2.7. (]

4.3. Stability estimates from Cauchy data

We are given positive numbers R, T, E, A and A such that A € (0, 1]. Let us consider the
following parabolic operator

Lu=29 (g"f (x, 1) a,-u) — o+ by (o, 1) du + ¢ (x, D), (4.202)

where {g'/ (x, t)}?j:1 is a real symmetric n x n matrix. When & € R” (x,1), (y,7) €

R"+! assume that

MEP < Y g (&g < a7 g (4.203)

ij=1
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and

12
(|x Pt — z|) . (4204)

>:I>

; 2\ 12
(Z (gi/ (x, 1) —g" (v, f)) )

i,j=1
Concerning b; (x,t),i = 1,...n and ¢ (x, t), we assume that
n
R Wbill s oty + R lell o oy < A (4.205)
i=1
Let ¢ : R"~! x R — R be a function satisfying the conditions
@ (0) = |Vyp (0)] =0, (4.206)

10l (s + R IVl () + B HD%H iy = R (4.207)

For any positive numbers p and 7y denote

D,y = {x €EB,:x,>¢ (x’)}, Dg)’(p =D, x (0,10),
l"p,@:{xeBp:x,,:(p(x/)}’ F?,¢:Fp,¢x(09t0)~

If x = (x', ¢ (x')), we denote by v (x), or simply by v, the unit vector of R"~!

(Vog (). 1)

V1I+Vep ()

THEOREM 4.3.1. Let L be the parabolic operator (4.202). Let u € H>! (DIT? (p) be a

solution to the equation

v(x) =

Lu=0, inDpg,. (4.208)

Let

= ;s RH iy, . 4209
€ ”u”H%’%(FRW) + g ojuv; H%’%(F,ﬁ,w) ( )

There exist constants C, n3 € (0, 1), s1 € (0, 1) depending on A, A and E only, such that
foreveryr € (O, min iR, ﬁ}) we have

s I—s1
||”||L2(Dy,3r,<p><(r2,T)) <C <8 1 ”M“LZ(DIQW) + 8) . (4.210)
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If, in addition, u satisfies
u(x,00=0, inDgy, 4.211)

then we have, for every r € (0, R],

u <cletu)t= . 46, 4212
LT ( Il g ) 4212)

where C depends L, A and E only.

PROOF. By using the extension theorem in Sobolev spaces, [74], there exists v €
2,1 T
H (DR,¢> such that

v =u, g70jvv; = gV djuvi, onTp, (4.213)
and

vl ) < Ceg, (4.214)

H>(Dk

where C depends on E only. Let w = u — v. We have that w € H?>! (DITW) and w
satisfies

Lw=—Lv, inDg,, (4.215)

w =0, g/9;wv; =0, onTg . (4.216)
Define

?_ —Lv, In DITQ’W,

0. in (Brx(0.T)) \ Dg,
and
, inD} .
w = w ?n R.¢ T
0, in (Bg x (0, 7)) ~ DR#).

Since w = g/ 9;wv; = 0, on FITW, we have w € H>! (Bg x (0, T)) and w satisfies

Lw=f, inBgx(0,T). 4.217)

Letz € H%! (Bg x (0, T)) be the solution to the following initial-boundary value problem

{LZ =7, in Bg x (0,7), (4.218)

2)9,(Brx(0,7)) = 0,

where 9, (Bg x (0,T)) = (0Bg x (0, T]) U (Bg x {0}) is the parabolic boundary of
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Br x (0, T). We have by (4.214) and (4.218)

ra /
1zl 2 B0, = € 1 F | 2sex0.1yy = €6 (4.219)

where C and C’ depend on A, A and E only. Denote by w; the function w — z, by (4.217)
and (4.218) we have w; € H>! (Bg x (0, T)) and

Lwy =0, inBgx(0,T). (4.220)

Let r be any number belonging to (0, min {R, ﬁ}] Let us denote by r; = r min { %, % },

ry = niri, r3 = 4L, where 1 is defined as in Theorem 4.2.6. Note that, by (4.206) and
(4.207) we have

By (—r3en) C BR ~\ Dp . 4.221)

Since Lw; = 0, in By, (—r3e,) x (0, T), by Theorem 4.2.6 we have, for every 1 € [r2, T],

2
”wl (‘7 t)”Lz(Brz(*rBen))

251 2(1=s1) (4.222)

< UL DI g oy 191 OIS 0

where C and s1, 51 € (0, 1), depend on A and A only. By integrating both sides of the last
inequality with respect to ¢ over (rz, T) and by the Holder inequality, we get

2
”wl||L2(B,2(—r3e,,)x(r2,T))
23 2(1—
< C w7y w1295 (4.223)

L2(Byy (—r3en)x (r2,T)) L2(By, (=r3e2)x(0,7))

where C depends on A and A only.

By (4.214) and (4.219), using the triangle inequality and recalling the definition of w
we have

lwill 22, (—rsenx©,1) = ||M||L2(D£‘¢) + Ce, (4.224)

where C depends on A, A and E only.
By (4.221) we have wy = —z in B, (—r3e,) x (0, T), so using (4.219) we have

||w1 ||L2(Br2(—r3e,l)><(r2,T)) < CS, (4225)

where C depends on A, A and E only.
Since D34,y C By, (—r3ey) N Dg o, using (4.214) and (4.219) and the triangle inequality
we have

>
lwilli2s, reox ) 2 W0l 2.m)

=llu—v—z| )—CS’

>
LZ(D3r3,¢,><(r2,T)) =z llu ||L2(D3r3‘¢ x(r2,T)
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therefore
Wl (D g 2.my) = 11208 s 2.1)) €8 (4.226)

where C depends on A, A and E only.
By (4.223)—(4.226) we obtain

1—
l[uell <c|e&ful )+8 ;

L2 (D,Q .
where C depends on A, A and E only, so (4.210) is proved.

To prove (4.212) we only need some slight variations of the previous proof. Indeed, due
to (4.211) we can choose the function v in such a way that, besides (4.224) and (4.225), v
satisfies v (., 0) = 0 on Dg . Therefore w; € H*! (Bgr x (0, T)) and

12(Dsry o x (2.7 )

wi (.,0) =0, in Bg.
Now, considering the trivial extension w; of wj to Bg x (—o0, T)

~ _ Jwi, inBg x(0,7),
YI=10, inBg x (—00,0),

we have that I, € H>! (Bg x (—o0, T)) and
Lwy =0, inBg x (=00, T).

Therefore applying Theorem 4.2.6 to the function w; we have that (4.222) holds true for
every t € [0, T]. Hence we can replace interval (r2, T) with interval (0, T') in (4.223).
Finally, by definition of w1, we have

1—s9
T
L2 (DM

where C depend on A, A and E only, so (4.212) is proved. U

l[ull ) <C|&" ull

2 T
L (D3r3.(p

+e,
)

References

[1] V. Adolfsson, L. Escauriaza, C1 domains and unique continuation at the boundary, Comm. Pure Appl.
Math. L (1997) 935-969.

[2] V. Adolfsson, L. Escauriaza, C.E. Kenig, Convex domains and unique continuation at the boundary, Rev.
Mat. Iberoamericana 11 (3) (1995) 513-525.

[3] S. Agmon, Unicité et convexité dans les problemes différentiels, Les presses de I'Université de Montreal,
1966 .

[4] S. Agmon, L. Nirenberg, Lower bounds and uniqueness theorems for solutions of differential equations in
a Hilbert space, Comm. Pure Appl. Math. 20 (1967) 207-229.

[5] G. Alessandrini, E. Beretta, E. Rosset, S. Vessella, Optimal stability for inverse elliptic boundary value
problems with unknown boundaries, Ann. Sc. Norm. Sup. Pisa CI. Sci. (4) XXIX (2000) 755-806.



498

(6]

[7

—

(8]
[91

[10]
[11]
[12]
[13]
[14]

[15]
[16]

[17]

[18]
[19]

[20]
[21]

[22]
[23]
[24]
[25]
[26]

[27]

[28]
[29]

[30]
[31]

[32]

[33]

S. Vessella

G. Alessandrini, S. Vessella, Local behaviour of solutions to parabolic equations, Comm. Part. Differential
Equations 13 (1988) 1041-1058.

G. Alessandrini, S. Vessella, Remark on the strong unique continuation property for parabolic operators,
Proc. AMS 132 (2) (2004) 499-501.

B.K. Amonov, The stability of solution of Cauchy problem for a second order equation of parabolic type
with data on a time-like manifold, Funkcional. Anal. i PriloZen 6 (3) (1972) 1-9.

B.K. Amonov, S.P. Shishatskii, An a priori estimate of the solution of the Cauchy problem with data on a
time-like surface for a second order parabolic equation and related uniqueness theorems, Dokl. Akad Nauk
SSSR 206 (1) (1972) 11-12.

N. Aronszajn, Sur 'unicité du prolongement des solutions des équations aux dérivées partielles elliptiques
du second ordre, C. R. Acad. Sci. Paris 242 (1956) 723-725.

N. Aronszajn, A. Krzywicki, J. Szarski, A unique continuation theorem for exterior differential forms on
Riemannian manifolds, Ark. Matematik 4 (34) (1962) 417-453.

D.G. Aronson, Non-negative solutions of linear parabolic equations, Ann. Sc. Norm. Sup. Pisa Cl. Sci.
XXII (1968) 607-694.

C. Bardos, L. Tartar, Sur l'unicité rétrograde des équations paraboliques et quelques questions voisines,
Arch. Rat. Mech. Anal. 50 (1973) 10-25.

J.R. Cannon, A priori estimate for continuation of the solution of the heat equation in the space variable,
Ann. Mat. Pura Appl. (4) 65 (1964) 377-387.

J.R. Cannon, A Cauchy problem for the heat equation, Ann. Mat. Pura Appl. (4) 66 (1964) 155-165.

J.R. Cannon, The One-dimensional Heat Equation, in: Encyclopedia of Mathematics and its Applications,
vol. 83, Addison-Wesley, New York, 1984.

B. Canuto, E. Rosset, S. Vessella, Quantitative estimates of unique continuation for parabolic equations
and inverse initial-boundary value problems with unknown boundaries, Trans. Amer. Math. Soc. 354 (2)
(2002) 491-535.

B. Canuto, E. Rosset, S. Vessella, A stability result in the localization of cavities in a thermic conducting
medium, ESAIM: Control Optim. Calc. Var. 7 (2002) 521-565.

T. Carleman, Sur un probléeme d’unicité pour les systemes d’équations aux dérivées partielles a deux
variables, Ark. Mat. Astr. Fys. 26B (17) (1939) 1-9.

X.Y. Chen, A strong unique continuation theorem for parabolic equations, Math. Ann. 311 (1996) 603-630.
D. Colton, The noncharacteristic Cauchy problem for parabolic equations in one space variable, SIAM J.
Math. Anal. 5 (1974) 263-272.

H.O. Cordes, Uber die eindeutige Bestimmtheit der Losungen elliptischer Differentialgleichungen durch
Anfangsvorgaben, Nachr. Akad. Wiss. Gottingen. Math.-Phys. KI. ITa. (1956) 239-258.

R. Courant, D. Hilbert, Methods of Mathematical Physics, Vol. 1, Wiley Interscience, New York, 1962.
De-yuan’ Li, An inequality for the parabolic operator, Sci. Sinica 12 (1963) 1425-1467.

M. Di Cristo, L. Rondi, S. Vessella, Stability properties of an inverse parabolic problem with unknown
boundaries, Ann. Mat. Pura Appl. (4) 185 (2) (2006) 223-255.

D. Del Santo, M. Prizzi, Backward uniqueness for parabolic operators whose coefficients are non-Lipschitz
continuous in time, J. Math. Pures Appl. 84 (2005) 471-491.

D. Del Santo, M. Prizzi, On the backward uniqueness property for a class of parabolic operators, in: Bove,
Antonio, et al. (Eds.), Phase Space Analysis of Partial Differential Equations, in: Progress in Nonlinear
Differential Equations and Their Applications, vol. 69, Birkhiuser, Basel, 2006, pp. 95-105.

D. Del Santo, M. Prizzi, On the absence of rapidly decaying solutions for parabolic operators whose
coefficients are non-Lipschitz continuous in time, Proc. Amer. Math. Soc. 135 (2) (2007) 383-391.

M.M. Eller, V. Isakov, Carleman estimates with two large parameters and applications, Contemp. Math.
268 (2000) 117-136.

L. Escauriaza, F.J. Fernandez, Unique continuation for parabolic operator, Ark. Mat. 41 (1) (2003) 35-60.
L. Escauriaza, G. Seregin, V. Sverak, Backward uniqueness for the heat operator in a half-space, St.
Petersburg Math. J. 15 (1) (2004) 139-148.

L. Escauriaza, S. Vessella, Optimal three cylinder inequalities for solutions to parabolic equations with
Lipschitz leading coefficients, in: G. Alessandrini, G. Uhlmann (Eds.), Inverse Problems: Theory and
Applications, in: Contemporary Mathematics, vol. 333, American Mathematical Society, Providence, RI,
2003, pp. 79-87.

L. Escauriaza, FJ. Fernandez, S. Vessella, Doubling properties of caloric functions, Appl. Anal. 85 (1-3)
(2006) Special issue dedicated to the memory of Carlo Pucci, editors R. Magnanini and G. Talenti.



(34]
[35]

[36]
[37]

[38]
[39]

[40]
[41]

[42]
[43]
[44]
[45]
[46]
[47]
[48]
[49]
(501
(511
[52]
[53]
[54]
[55]
[56]
[57]
[58]

[59]
[60]

[61]

[62]
[63]

[64]

[65]

Unique continuation properties for parabolic equations 499

L.C. Evans, Partial Differential Equations, American Mathematical Society, Providence, 1998.

FJ. Fernandez, Unique continuation for parabolic operator II, Comm. Part. Differential Equations 28
(9&10) (2003) 1597-1604.

A. Friedman, Partial Differential Equation of Parabolic Type, Prentice Hall, Englewood Cliffs, NJ, 1964.
A.V. Fursikov, O.Yu. Imanuvilov, Controllability of Parabolic Equations, in: Lecture Notes, vol. 34, Seoul
National University, Seoul Korea, 1996.

N. Garofalo, FH. Lin, Monotonicity properties of variational integrals Ap-weights and unique
continuation, Indiana Univ. Math. J. 35 (1986) 245-267.

M. Gevrey, Sur la nature analytique des solutions des équations aux dérivées partielles, Primier mémoire.
Ann. Sci. Ecole Norm Sup. 35 (3) (1918) 129-190.

J.-M. Ghidaglia, Some backward uniqueness results, Nonlinear Analysis TMA 10 (1986) 777-790.

D. Gilbarg, N. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd ed., Springer, Berlin,
1983.

R.Ja. Glagoleva, Some properties of solutions of a linear second order parabolic equation, Math. USSR-
Sbornik 3 (1) (1967) 41-67.

J. Hadamard, Lectures on Cauchy’s Problem in Linear Partial Differential Equations, Dover, New York,
1953.

D.N. Hao, A noncharacteristic Cauchy problem for linear parabolic equations and related inverse problems.
1. Solvability, Inverse Problems 10 (2) (1994) 295-315.

C.D. Hill, Parabolic equations in one space variable and the non-characteristic Cauchy problem, Comm.
Pure Appl. Math. 20 (1967) 619-633.

E. Holmgren, Sur [’equation de la propagation de la chaleur, Ark. Mat. Fys. 14 (1908) 1-11.

L. Hormander, Linear Partial Differential Operators, Springer, New York, 1963.

L. Hoérmander, The Analysis of Linear Partial Differential Operators, Springer, New York, 1985.

L. Hormander, Uniqueness theorems for second order elliptic differential equations, Comm. Partial
Differential Equations 8 (1983) 21-64.

F. John, Continuous dependence on data for solutions of partial differential equations with a prescribed
bound, Comm. Pure Appl. Math. XIII (1960) 551-585.

V. Isakov, Carleman type estimate in an anisotropic Case and applications, J. Differential Equations 105
(2) (1993) 217-238.

V. Isakov, Inverse Problems for Partial Differential Equations, Springer, New York, 1998.

V. Isakov, Some inverse problems for the diffusion equation, Inverse Problems 15 (1999) 3-10.

V. Isakov, Carleman type estimates and their applications, in: K. Bingham, Ya.V. Kurylev, E. Sommersalo
(Eds.), New Analytic and Geometric Methods in Inverse Problems, in: Lectures given at the EMS Summer
School and Conference, Edinburgh, 2000, Springer, 2000.

S. Ito, H. Yamabe, A unique continuation theorem for solutions of a parabolic differential equation, J. Math.
Soc. Japan 10 (1958) 314-321.

C.E. Kenig, Some recent quantitative unique continuation theorems, Semin. Equ. Dériv. Partielles, Ecole
Polytech., Palaiseau, 2006.

C.E. Kenig, W. Wang, A note on boundary unique continuation for harmonic function in non-smmooth
domains, Potential Anal. 8 (1998) 143-147.

M.V. Klibanov, A. Timonov, Carleman estimates for coefficient inverse problems and numerical
applications, in: Inverse and I11-Posed Problems Series, VSP, Utrecht, 2004 .

M.V. Klibanov, Inverse problems and Carleman estimates, Inverse Problems 8 (1992) 575-596.

H. Koch, D. Tataru, Carleman estimates and unique continuation for second order parabolic equations with
nonsmooth coefficients, 11 Apr 2007. arXiv: 0704.1349v1[math.AP] .

P. Knabner, S. Vessella, Stabilization of ill-posed Cauchy problems for parabolic equations, Ann. Mat. Pura
Appl. 149 (1987) 393-409.

1. Kukavica, Quantitative uniqueness for second-order elliptic operators, Duke Math. J. 91 (1998) 225-240.
I. Kukavica, N. Kaj, Unique continuation on the boundary for Dini domains, Proc. Amer. Math. Soc. 126
(2) (1998) 441-446.

0O.A. Ladyzhenskaya, V.A. Solonnikov, N.N. Ural’tseva, Linear and Quasilinear Equations of Parabolic
Type, in: Transl. Math. Monogr., vol. 23, AMS, Providence, RI, 1968.

E.M. Landis, Some questions in the qualitative theory of elliptic and parabolic equations, Amer. Math. Soc.
Transl. 2 (20) (1962) 173-238.


http://arxiv.org//arxiv:0704.1349v1

500

[66]

[67]

[68]
[69]
[70]
(71]
(72]
(73]
[74]
[75]
[76]
(7]
(78]
[79]
(80]
[81]
[82]
[83]
[84]
[85]
[86]
[87]
[88]
[89]
[90]
[91]
[92]
(93]
[94]

[95]

S. Vessella

E.M. Landis, A three sphere theorem, Dokl. Akad. Nauk SSSR 148 (1963) 277-279, Engl. trans. Soviet
Math. Dokl. 4 (1963) 76-78.

E.M. Landis, Some problems of the qualitative theory of second order elliptic equations (case of several
independent variables), Uspehi Mat. Nauk 18 (1) (1963) 3-62, Engl. trans. Russian Math. Surveys 18
(1963) 1-62.

E.M. Landis, O.A. Oleinik, Generalized analyticity and some related properties of solutions of elliptic and
parabolic equations, Russian Math. Surveys 29 (1974) 195-212.

M.M. Lavrentiev, V.G. Romanov, S.P. Shishatskii, Ill-posed Problems of Mathematical Physics and
Analysis, in: Transl. Math. Monogr., vol. 64, AMS, Providence, RI, 1986.

PD. Lax, A stability theorem for solutions of abstract differential equations and its application to the study
of the local behavior of solutions of elliptic equations, Comm. Pure Appl. Math. 9 (1956) 747-766.

M. Lees, M.H. Protter, Unique continuation for parabolic equations, Duke Math. J. 28 (1961) 369-382.
G.M. Lieberman, Second Order Parabolic Differential Equations, World Scientific, London, 1996.

F.H. Lin, A uniqueness theorem for parabolic equations, Comm. Pure Appl. Math. XLIII (1990) 127-136.
J.-L. Lions, E. Magenes, Non-homogeneous Boundary Value Problems and Applications I, II, Springer,
New York, 1972.

J.-L. Lions, B. Malgrange, Sur l’unicité rétrograde dans les problémes mixtes paraboliques, Math. Scand.
8 (1960) 277-286.

N. Mandache, On a counterexample concerning unique continuation for elliptic equations in divergence
form, Math. Phys. Anal. Geom. 1 (1998) 273-292.

K. Miller, Non-unique continuation for certain ode’s in Hilbert space and for uniformly parabolic and
elliptic equations in divergence form, Arch. Rat. Mech. Anal. 54 (1963) 105-117.

L. Nirenberg, Uniqueness in Cauchy problems for differential operators with constant leading coefficients,
Comm. Pure Appl. Math. 10 (1957) 89-105.

L.E. Payne, Improved stability estimates for classes of illposed Cauchy problems, Appl. Anal. 19 (1985)
63-74.

A. Pli§, On non-uniqueness in Cauchy problem for an elliptic second order differential equation, Bull. Acad.
Polon. Sci. Math Astronom. Phys. 11 (1963) 95-100.

C.C. Poon, Unique continuation for parabolic equations, Comm. Partial Differential Equations 21 (1996)
521-539.

M.H. Protter, Properties of solutions of parabolic equations and inequalities, Canad. J. Math. 13 (1961)
331-345.

C. Pucci, Alcune limitazioni per le soluzioni di equazioni paraboliche, Ann. Mat. Pura Appl. IV (48) (1959)
161-172.

C. Pucci, Nuove ricerche sul problema di Cauchy, Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. 1 (3)
(1953) 45-67.

J.-C. Saut, B. Scheurer, Unique continuation for some evolution equations, J. Differential Equations 66
(1987) 118-139.

S.P. Shishatskii, A. Asanov, E.R. Atamanov, Uniqueness Problems for Degenerating Equations and
Nonclassical Problems, in: Inverse and I1l-Posed Problems Series, VSP, Utrecht, 2001.

C.D. Sogge, A unique continuation theorem for second order parabolic differential operators, Ark. Mat. 28
(1) (1990) 159-182.

D. Tataru, Unique continuation problems for partial differential equations, in: Geometric methods in inverse
problems and PDE conro, in: IMA Vol. Math. Appl., vol. 137, Spriner, New York, 2004, pp. 239-255.

F. Treves, Linear Partial Differential Equations, Gordon and Breach Science Publisher, New York, 1970.
A. Tychonoff, Théoreme d’unicité pour I’équation de la chaleur, Math. Sbornik 42 (1935) 199-215.

A.A. Varin, Three-cylinder theorem for certain class of semilinear parabolic equations, Mat. Zametki 51
(1) (1992) 32-41.

S. Vessella, Three cylinder inequalities and unique continuation properties for parabolic equations, Rend.
Mat. Ac. Lincei, 9 13 (2) (2002) 107-120.

S. Vessella, Carleman estimates optimal three cylinder inequality and unique continuation properties for
solutions to parabolic equations, Comm. Partial Differential Equations 28 (3&4) (2003) 627-637.

S. Vessella, Quantitative estimates of unique continuation for parabolic equations determination of
unknown time-varying boundaries and optimal stability estimates, preprint .

C. Zuily, Uniqueness and Non-uniqueness in the Cauchy Problem, Birkhduser, Boston, 1983.



Author Index

Roman numbers refer to pages on which the author (or his/her work) is mentioned. Italic
numbers refer to reference pages. Numbers between brackets are the reference numbers.
No distinction is made between the first author and co-author(s).

Adams, R.A., 318, 324, 416 [1]

Adolfsson, V., 430, 490, 497 [1]; 497 [2]

Agmon, S., 36, 98 [1]; 98 [2]; 426, 429, 497 [3];
497 [4]

Alazard, Th., 96, 98 [5]; 98 [6]

Alessandrini, G., 427, 430, 443, 497 [5];
498 [6]; 498 [7]

Ali, G., 236, 309 [1]

Allain, G., 79, 98 [3]

Allaire, G., 60, 98 [4]

Alterman, D., 177, 309 [2]; 310 [3]

Alvarez-Samaniego, B., 4, 40, 44, 98 [7]; 98 [8]

Amann, H., 120, 166 [1]

Amirat, Y., 76, 99 [9]

Amonov, B.K., 429, 498 [8]; 498 [9]

Ancey, C., 80, 99 [10]

Antonsev, S.N., 96, 99 [11]

Aronson, D.G., 474, 498 [12]

Aronszajn, N., 429, 498 [10]; 498 [11]

Artola, M., 177, 310 [4]; 313 [104]

Asanov, A., 428, 500 [86]

Atamanov, E.R., 428, 500 [86]

Audusse, E., 43,94, 99 [12]; 99 [13]

Avellaneda, M., 77, 99 [14]

Bankoff, S.G., 9, 44, 45, 103 [143]
Barcilon, V., 32, 33, 99 [15]
Bardos, C., 426, 498 [13]

Basson, A., 77, 99 [16]

Beale, J.T., 79, 99 [17]; 99 [18]
Benzoni, S., 7, 99 [19]

Beretta, E., 430, 443, 497 [5]
Bernardi, C., 23, 99 [20]

Bers, A., 182, 311 [37]

501

Bertozzi, A.L., 7, 40, 80, 99 [21]; 103 [126]

Blaschke, W., 298, 310 [5]

Blayo, E., 32, 66, 99 [22]

Bloembergen, N., 173, 180, 262, 303, 310 [6]

Bol, G., 298, 310 [5]

Bolley, P, 37, 39, 99 [23]

Bona, J., 44, 99 [24]; 266, 310 [7]

Borkenstein, J., 366, 416 [2]

Born, M., 173, 181, 262, 310 [8]

Bothe, D., 114, 151, 152, 166 [2]; 166 [3];
166 [4]

Boucheres, T., 306, 310 [9]

Bouchut, F.,, 3,7, 44, 78, 98, 99 [25]; 99 [26];
99 [27]; 101 [88]; 104 [165]

Bourgeade, A., 306, 310 [9]

Boutounet, M., 3, 80, 99 [28]

Boyd, R., 173, 181, 262, 303, 306, 310 [10]

Bresch, D., 7, 12-17, 21, 26-28, 30, 32, 33, 35,
37, 39, 40, 42, 44, 57, 60, 62, 64-66, 70,
75-78, 90, 93, 94, 96, 99 [9]; 99 [30]; 99 [31];
99 [32]; 99 [33]; 99 [34]; 99 [35]; 99 [36];
99 [37]; 100 [38]; 100 [39]; 100 [40];
100 [41]; 100 [42]; 100 [43]; 100 [44],
100 [45]; 100 [46]; 100 [47]; 100 [48];
100 [49]; 100 [50]; 100 [51]; 100 [52];
100 [53]; 100 [54]; 100 [55]; 101 [88]

Brezis, H., 133, 166 [5]

Bristeau, M.-O., 40, 94, 99 [13]; 103 [149]

Browning, G., 199, 310 [11]

Bryan, K., 32, 99 [29]

Bucur, D., 76, 77, 99 [31]; 100 [56]; 100 [57];
100 [58]

Bui, A.T., 23, 100 [59]

Burger, R., 98, 100 [60]



502 Author Index

Burns, J.A., 349, 416 [3]
Bustos, M.C., 98, 100 [60]

Camassa, R., 40, 100 [61]; 100 [62]

Camus, J., 37, 39, 99 [23]

Cannon, J.R., 428, 498 [14]; 498 [15]; 498 [16]

Canuto, B., 429, 448, 457, 498 [17]; 498 [18]

Carleman, T., 428, 498 [19]

Carles, R., 177, 250, 310 [12]; 310 [13];

310 [14]; 310 [15]; 310 [16]; 310 [17];
310 [18]; 310 [19]

Carlson, D.E., 322, 416 [4]

Carrier, G.F,, 32, 100 [63]

Carvalho Pereira, D., 366, 416 [5]; 416 [6]

Casado-Diaz, J., 77, 100 [64]

Castro, M., 44, 101 [88]

Cattaneo, C., 317,416 [7]

Cessi, P, 32, 101 [68]

Chandrasekharaiah, D.S., 317, 385, 405, 415,
416 [8]

Chatelon, E.-J., 24, 43, 100 [65]; 103 [134]

Chemin, J.-Y., 26, 63, 101 [66]

Chen, G.-Q., 385, 416 [9]

Chen, X.Y., 430, 498 [20]

Chen, Y., 409, 420 [125]

Cheverry, C., 177, 237-239, 301, 309, 310 [20];
310 [21]; 310 [22]; 310 [23]; 310 [24]

Chikhi, J., 177, 310 [25]

Choi, Y.S., 120, 166 [8]

Choquet-Bruhat, Y., 236, 310 [26]; 310 [27]

Chrzgszezyk, A., 385, 416 [10]

Chueh, K.N., 375, 377,416 [11]

Chueshov, I.D., 43, 101 [67]

Chupin, L., 3, 80, 99 [28]

Colin, M., 265, 310 [29]

Colin, T., 32, 33, 99 [32]; 101 [69]; 265, 266,
306, 310 [7]; 310 [9]; 310 [28]; 310 [29];
310 [30]; 310 [31]

Colton, D., 428, 498 [21]

Concha, F., 98, 100 [60]

Conley, C.C., 375,377,416 [11]

Constantin, P., 32, 33, 99 [15]

Cordes, H.O., 429, 498 [22]

Corli, A., 237,301, 310 [32]; 310 [33]; 311 [34]

Courant, R., 183, 311 [35]; 311 [36]; 450,
498 [23]

Craig, W., 44, 58, 101 [70]; 101 [71]

Crooks, E.C.M., 108, 113, 166 [6]; 166 [7]

Dafermos, C.M., 329, 337, 385, 416 [9];
416 [12]; 416 [13]; 417 [14]

Dan, W., 385, 417 [15]

Dancer, E.N., 107, 108, 113, 166 [6]; 166 [7];
167 9]

Dassios, G., 366, 417 [16]

Davis, S.H., 9, 44, 45, 80, 101 [84]; 103 [143]

De Dieu Zabonsoré€, I., 43, 101 [72]

Del Santo, D., 426, 498 [26]; 498 [27]; 498 [28]

Delcroix, J.-L., 182, 311 [37]

Delort, J.-M., 10, 101 [74]

Deng, J., 32, 101 [75]

Desjardins, B., 7, 12-17, 21, 26, 36, 57, 63, 65,
66, 74, 90, 93, 94, 99 [33]; 99 [34]; 99 [35];
99 [36]; 99 [37]; 100 [38]; 100 [39]; 100 [40];
100 [43]; 101 [66]; 101 [73]; 101 [78]

Desvillettes, L., 90, 101 [77]

Di Cristo, M., 429, 498 [25]

Di Martino, B., 43, 101 [79]

DiBenedetto, E., 136, 167 [10]

DiPerna, R.J., 8, 101 [80]; 301, 311 [38]; 373,
379,417 [17]

Doll, M.S., 366, 417 [18]

Donnat, P, 173, 177, 191-193, 223, 227,
232-234, 260, 262, 311 [39]; 311 [40];
311[41]; 311 [42]

Douglis, A., 36, 98 [1]; 98 [2]

Dreher, M., 416, 417 [19]

Duistermaat, J.J., 213, 248, 249, 311 [43]

Dumas, E., 191, 252, 265, 266, 311 [44];

311 [45]; 311 [46]
Durek, U., 379, 384, 417 [20]
Dutrifoy, A., 26, 101 [81]; 101 [82]

Ei, S.I, 116, 167 [11]; 167 [12]

Eller, M.M., 428, 498 [29]

Erneux, T., 80, 101 [84]

Escauriaza, L., 427, 429, 430, 432, 460, 488,
490, 497 [1]; 497 [2]; 498 [30]; 498 [31];
498 [32]; 498 [33]

Essoufi, E.H., 96, 100 [44]

Etienne, J., 95, 101 [83]

Evans, L.C., 309, 311 [48]; 449, 499 [34]

Eymard, R., 141, 167 [13]

Fang, Q., 116, 167 [11]

Feireisl, E., 12, 14, 36, 77, 100 [56]; 100 [57];
100 [58]; 101 [85]; 101 [86]; 101 [87]; 385,
417 [21]

Fernandez Sare, H.D., 386, 415, 417 [22];
417 [23]



Author Index 503

Fernandez, F.J., 427, 430, 460, 488, 498 [30];
498 [33]; 499 [35]

Fernandez-Cara, E., 77, 100 [64]

Fernandez-Nieto, E.D., 44, 98, 99 [26];
101 [88]; 104 [163]

Feynmann, R.P., 173, 177, 179, 311 [49]

Flori, F., 43, 101 [89]

Franchi, F., 95, 101 [90]

Friedlander, S., 237, 239, 311 [54]

Friedman, A., 424, 499 [36]

Friedrichs, K.O., 183, 188, 311 [35]; 311 [50];
311 [51]; 311 [52]; 311 [53]

Fursikov, A.V., 428, 429, 499 [37]

Galdi, G.P, 76, 101 [91]

Gallagher, L., 26, 63, 101 [66]; 101 [92]

Garding, L., 183, 311 [55]

Garofalo, N., 429, 499 [38]

Gawinecki, J., 366, 417 [24]

Gent, PR, 23, 101 [93]

Gérard-Varet, D., 7, 21, 60, 62-66, 70, 75-77,
94, 99 [16]; 100 [39]; 100 [40]; 100 [45];
100 [46]; 100 [47]; 101 [94]; 102 [95]

Gerbeau, J.-F., 4, 5,9, 15, 44, 58, 102 [96]

Gevrey, M., 428, 499 [39]

Ghidaglia, J.-M., 13, 90, 93, 94, 99 [33]; 426,
499 [40]

Giacomelli, L., 80, 102 [97]

Gilbarg, D., 450, 499 [41]

Girault, V., 27, 102 [98]

Gisclon, M., 35, 100 [41]

Glagoleva, R.Ja., 429, 499 [42]

Godin, P, 252, 311 [56]

Goulaouic, C., 37, 39, 102 [99]

Greco, A., 236, 310 [27]

Grenier, E., 13, 26, 36, 63, 66, 74, 90, 93, 94,
99 [33]; 101 [66]; 101 [73]; 101 [78]; 237,
311 [57]

Grillakis, M., 366, 417 [16]

Gues, O., 183, 208, 237-239, 260, 290, 301,
310 [23]; 310 [24]; 311 [34]; 311 [58];
311 [59]; 311 [60]

Guillen-Gonzalez, E., 27, 100 [48]

Guo, Z., 21, 102 [100]

Guyenne, P., 44, 58, 101 [70]; 101 [71]

Gwiazda, P., 94, 102 [101]

Hadamard, J., 427, 428, 499 [43]
Hansen, 1., 385, 417 [25]
Hansen, S.W., 349, 417 [26]

Hao, D.N., 428, 499 [44]

Haraux, A., 306, 311 [61]; 349, 417 [27]

Haspot, B., 23, 102 [102]

Heibig, A., 237, 311 [62]

Henry, D.B., 349, 362, 366, 417 [28]; 417 [29]

Hewitt, E., 272, 276, 311 [63]

Hilbert, D., 183, 311 [36]; 450, 498 [23]

Hilhorst, D., 107, 108, 113, 134, 137, 141, 151,
152, 166 [4]; 166 [6]; 166 [7]; 167 [9];

167 [13]; 167 [14]; 167 [15]; 167 [16];
167 [17]; 167 [18]; 167 [19]

Hill, C.D., 428, 499 [45]

Hirsch, M.W., 115, 167 [20]

Hoff, D., 15, 102 [103]

Holm, D.L., 40, 100 [61]; 100 [62]

Holmgren, E., 428, 499 [46]

Hopfinger, E., 95, 101 [83]

Hormander, L., 188, 191, 211, 213, 248, 249,
311[64]; 311 [65]; 311 [66]; 357,417 [30];
426, 428, 499 [47]; 499 [48]; 499 [49]

Hrusa, W.J., 384, 417 [31]; 417 [32]

Hsiao, L., 317, 366, 370, 384, 385, 417 [14];
417 [33]

Huang, Y., 123, 167 [21]

Huet, D., 345, 417 [34]

Hunter, J.K., 236, 250, 252, 265, 297, 301,
309 [1]; 312 [67]; 312 [68]; 312 [69]; 312 [70]

Hutter, K., 80, 103 [147]

Iguchi, T., 44, 103 [140]

lida, M., 134, 161, 167 [18]; 167 [19]; 167 [22];
167 [23]

Ikota, R., 114, 167 [24]

Imanuvilov, O.Yu., 428, 429, 499 [37]

Irmscher, T., 341, 394, 405, 415, 417 [35];
417 [36]; 417 [37]; 417 [38]

Isakov, V., 427-429, 498 [29]; 499 [51];
499 [52]; 499 [53]; 499 [54]

Ishii, M., 91, 102 [104]

Ito, S., 429, 499 [55]

Jeanne, P.-Y., 236, 312 [71]

Jiang, D., 12, 102 [105]

Jiang, S., 317, 318, 349, 350, 366, 369, 370,
384, 385, 409, 417 [33]; 417 [39]; 417 [40];
417 [41); 417 [42]; 417 [43]; 418 [44];

418 [45]; 418 [46]; 418 [47]

Jiu, Q., 7, 21, 102 [100]; 102 [106]

John, F., 383, 418 [48]; 418 [49]; 428, 429,
499 [50]



504 Author Index

Joly, J.-L., 191, 194, 205, 219, 234, 235, 246,
247, 249, 260, 262, 264-266, 270, 271, 274,
280, 283-286, 290, 293, 297, 299-301, 303,
309, 311 [40]; 312 [72]; 312 [73]; 312 [74];
312 [75]; 312 [76]; 312 [77]; 312 [78];

312 [79]; 312 [80]; 312 [81]; 312 [82];
312 [83]; 312 [84]
Juengel, A., 15, 100 [42]

Kaj, N., 430, 499 [63]

Kalisch, H., 44, 101 [70]

Kalyakin, L.A., 297, 301, 312 [85]

Kan-on, Y., 117, 120, 124, 167 [25]; 167 [26];
167 [27]

Kareiva, P., 119, 167 [28]

Kawarada, H., 127, 167 [29]

Kawasaki, K., 119, 120, 124, 168 [36]; 168 [44]

Kawashima, S., 349, 366, 384, 409, 418 [50];
418 [51]; 418 [52]; 418 [53]

Kazhikhov, A.V,, 41, 42, 96, 99 [11]; 100 [51];
102 [107]

Keller, J.B., 117, 167 [30]; 250, 297, 301,
312 [68]; 312 [69]

Kenig, C.E., 429, 430, 497 [2]; 499 [56];
499 [57]

Kim, J.U., 349, 418 [54]

Kishimoto, K., 115, 167 [31]

Klainerman, S., 196, 294, 312 [86]; 312 [87]

Klein, R., 62, 100 [49]

Klibanov, M.V., 428, 499 [58]; 499 [59]

Kloeden, PE., 23, 102 [108]

Knabner, P., 428, 499 [61]

Koch, H., 366, 418 [55]; 430, 499 [60]

Kreiss, H.-O., 199, 294, 310 [11]; 312 [88]

Krzywicki, A., 429, 498 [11]

Kukavica, 1., 430, 457, 499 [62]; 499 [63]

Kupradze, V.D., 338, 418 [56]

Ladyzhenskaya, O.A., 374, 418 [57]; 475,
499 [64]

Lagrée, P--Y., 98, 99 [26]

Landau, L.D., 173, 174, 312 [89]

Landis, E.M., 428, 429, 448, 499 [65]; 500 [66];
500 [67]; 500 [68]

Lannes, D., 4, 40, 44, 98 [7]; 98 [8]; 99 [24];
177, 262, 264-266, 310 [7]; 310 [16];
310[30]; 310 [31]; 312 [90]; 312 [91]

Lavrentiev, M.M., 427, 428, 500 [69]

Lax, P.D., 183, 194, 210, 211, 311 [53];

312 [92]; 312 [93]; 312 [94]; 429, 500 [70]

Lebeau, G., 240-244, 312 [95]; 362, 366,
418 [58]

Lees, M., 426, 429, 432, 500 [71]

Leis, R., 322, 327, 330, 331, 338, 418 [59];
418 [60]; 418 [61]

Lemoine, J., 28, 30, 42, 76, 99 [9]; 100 [50];
100 [51]

Leray, J., 11, 102 [109]; 194, 312 [96]

Lescaret, V., 177, 266, 312 [97]; 313 [98]

Levermore, C.D., 7, 35, 36, 40, 59, 100 [61];
100 [62]; 102 [110]; 102 [111]

Li, De-yuan’, 429, 498 [24]

Li, H.-L., 15, 21, 100 [42]; 102 [113]

Li, J., 21,25,102[112]; 102 [113]

Lieberman, G.M., 475, 483, 500 [72]

Liess, O., 366, 418 [62]

Lifshitz, EIM., 173, 174, 312 [89]

Lin, C.K,, 12, 35,94, 100 [41]; 100 [43]

Lin, F-H., 77, 99 [14]

Lin, EH., 429, 448, 499 [38]; 500 [73]

Lions, J.-L., 10, 32, 102 [114]; 102 [119]; 191,
247, 306, 313 [99]; 345, 418 [63]; 426, 495,
500 [74]; 500 [75]

Lions, P-L., 9, 11, 23, 36, 58, 61, 62, 95,
101 [73]; 102 [115]; 102 [116]; 102 [117];
102 [118]

Liska, R., 4, 102 [120]; 102 [121]

Liu, Z., 349, 416 [3]; 418 [64]; 418 [65]

Lopes, O., 349, 362, 417 [29]

Lord, HW.,, 317, 405, 418 [66]

Lorentz, H.A., 179, 313 [100]

Lorenz, J., 294, 312 [88]

Lou, Y., 120, 167 [32]; 167 [33]; 167 [34]

Lucas, C., 58, 62, 98, 100 [49]; 102 [122];
102 [123]; 104 [163]

Ludwig, D., 219, 249, 313 [101]; 313 [102]

Lui, R., 120, 166 [8]

Magenes, E., 345, 418 [63]; 495, 500 [74]

Majda, A.J., 6,7, 25, 26, 40, 59, 101 [81];
101 [82]; 103 [125]; 103 [126]; 177, 183, 188,
190, 196, 237, 294, 297, 301, 310 [4];
311 [38]; 312 [70]; 312 [86]; 312 [87];
313 [103]; 313 [104]; 313 [105]

Mailek, J., 36, 101 [86]

Malgrange, B., 426, 500 [75]

Mandache, N., 426, 500 [76]

Mangeney, A., 3, 44, 78, 98, 99 [25]; 99 [26];
101 [88]

Marche, F., 4, 5, 44, 50, 57, 58, 103 [127]



Author Index 505

Margolin, L., 4, 102 [120]

Mascai, C., 21, 103 [124]

Masmoudi, N., 7, 35, 36, 58, 61, 62, 101 [73];
102 [117]; 102 [118]; 103 [128]; 103 [129]

Matano, H., 115, 124, 167 [35]

Matsumura, A., 23, 103 [130]

Medvedey, S., 3, 7, 104 [165]

Mellet, A., 14-16, 19, 21, 103 [131]; 103 [132]

Messaoudi, S.A., 384, 406, 415, 417 [31];

418 [67]

Métivier, G., 37, 39, 40, 99 [23]; 100 [52]; 191,

194, 205, 219, 234, 235, 237-239, 246, 247,
249, 260, 262, 264-266, 270, 271, 274, 280,
283-286, 290, 293, 297, 299, 300, 303, 309,
310 [23]; 310 [24]; 311 [40]; 312 [73];
312 [74];, 312 [75]; 312 [76]; 312 [77];
312 [78]; 312 [79]; 312 [80]; 312 [81];
312 [82]; 312 [83]; 312 [84]

Micheletti, A.M., 329, 418 [68]; 418 [69];
418 [70]

Michoski, C., 95, 103 [133]

Mikelié, A., 77, 103 [136]

Milisic, V., 76, 77, 99 [31]; 100 [53]

Miller, K., 428, 500 [77]

Mimura, M., 107, 108, 114-116, 120, 124, 127,
134,137, 166 [7]; 167 [9]; 167 [11]; 167 [14];
167 [18]; 167 [19]; 167 [23]; 167 [24];

167 [27]; 167 [35]; 168 [36]; 168 [37];
168 [38]; 168 [39]; 168 [40]

Mizohata, S., 188, 313 [106]

Moloney, J., 173, 177, 178, 181, 262, 303, 306,
313 [107]

Monakov, V.N., 96, 99 [11]

Moodie, T.B., 385, 405, 407, 419 [79]

Mukoyama, T., 385, 418 [71]

Muiioz Rivera, J.E., 349, 366, 385, 415,

417 [22]); 418 [45]; 419 [72]; 419 [73];
419 [74]; 419 [75]

Munoz-Ruiz, M.L., 43, 103 [134]

Murakawa, H., 111, 143, 168 [41]; 168 [42]

Murat, F., 379, 419 [76]

Naito, Y., 366, 394, 405, 419 [77]
Nakaki, T., 114, 167 [24]

Narbona, G., 43, 101 [72]

Natori, M., 127, 167 [29]
Naughton, M.J., 294, 312 [88]
Nazarov, S., 77, 103 [135]
Netasovd, S., 77, 100 [56]; 100 [57]
Neuss, N., 77, 103 [136]

Neuss-Radu, M., 77, 103 [136]

Newell, A., 173, 177, 178, 181, 262, 303, 306,
313 [107]

Nguetseng, G., 60, 103 [137]

Ni, W.-M., 120, 167 [32]; 167 [33]; 167 [34]

Nicholls, D., 58, 101 [71]

Ninomiya, H., 108, 134, 161, 166 [7]; 167 [18];
167 [19]; 167 [22]; 167 [23]

Nirenberg, L., 36, 98 [1]; 98 [2]; 426-429,
497 [4]; 500 [78)

Nishida, T., 23, 79, 103 [130]; 103 [138]

Nishiura, Y., 120, 168 [37]

Niu, D., 7, 102 [106]

Nkonga, B., 306, 3710 [9]

Noble, P., 3, 78, 80, 99 [28]; 100 [54]

Nohel, J.A., 375,419 [78]

Novotny, A., 7, 12, 36, 101 [86]; 101 [87];
103 [139]

Odell, G., 119, 167 [28]

Ohi, K., 44, 103 [140]

Okada, M., 384, 418 [52]

Okubo, A., 119, 120, 168 [43]

Oleinik, O.A., 429, 448, 500 [68]

Oliver, M., 36, 40, 59, 102 [110]; 103 [141]

Oncii, T.S., 385, 405, 407, 419 [79]

Orenga, P., 24, 25, 43, 100 [65]; 101 [79];
101 [89]; 103 [134]; 103 [142]

Oron, A., 9, 44, 45, 103 [143]

Otto, F., 80, 102 [97]; 103 [144]

Owyoung, A., 180, 373 [108]

Pantell, R., 173, 177, 178, 181, 262, 303,
313 [109]

Payne, L.E., 427, 500 [79]

Pedlosky, J., 26, 28, 31, 32, 59, 63-65, 70, 72,
75,103 [145]; 103 [146]

Peletier, L.A., 107, 141, 167 [9]; 167 [13];
167 [15]; 167 [16]; 167 [17]

Peng, Y.-J., 237, 313 [110]

Perissinitto, A, 349, 362, 417 [29]

Perla Menzala, G., 366, 416 [5]; 416 [6]

Perthame, B., 3-5, 9, 15, 44, 58, 78, 95, 99 [25];
102 [96]; 102 [116]

Petzeltova, H., 12, 101 [87]

Peybernes, M., 43, 101 [79]; 101 [89]

Phillips, R., 183, 312 [94]

Pironneau, O., 23, 99 [20]

PLis, A., 428, 500 [80]

Ponce, G., 385, 419 [80]

Poon, C.C., 430, 500 [81]



506 Author Index

Prizzi, M., 426, 498 [26]; 498 [27]; 498 [28]
Protter, M.H., 426, 429, 432, 500 [71]; 500 [82]
PriiB, I., 416, 419 [81]
Pucci, C., 427, 428, 500 [83]; 500 [84]
Pudasaini, S.P., 80, 103 [147]
Pugh, M., 80, 99 [21]
Puthoff, H., 173, 177, 178, 181, 262, 303,

313 [109]

Quintanilla, R., 415, 416, 417 [19]; 419 [82];
419 [83]; 419 [84]; 419 [85]

Racke, R., 317, 318, 330, 337, 338, 341, 349,
350, 366, 369, 370, 383-386, 394, 395, 405,
409, 412, 413, 415,416,417 [19]; 417 [22];
417 [23]; 417 [38]; 418 [45]; 418 [46];

418 [47]; 419 [75], 419 [77]; 419 [80];
419 [82]; 419 [83]; 419 [84]; 419 [85];
419 [86]; 419 [87]; 419 [88]; 419 [89];

419190]; 419 [91]; 419 [92]; 419 [93];

15
15

—_ —_,—_,—

419 [94]; 419 [95]; 419 [96]; 419 [97];
419 [98]; 419 [99]; 419 [100]

Rauch, J., 177, 183, 190-194, 205, 211, 219,
223,227, 232-235, 246, 247, 249, 260, 262,
264-266, 270, 271, 274, 280, 283-286, 290,
293, 297, 299, 300, 303, 309, 309 [2]; 310 [3];
310 [17]; 310 [18]; 310 [19]; 311 [40];

311 [41]; 311 142]; 312 [73]; 312 [74];

312 [75]; 312 [76]; 312 [77); 312 [78];

312 [79]; 312 [80]; 312 [81]; 312 [82];

312 [83]; 312 [84]; 313 [112]; 313 [113];
313 [114]

Raugel, G., 43, 101 [67]

Raviart, A., 27, 102 [98]

Reissig, M., 349, 366, 420 [101]; 420 [102]

Rekalo, A.M., 43, 101 [67]

Reznik, G., 3,7, 104 [165]

Rieger, M.O., 385, 420 [103]

Rodriguez-Bellido, M.A., 27, 100 [48]

Rogers, R.C., 375,419 [78]

Romanov, V.G., 427, 428, 500 [69]

Rondi, L., 429, 498 [25]

Ropp, D., 35, 103 [148]

Rosales, R., 297, 301, 312 [70]; 313 [105]

Ross, K.A., 272, 276, 311 [63]

Rosset, E., 429, 430, 443, 448, 457, 497 [5];
498 [17]; 498 [18]

Rousset, F., 21, 103 [124]

Rubinstein, J., 117, 167 [30]

Said-Houari, B., 406, 415, 418 [67]

Saint-Raymond, L., 26, 101 [92]

Sainte-Marie, J., 40, 103 [149]

Sammartino, M., 7, 35, 102 [111]

Saramito, P., 95, 101 [83]

Saut, J.-C., 44, 99 [24]; 429, 500 [85]

Schitzle, R., 137, 167 [14]

Scheurer, B., 429, 500 [85]

Schochet, S., 26, 63, 101 [82]; 103 [150]; 196,
290, 294, 301, 313 [115]; 313 [116];
313 [117]); 313 [118]

Seregin, G., 432, 498 [31]

Serre, D., 7, 15, 99 [19]; 102 [103]; 237, 239,
313 [119]

Sévennec, B., 237, 313 [120]

Shen, W., 344, 366, 384, 420 [104]; 420 [126]

Shibata, Y., 349, 366, 384, 394, 405, 418 [53];
419 [77]; 419 [95]; 419 [96]; 420 [105];
420 [106]

Shigesada, N., 119, 120, 168 [44]

Shimakura, N., 37, 39, 102 [99]

Shishatskii, S.P., 427-429, 498 [9]; 500 [69];
500 [86]

Shulman, Y., 317, 405, 418 [66]

Simon, J., 28, 30, 76, 77, 99 [9]; 100 [50];
100 [55]; 100 [64]

Slemrod, M., 384, 420 [107]

Smoller, J.A., 375, 377,416 [11]

Sogge, C.D., 428, 500 [87]

Solonnikov, V.A., 374, 418 [57]; 475, 499 [64]

Soufyane, A., 366, 420 [108]

Souganidis, P.E., 9, 95, 102 [116]

Sprenger, J., 386, 420 [109]

Stegner, A., 3,7, 104 [165]

Sternberg, P., 117, 167 [30]

Stoth, M., 366, 420 [110]; 420 [111]

Straskraba, 1., 7, 36, 101 [86]; 103 [139]

Straughan, B., 95, 101 [90]

Strauss, W., 191, 237, 239, 247, 306, 311 [54];
3131[99]; 313 [121]

Sulem, C., 58, 101 [71]

Sundbye, L., 23, 104 [151]; 104 [152]

Sverdk, V., 432, 498 [31]

Szarski, J., 429, 498 [11]

Tarabek, M.A., 384, 407, 409, 412, 415,
417 [32]; 420 [112]

Tartar, L., 301, 313 [122]; 379, 420 [113]; 426,
498 [13]

Tataru, D., 423, 428, 430, 499 [60]; 500 [88]



Author Index 507

Taylor, M., 188, 313 [123]; 358, 420 [114];
420 [115]

Temam, R., 10, 79, 102 [119]; 104 [153];
104 [154]

Teramoto, E., 119, 120, 168 [44]

Teramoto, Y., 79, 103 [138]; 104 [155]

Tesei, A., 120, 168 [37]

Texier, B., 266, 306, 310 [9]; 313 [124];
313 [125]

Timonov, A., 428, 499 [58]

Titi, E.S., 32, 33, 36, 59, 99 [15]; 102 [110]

Tory, E., 98, 100 [60]

Treves, F., 428, 500 [89]

Trudinger, N., 450, 499 [41]

Tsujikawa, T., 120, 124, 168 [37]; 168 [38]

Turchin, P., 119, 168 [45]

Turing, A.M., 123, 168 [46]

Tychonoff, A., 424, 500 [90]

Tzavaras, A.E., 375, 419 [78]

Tzou, D.Y., 415, 420 [116]

Uecker, H., 80, 104 [156]
Uhlenbeck, K., 329, 420 [117]
Ural’tseva, N.N., 374, 418 [57]; 475, 499 [64]

van der Hout, R., 141, 167 [13]; 167 [15];
167 [16]; 167 [17]

Vanneste, J., 60, 104 [157]

Varin, A.A., 429, 500 [91]

Vasseur, A., 14-16, 19, 21, 95, 103 [131];

103 [132]; 103 [133]

Venant, De Saint, 4, 101 [76]

Verron, J., 32, 66, 99 [22]

Vessella, S., 427-430, 443, 448, 457, 460, 488,
497 [5]; 498 [6]; 498 [7]; 498 [17]; 498 [18];
498 [25]; 498 [32]; 498 [33]; 499 [61];

500 [92]; 500 [93]; 500 [94]

Vila, J.-P., 3, 5, 78, 80, 99 [28]; 104 [158]

Vilotte, J.P., 3, 78, 99 [25]

Vishik, M., 237, 239, 311 [54]

Vreugdenhill, C., 4, 104 [159]

Wang, S., 10, 102 [119]

Wang, W., 23, 104 [160]; 405, 420 [118]; 430,
499 [57]

Wang, Y.G., 349, 405, 409, 415, 419 [97];
419 [98]; 419 [99]; 419 [100]; 420 [1017;
420 [119]; 420 [122]

Wang, Z., 405, 420 [118]

Weil, A., 272, 276, 313 [126]

Weinberger, H.F., 115, 167 [31]

Weinmann, O., 405, 420 [120]

Wendroff, B., 4, 102 [120]; 102 [121]

Westdickenberg, M., 3, 78, 99 [27]

Williams, M., 177, 313 [128]; 313 [129]

Win, H.A., 79, 103 [138]

Wirth, J., 366, 420 [102]; 420 [121]

Witham, G.B., 240, 313 [127]

Wolf, E., 173, 181, 262, 310 [8]

Wolf, J., 77, 100 [56]; 100 [57]

Wu, Y., 120, 167 [34]

Xin, Z.P, 15, 21, 25, 93, 100 [42]; 102 [100];
102 [112]; 102 [113]; 104 [161]
Xu, C.-J., 23, 104 [160]

Yamabe, H., 429, 499 [55]

Yamada, Y., 120, 127, 166 [8]; 168 [39];
168 [40]

Yanagida, E., 116, 167 [12]

Yang, L., 405, 409, 420 [119]; 420 [122]

Yotsutani, S., 120, 127, 167 [33]; 168 [39];
168 [40]

Yudovich, V.I., 41, 104 [162]

Zabsonré, J.D.D., 98, 104 [163]

Zadrzynska, E., 44, 104 [164]

Zeitlin, V., 3,7, 104 [165]

Zhang, P, 12, 102 [105]

Zheng, S., 344, 349, 366, 384, 409, 416 [3];
418 [64]; 418 [65]; 419 [96]; 420 [104];
420 [123]; 420 [124]; 420 [125]; 420 [126]

Ziane, M., 10, 79, 104 [153]; 104 [154]

Zuazua, E., 362, 366, 418 [58]

Zuily, C., 428, 500 [95]



Subject Index

A

Abelian group 271
Adimensionalization 82
Airy functions 249, 250
Anharmonic model 180, 234
Ansatz 67-69, 253
Approximate solutions

BKW 239

linear geometric optics 221, 222

weakly nonlinear geometric optics  230-232

Associated energy 387
Asymptotic analysis 48, 52
shallow-water equations 62, 63
Asymptotic equations, weakly nonlinear
geometric optics  224-226
Asymptotic expansion  83-85, 89, 268
WKB method of 175, 209
Asymptotics
of exact solutions  292-297
in exterior domains 395
large time 263, 264
shallow-water equations 62, 63
Averaging operators 300

B

Backward parabolic operator 440, 460

Backward problem, uniqueness and stability
estimate for 432448

Backward stability estimates 423

Backward uniqueness 423

Balance laws 183

Banach algebra 190

Banach spaces 114

Bathymetry profile 31

BD entropy 12-16

509

estimates

basedon 19, 20

Bessel function 329, 450
Bi-characteristic curves 213
Bi-dimensional bounded domains 30
Bi-dimensional velocity form system 26
Bifurcation approach 120

Bingham fluids 80

BKW expansions 277-279

BKW metho

d 211,212

BKW solutions 233, 234
approximate 239

constructi
existence

onof 243
of 237

stability of 235, 236

Bloch’s equation 181, 212

Blow up mechanisms 245, 246

Blow up theorem 371

Bohr compactification 276

Borel’s summation 230

Borel’s theorem 260

Boundary conditions 37, 38, 69, 319
of cross-diffusion systems 152

Dirichlet

22, 64,78, 108, 337, 381, 413

Dirichlet-Dirichlet 322

Euler equ

ation 41

extra 42

kinematic
Neumann
no-flux

53,57
108, 125, 140
115

no-slip 5
no-slip bottom 80, 81

oblique
open sea
top 50

42
40-43

on upper surface 45

various
Wentzell

31-40
76



510

Boundary Dirichlet condition 446
Boundary Dirichlet operator 440
Boundary layer 75

domains 67

equations 71

profiles 68
Boundary Neumann operator 440
Boundary representation 64
Boundary Robin operator 440
Boundary terms 391
Boundary values 138, 142

problems 177
Bounded domains 21, 22, 332, 362, 382
Brillouin scattering 303
Burgers-type equation 79, 209, 228

C

Caccioppoli inequality 459
Calderon-Zygmund operators 39
Capillarity 15
Capillary forces 92
Carleman estimate 430, 432, 460, 480
Cattaneo models 405, 415
Cattaneo’s law 317, 385, 386, 407
Cauchy problems 177, 192, 196, 219
elliptic 457
linear 347, 349
main profiles for 279
non-characteristic 426
one-dimensional 388, 407
oscillating 293, 295
for principal profile 287
profiles for 276
three-dimensional 363
two-dimensional 363
vanishing viscosity and 372
weak coherence for 277
Cauchy tensor 31
Cauchy-Schwartz inequality 19, 147, 447,
454, 456
Caustics  244-250
focusing 176, 246, 270
oscillations past  247-250
Central limit theorem 77
Chain rule 446
Change of unknowns 233
Characteristic phase 212
Classical thermoelasticity 318-385

Subject Index

Coefficients
constant 184, 196, 197, 290-292, 298
Fourier 261, 262,278
rapidly varying 207-209
self interaction 229
smooth 238
time independent  448-460
Coherence 177
Commutation
conditions 200, 201
method 200-203
Commutators 197
Compact operators 361
Compatibility conditions 184, 240
Euler equation 41
Competition-diffusion systems 114, 115
basic properties 129-133
error estimates  143-150
limiting problem and 133-142
random movements and 119
Stefan problems and 127-129
under weak competition conditions 124
Compressible Navier—Stokes equations 36
Confined profiles 177
Conical refraction 219
Conservation laws 183, 228-232
Conservative non-dissipative equations 250
Constant coefficients 196, 197
equations 184
planar phases and 290-292
vector fields 298
Constitutive equations 178
Continuation of solutions 190, 191
Continuous spectrum 331
Convex entropy—entropy-flux pair 373
Coriolis force 4, 28, 31, 58
Corner layers 109
Coupling models 90-98
Cross-diffusion induced instability  124-127
Cross-diffusion systems 107, 112, 122, 123
boundary conditions of 152
initial conditions of 152
random movements and 119-124
Cross-stream variables 83
Crystal optics 179, 186, 366
Cubic medium 366
Cubic nonlinearities 232
generic equations for 227
Cubic Schrodinger equations 262
Cubic system 233



Subject Index 511

Curl-free part 395
Curved rough boundaries 78
Cut-off functions 150

D

Damping effects 383
Davey—Stewartson equation 265
Defocusing case 245
Degenerate bottom function 37
Determinacy, domains of 231, 232
Diffraction of light 176
Diffractive optics 176, 251-265
Diffractive regimes 265
Diffusion terms 13, 31, 58, 115
lateral 33
Diffusion-induced instability 123
Diffusion-less systems 124
Dipole approximation 181
Direct focusing 246
Dirichlet boundary condition 22, 64, 78, 108,
337,381,413
Dirichlet-Dirichlet boundary conditions 322
Discontinuous shock waves 7, 8
Dispersion relation 173, 185-187
linear geometric optics 212, 213
Dispersive case 226
Dispersive equations, phase interaction for
301-303
Dissipative nonlinearities 249
Distinct eigenvalues 187
Domains
bounded 21, 22, 332, 362, 382
of determinacy 231, 232
exterior 335, 395
Lipschitz 30, 85
rough 66
square 41
unbounded 434
Drag terms 76
proofs and 16, 17
stability and  19-21
weak solutions with  16-19
Duality theorem 272
Dual-phase lag systems 415,416
Duhamel representation 253

E

Eastern layer 74
Eigenfunctions 451
Eigenvalues 398, 399
distinct 187
problems 156
purely imaginary 328, 334
scalar 329
Eikonal equation 175, 212, 233
Einstein summation 321
Einstein’s equation 236
Ekman layers 65, 75
Ekman pumping term 65
Electric susceptibility 179
Elliptic approach 120
Elliptic Cauchy problem 457
Elliptic continuation technique 429
Elliptic equation 455, 457
Energy
associated 387
density 245
equality 18
first-order 324
Helmholtz free 319, 370, 386
method 238, 356, 406
solutions 191
terms 389, 390
Entropy waves 239
Entropy—entropy-flux pair 373, 379
Envelopes 173
size of 174
Equations
asymptotic  224-226
Bloch’s 181,212
boundary layer 71
Burgers-type 79, 209, 228
with capillarity 15
compressible Navier—Stokes 36
conservative non-dissipative 250
constant coefficients 184
constitutive 178
Davey—Stewartson 265
dispersive  301-303
eikonal 175,212, 233
Einstein’s 236
elliptic 455,457
Euler 34,41,91, 182,294
Euler-Maxwell 183
evolution 45, 82, 400



512

field 236

formal shallow-water 80

friction shallow-water 44-58
generic 227,230

Grass 98

homogeneous hyperbolic 263
hyperbolic 184

hyperbolic systems 183-185
incompressible Navier—Stokes  80-83
inhomogeneous hyperbolic 264
interior 72

inviscid shallow-water 7-11
Klein—-Gordon 240

lake 34-40, 59

linearized 184, 238, 320

linearized Maxwell-Bloch 187
Liouville 304

mass 13,34

maximal dissipative 191, 306-309
Maxwell 177,182, 184,212,219
Maxwell-anharmonic Lorentz 224, 225
Maxwell-Bloch 181, 186, 187, 191, 233,
234

Maxwell-Lorentz 217, 218
Meyer-Peter 98

momentum 13, 34, 87, 89

Muller 98

Navier-Stokes 4, 14, 26, 34
nonlinear 371

in nonlinear optics  177-183
nonlinear wave 242

normal form of 236

no-slip shallow-water 78-81
parabolic 138, 140, 429, 448—460
with parameters  195-209

potential vorticity 6

profile 226, 228, 235, 241
quasi-geostrophic 59

with rapidly varying coefficients 207-209
Saint-Venant-Exner 97

scalar linear diffusion 120

scaled Navier—Stokes 46, 50
Schrodinger 176, 250-257, 259, 261, 262
semi-linear 293

shallow-water 4-97

singular  195-207

standard hyperbolic Saint-Venant 54
of state 92

symmetric hyperbolic linear 193
transport 49, 94, 211, 217, 257

Subject Index

two-dimensional Euler 41
viscous shallow-water 15
wave 178
Yang-Mills 236
Equilibrium solutions 126
non-constant 115
non-negative 115
structure of 116
Ergodic theorem 77
Error estimates
competition-diffusion systems 143-150
Stefan problems  143-150
Euclidian distance 357
Euler equations 34, 182
boundary conditions of 41
compatibility conditions of 41
with free surface 90
low Mach limit of 294
two-dimensional 41
Euler—Maxwell equations 183
Evolution 252
equations 45, 82
Exact solutions
asymptotics of 292-297
linear geometric optics 222, 223
oscillating 286-288

weakly nonlinear geometric optics  230-232

Existence 188-190
of BKW solutions 237
global 191-193
of smooth solutions 190, 191
theorem 41
Exponential decay 387
Exponential stability 415
Exterior domains 335
asymptotics in 395

F

Fast reaction limits 107, 111, 117
to nonlinear diffusion systems 150-154

Fast variables 175, 272, 276

Fatou’s lemma 282

Fernandez Luque formula 98

Field equations 236

Filtering method 294-297

Finite speed 193

First-order energy 324

First-order systems 330, 363, 369

Focusing caustics 176



Subject Index 513

direct 246
hidden 246, 270
Formal BKW expansions 277-279
Formal derivation, friction shallow-water
equations 44, 45
Formal estimates 87
Formal multi-phases expansions 274-279
Formal shallow-water equations 80
Formal solutions, linear geometric optics 211,
212
Formulas
Fernandez Luque 98
Green-Ostrogradsk 71
Green’s 194
Nielsen 98
Van Beek 98
Formulation
intrinsic 214
stream-vorticity 41
using parameterization of bundles 215, 216
using projectors 214
Four wave interaction 303
Four-component system 142
Fourier coefficients 261, 262, 278
Fourier expansion 225, 272
Fourier Integral Operators 211
Fourier law 317, 385, 407
Fourier series 278
expansion 388
Fourier synthesis 210, 211
Fourier transform 244, 336, 342, 364
Fréchet—Kolmogorov Theorem 133, 135
Free boundary problem 108, 109, 151
Free energy, Helmholtz 319, 370, 386
Frequencies
group of 271
Friction boundary conditions 4, 5
Friction shallow-water equations derivation
44-58
asymptotic analysis 48, 52
formal 44,45
leading order 48, 52
next order 49
shallow-water equations 49, 50
viscosity at main order 46-50
viscosity at order one  50-58
Friction shallow-water system 5-11
Friedrich’s density theorem 480
Froude limit 40
Froude numbers 6, 25, 27-34, 59, 63

limits 25-43

quasi-geographical model 25-34
Fully nonlinear geometric optics  240-244
Functionals

Lyapunov 113, 393

nonlinear 199
Functions

Airy 249,250

Bessel 329, 450

cut-off 150

degenerate bottom 37

Green 21,37

Lipschitz 67

test 140

vorticity 42
Fundamental solution 474

G

Galilean transformation 239
Gause’s competitive exclusion 116
Gaussian solutions 252
Generic equations 230
cubic nonlinearities, for 227
Geometric optics 175, 176, 209-232
fully nonlinear 240-244
linear 210-223
strongly nonlinear 223
weakly nonlinear 175, 209, 223-232
Geostrophic balance 70
Global existence 191-193
Good commutation properties 175
Good symmetrizers 237
Grass equations 98
Green function 21, 37
Green-Ostrogradsky formula 71
Green’s formula 194
Gronwall inequality 22, 36, 76, 149, 166, 376,
451
Gulf stream separation 66

H

Haar probability 272
Habitats 119
Hamiltonian field 213
Hamilton—Jacobi theory 244, 248
Harmonics 174, 223

generation of 266, 267



514

zeroth 257
Hausdorff-Young inequality 344
Helmholtz free energy 319, 370, 386
Helmholtz—Hodge decomposition 62
Hermitian scalar product 216
Hidden focusing 246, 270
High frequency solution 174
Higher order profiles 285
High-oscillations 63
Hilbert space 294, 323, 345
Hilbert transform 250
Hille—Yosida characterization 324
Holder space 375, 376
Holder’s inequality 344, 425
Homeomorphism 376
Homogeneity 179
Homogeneous hyperbolic equations 263
Homogeneous isotropic case 397
Homogeneous Neumann problem 359
Homogenization problems 59, 60
Hooke’s law 180
Hydrodynamic Saint Venant system 97
Hydrostatic Navier—Stokes systems 42
Hyperbolic equations 184
homogeneous 263
inhomogeneous 264
Hyperbolic property 93
Hyperbolic systems
equations 183-185
framework of 183-187
multi-dimensional symmetric 174
nonlinear 173
symmetric 188
Hyperbolicity 216
of profile equations 235
Hyperbolic—parabolic system 317, 366, 380
Hyperplanes 263
Hypersurfaces 138

I

Identities
mathematical entropy 13
Rellich—Necas—Pohozaev 434, 461
Incompressible Navier—Stokes equations 80
scaling 81-83
Independent variables 175
Inequalities 159
Caccioppoli 459

Subject Index

Cauchy—Schwartz 19, 147, 447, 454, 456
Gronwall 36, 76, 149, 166, 376, 451
Hausdorff-Young 344
Holder’s 344, 425
Korn-type 325, 327
Sobolev 208
Sobolev embedding 18, 19
three cylinder 429
trace 443
two-sphere one cylinder 430, 458, 460—493
Inhomogeneity 179
Inhomogeneous hyperbolic equations 263
Initial boundary value problem 368, 449, 455
Initial conditions 319
of cross-diffusion systems 152
Inner products 162
Instantaneous blow up 270
Integrability condition 241, 242
Integrals, Lagrangian 248
Interaction 173
Laser—Plasma 182
phenomena 269
Interface motion, Stefan conditions 140, 141
Interior equations 72
Interior profiles 68
Internal capillary forces 92
Internal viscous forces 92
Interpolation theory 365
Intrinsic formulation 214
Inviscid case 5
lake model 36, 37
Inviscid irrotational fluids 44
Inviscid shallow-water equations 7-11, 58
Islands 26, 27
Isotropic case, homogeneous 397

J

Jacobian matrix 93, 228

K

Kazhikov—Smagulov type models 95-97
Kerr model 234

Kerr nonlinearity 180, 183

Kinematic boundary condition 53, 57
Klein—-Gordon equation 240

Korn-type inequality 325, 327

Korteweg system 12



Subject Index 515

L

Lagrangian integrals 248
Lake equations 3440, 59
Lake model
inviscid case 36, 37
viscous case 35, 36
Lamé moduli 321
Laplace operators 345, 402
Laplace—Beltrami operator 431
Large time asymptotics 263, 264
Laser pulse 396
Latent heat 110, 111
Lateral diffusion terms 33
Laws
balance 183
Cattaneo’s 317, 385, 386, 407
conservation 183, 228-232
Fourier 317, 385, 407
Hooke’s 180
multi-scale wall 78
wall 76-78
Lax analysis 210
Lebesgue spaces 60
Lebesgue’s lemma 273
Lemmas
Fatou’s 282
Gronwall 22
Lebesgue’s 273
Leray projector 62
Leray solutions 11-23
Lifting operators 283
Light, diffraction of 176
Limiting problem
competition-diffusion systems and 133-142
Stefan problem and  133-142
Linear asymptotic behavior 338-349
in several dimensions 349-366
Linear Cauchy problem 347-349
Linear constant coefficient system 185
Linear equations, symmetric hyperbolic 193
Linear geometric optics 210-223
approximate solutions 221, 222
BKW method 211,212
dispersion relation 212,213
exact solutions 222,223
formal solutions 211, 212
Fourier synthesis and 210, 211
Linear instantaneous polarization 178
Linear part, eigenvalue problems 156

Linear propagation 245

Linear systems 184
well-posedness  322-338

Linear transformations 487

Linearized equations 184, 238, 320

Linearized Maxwell-Bloch equations 187

Linearized operators 125

Linearized stability 124

Linearized systems = 387-405

Linearly degenerate oscillations 236

Liouville equation 304

Lipschitz continuing hypothesis 426, 487, 488,
491

Lipschitz domain 30, 85

Lipschitz functions 67

Littlewood—Paley decomposition 23

Local compactness 335

Local field corrections 181

Local results  193-195

Logarithmic convexity method 426, 432,
445-448

Log-Lipschitz regularity 40

Longitudinal velocity 81, 83

Lorentz equations, Maxwell-anharmonic 224,
225

Lorentz model 179, 185, 195

Lotka-Volterra type nonlinearities 115

Low Mach number flows 196

Lubrication models, no-slip shallow-water
equations 79, 80

Lyapunov functionals 113, 393

M

m-accretive operators 114
Mass equation 13, 34
Mathematical entropy 12-16
identity 13
Maximal dissipative equations 191, 306-309
Maximal monotonicity 306-309
Maxwell equation 182, 184, 212
in bi-axial crystal 219
Maxwell equations 177
Maxwell-anharmonic Lorentz equations 224,
225
Maxwell-Bloch equations 181, 186, 191, 233
linearized 187
two-levels 233
Maxwell-Bloch model 182
Maxwell-Lorentz equations 217, 218



516 Subject Index

Mellet-Vasseur’s multiplier 98

Meyer-Peter equation 98

Meyers elliptic theory 62

Minkowski space-time 177

Momentum equation 13, 34, 87, 89

Monotonicity 306-309

Muller equation 98

Multi-dimensional effects 270, 271

Multi-dimensional symmetric hyperbolic
systems 174

Multi-fluid models 90-94

Multi-layer model 43, 44

Multi-level model 43, 44

Multi-phase expansions 265-271

Multiphasic flows 78

Multi-scale solutions 174

Multi-scale wall laws 78

Multi-scale weak convergence 274

Munk layers 66

m-vectors 216

N

Navier’s condition 22
Navier—Stokes equations 4, 14, 15, 26, 34, 75
compressible 36
incompressible  80-83
scaled 46, 50
Navier—Stokes systems 21
hydrostatic 42
n -dimensional surface element 443
Neumann boundary conditions 108, 125, 137,
141
Nielsen formula 98
Nirenberg’s linearization 246
No-flux boundary conditions 115
Non-characteristic Cauchy problem 426
Non-constant equilibrium solutions 115
Nondispersive case 257
profile equations 228
Nondispersive systems 288
Nonlinear diffusion systems, fast reaction limits
to 150-154
Nonlinear hyperbolic problem
high frequency solution of 174
multi-scale solutions of 174
Nonlinear hyperbolic systems 173
Nonlinear initial-boundary value problem 413
Nonlinear interaction 253

phenomenological modeling of 180
Nonlinear optics, equations arising in  177-183
Nonlinear wave equation 242
Nonlinearities 383

cubic 227,232

dissipative 249

Lotka-Volterra type 115

odd 257
Non-negative equilibrium solutions 115
Non-Newtonian flows 78
Non-periodic case 77
Normal stress conditions 46, 47
Normal variables 63
No-slip bottom boundary conditions 80, 81
No-slip boundary conditions 5
No-slip condition 82
No-slip shallow-water equations 78-81

lubrication models 79, 80
Null condition 232
Nusselt flow 82, 83
N-web 298

0]

Oblique boundary conditions 42
Oceanic circulation 65
Oceanography 76
ODEs. See Ordinary differential equations
One-dimensional resonant expansions
297-301
Open sea boundary conditions 41-43
Operators
averaging 300
backward parabolic 440, 460
boundary Dirichlet 440
boundary Neumann 440
boundary Robin 440
Calderon-Zygmund 39
compact 361
Fourier Integral 211
Laplace 345, 402
Laplace-Beltrami 431
lifting 282
linearized 125
m-accretive 114
parabolic 479, 493, 494
propagation 214,216
Schrodinger 255-257
second order parabolic 487, 493
Optical rectification 227



Subject Index 517

Optimal decay rate 387, 388
Ordinary differential equations (ODEs) 74,75
Orthogonals 279
Oscillating Cauchy problem 293, 295
Oscillating topography  58-78

inside PDEs  58-63
Oscillations

absorption of 246, 247

description of 271-274

past caustics  247-250

profiles and 272
Overdetermination 184

P

Parabolic equations 138, 140, 429
with time independent coefficients 448, 452
Parabolic operators 479, 493, 494
second order 487, 493
Parabolic property 93
Parameterization of bundles 215, 216
Parameters, equations with  195-209
Parametrics 39
Paraxial approximation 176
Partial differential equations
oscillating topography inside 58-63
PDE:s. See Partial differential equations
Periodic boxes 35
Periodic case 76
Periodic initial data 269
Phase
amplitude representations 211
boundaries 137
generation 266271
groups 271
interaction 301-303
matching 174, 267, 268, 298
slowly varying 265
Phenomenological modeling of nonlinear
interaction 180
Piola—Kirchhoff stress tensor 318
Planar phases 213, 261
constant coefficients and 290-292
initial 291
Poincaré estimate 391
Point spectrum 331
Pointwise convergence 379
Polarization 178
conditions 185, 211, 212, 262, 295, 305

of electric field 228
linear instantaneous 178
Pollutant propagation models  94-97
Pontryagin—Van Kampen theorem 272
Population density 120
Potential vorticity
conservation of  5-7
equation 6
inviscid case  5-7
viscous case 7
Prepared data  197-200
Principal profile 259
for Cauchy problems 287
A priori estimates 189, 191
Profile equations
dispersive case 226
hyperbolicity of 235
non-dispersive case 228
structure of 226, 228
Projectors 214, 215
choice of 214,221
Propagation operators 214
hyperbolicity of 216
Properties
good commutation 175
hyperbolic 93
parabolic 93
spacelike strong unique continuation 427,
429, 448-497
strong unique continuation 423
unique continuation 423
weak unique continuation 423, 427, 428
Purely imaginary eigenvalues 328, 334

Q

QEUC. See Quantitative estimate of unique
continuation
Quadratic system 233
Quantitative estimate of unique continuation
(QEUC) 423
Quasi-geostrophic
equation 59, 75
model 60, 65,73
system 67
Quasi-linear first order systems 183
Quasi-periodic 276
initial profiles 291



518 Subject Index

R

Radial symmetry 366, 413

Raman interaction 303-306

Raman scattering 303

Random movements
competition-diffusion and 119
cross-diffusion and 119-124

Rapidly varying coefficients 207-209

Ray propagators 217

Rayleigh scattering 303

Rayleigh type instabilities 237, 239

Rays 213

Reaction-diffusion approximation 123

Reaction-diffusion system 109, 112, 125, 153,
154
Short range activator-long range inhibitor
127
of competing species 128
three component 122

Rectification 262

Refraction, conical 219

Refractive index 179

Regular phases 213
transport equation for 217

Regular points 212, 257

Relative vorticity 6

Relativity 236

Rellich—Necas—Pohozaev identity 434, 461

Rellich’s theorem 326

Reproduction rates 123

Rescaling 82

Resonance 267, 268, 298

Resonant expansions, one-dimensional
297-301

Reynolds tensor 57

Riemann invariants 378

Riemannian geometry 431

Rigid lid approximation 43

Rigid transformation of space coordinates 431

Rossby numbers 25, 58, 64

Rotating fluids system 67, 70

Rough domains 66

Rough problem 66, 67

S
Saint-Venant estimates 77

Saint-Venant-Exner equations 97
Savage-Hutter type models 44

Scalar eigenvalue problem 329
Scalar linear diffusion equation 120

Scalar operators 258

Scaled Navier—Stokes equation 46, 50
Schrodinger approximations

Schrodinger equations
cubic 262

diffractive optics 261

for diffractive optics
origins of 251-257

252
176, 250, 259
261, 262

Schrodinger operator  255-257

Schrodinger terms 265
Schwartz class 177

Second order parabolic operators 487, 493
Second sound effect 317, 319, 366

thermoelasticity 385416

Sedimentation 97, 98
Self interaction 174
coefficient 229

Self-adjoint density matrix

Self-adjoint matrices 253

Semi-axis problem 349

Semi-linear equations 293
Semi-linear systems 183, 188, 192, 194

class of 234-236
Shallow-water equations

formal 80

181

4-97
asymptotics related to 62, 63

friction boundary conditions 49, 50

inviscid 7-11, 58
no-slip 78-81

at order two 56
viscous 15

Shallow-water model 85-90

Short pulses 177

Short range activator-long range inhibitor
reaction-diffusion system

Silicon wafers 396

Simultaneous approximations
Singular equations  195-207
prepared data  197-200

weakly nonlinear case
Singular limit problems

127

292-294

196, 197

150

Singular perturbation approach 120

Singular systems 173

Six-component system
solutions of 143

Slow time 252

Slowly varying differenti

Slowly varying phases

142

als
265

252



Subject Index 519

Small divisors 268, 269
problem 285
Small parameters 58
Small terms 87
Smooth boundaries 63, 64
Smooth invertible matrices 201
Smooth solutions 190, 191
Sobolev embedding inequalities 18, 19, 339
Sobolev inequalities 208
Sobolev spaces 23, 190, 297, 323, 495
Solenoidal part 397
Solutions
amplitude of 253
approximate 221, 222, 230-232, 239
BKW 233-236, 243
construction of 257-261
continuation of 190, 191
energy 191
exact 222,223, 230-232, 286, 287,
292-297
formal 211,212
fundamental 474
Gaussian 252
oscillating 286-288
smooth 190, 191

weak 191
weak, with drag terms  16-19
WKB 219,231

Space propagation 177
Spacelike strong unique continuation property
427, 429, 459, 487, 493
quantitative versions  449-497
Spatial-segregation viewpoints 120
Spherical waves 245
Square domain 41
Stability 188-190
of approximate solutions 176
backward 423
of BKW solutions 235, 236
drag terms and 19-21
estimate 427, 493-497
exponential 415
Standard hyperbolic Saint-Venant equation 54
Standard regime of nonlinear optics 234
Stationary problem 120
Stefan conditions 140
interface motion 140, 141
Stefan problem 107, 109
basic properties 129-133
competition-diffusion systems and 127-129

error estimates  143-150
fast reaction limit for 111
limiting problem and  133-142
one-phase 141, 142
two-phase 127, 137
weak solution 137
with zero latent heat 111
Stream-vorticity formulation 41
Stress tensor 57
Piola—Kirchhoff 318
viscous 92
Stress-temperature tensor 320
Strictly positive bottom function 36
Strong coherence 284, 285
Strong unique continuation properties (SUCP)
423
Strongly nonlinear expansions 232-250
Strongly nonlinear geometric optics 223
Strongly nonlinear regimes 176
Sublinear growth 254
Submarine avalanches 43
SUCEP. See Strong unique continuation
properties
Sverdrup relation 27, 33, 73
Symbols 185
Symmetric hyperbolic linear equations 193
Symmetric hyperbolic systems 188
Symmetric real matrix 488
Symmetric systems 204
Symmetry 188

T

Tangential gradient 357
Tangential variables 63

Taylor approximation 416
Taylor expansions 70

Taylor’s series 181
Temperature dependent case 15
Test functions 140

Theorem
blow-up 371
Borel’s 260

central limit 77

duality 272

ergodic 77

existence 41
Fréchet—Kolmogorov 133, 135
Friedrichs density 480
Hamilton—Jacobi 244



520 Subject Index

interpolation 365
Meyers elliptic 62
Pontryagin—Van Kampen 272
Rellich’s 326
uniqueness 41
Thermoelasticity
classical 318-385
with second sound 385416
Three cylinder inequalities 429
Time independent coefficients 448—460
Top boundary conditions 50
Trace inequality 443
Transition possibilities 119
Transmission problems 177
Transparency 176, 232
condition 235, 240
Transport equation 49, 94, 211, 257
for regular phases 217
Transverse component velocity 84
Transverse velocity 81
Trigonometric polynomials 272, 276, 277,
281, 282
Trouton viscosity 57
Turing’s instability 123-127
Two-dimensional Euler equations 41
Two-dimensional velocity field 71
Two-scale weak limit 274
Two-sphere one-cylinder inequality 430, 458,
460-493

8}

UCP. See Unique continuation property

Unbounded domains 434

Uniform coherence 279

Unique continuation property (UCP) 423
spacelike strong 427, 429, 448-497
weak 427,428

Uniqueness theorem 41

v

Van Beek formula 98
Vanishing viscosity 372
Variable depths 28-31
Variables

change of 47, 51

cross-stream 83

fast 175,272,276

independent 175

normal 63

pressure 47

tangential 63

velocity 47
Velocity

component 88

longitudinal 81

transverse 81

transverse component 84
Velocity variables 47
Vertical velocity 48
Viscosity

at main order 46-50

at order one  50-58

Trouton 57
Viscous case 7

lake model 35, 36
Viscous shallow-water equations 15
Viscous stress tensor 92
Vorticity

function 42

potential 5-7

relative 6

W

Wall laws 7678
Wave equation 178
nonlinear 242
Wave interaction 176, 266-271
Wave numbers 236
Wave propagation 194
Wavefront set 357
Weak coherence 275
for Cauchy problem 277
Weak competition conditions 124
Weak solutions 191, 379
with drag terms 16
Stefan problem 137
with drag terms  17-19
Weak unique continuation property 427, 428
Weakly nonlinear case 196, 197
Weakly nonlinear geometric optics 175, 209,
223-232
approximate solutions 230-232
asymptotic equations  224-226
exact solutions  230-232
profile equations  224-226



Subject Index 521

Weakly nonlinear regime 223 Y

Weber numbers 78

Weingarten endomorphism 22 Yang-Mills equations 236
Wentzell boundary conditions 76 Yudovich’s method 36, 39, 61

Western layer 73
Wiener’s algebra 280, 293
‘WKB method 175, 209 7
construction of 219-221
WKB solutions 230, 231 Zakharov system 265



	Cover Page

	Copyright page
	Copyright page

	Preface
	Preface

	List of Contributors
	List of Contributors

	Contents of Volume I
	Contents of Volume I

	Contents of Volume II

	Contents of Volume III

	Contents of Volume IV

	Shallow-Water Equations and Related Topics
	Shallow-Water Equations and Related Topics
	Preface
	Introduction
	A friction shallow-water system
	Conservation of potential vorticity
	The inviscid shallow-water equations
	Leray solutions
	A new mathematical entropy: The BD entropy
	Weak solutions with drag terms
	Forgetting drag terms -- Stability
	Bounded domains

	Strong solutions
	Other viscous terms in the literature
	Low Froude number limits
	The quasi-geostrophic model
	The lake equations

	An interesting open problem: Open sea boundary conditions
	Multi-level and multi-layers models
	Friction shallow-water equations derivation
	Formal derivation

	Oscillating topography
	Oscillating topography inside PDEs
	High-oscillations through the domain
	Wall laws and oceanography


	No-slip shallow-water equations
	Scaling the incompressible Navier--Stokes system
	Asymptotic expansion of solutions
	The shallow-water model

	Coupling models --- Some comments
	Multi-fluid models
	Pollutant propagation models
	Sedimentation

	Acknowledgments
	References


	Fast Reaction Limit of Competition-Diffusion Systems
	Fast Reaction Limit of Competition-Diffusion Systems
	Introduction
	Biological context and earlier results
	Spatial segregation limit of biological populations
	Cross diffusion and random movements
	Turing's instability and the cross-diffusion induced instability

	Competition-diffusion systems and Stefan problems
	Some basic properties
	The limiting problem
	Error estimates

	The fast reaction limit to nonlinear diffusion systems
	Acknowledgments
	Appendix A
	Proof of (2.25)
	Proof of Lemma 3.6
	Proof of Theorem 4.1

	References


	The Mathematics of Nonlinear Optics
	The Mathematics of Nonlinear Optics
	Introduction
	Examples of equations arising in nonlinear optics
	The framework of hyperbolic systems
	Equations
	The dispersion relation & polarization conditions
	Existence and stability
	Continuation of solutions
	Global existence
	Local results

	Equations with parameters
	Singular equations
	The weakly nonlinear case
	The case of prepared data
	Remarks on the commutation method
	Application 1
	Application 2

	Equations with rapidly varying coefficients

	Geometrical Optics
	Linear geometric optics
	An example using Fourier synthesis
	The BKW method and formal solutions
	The dispersion relation and phases
	The propagator of amplitudes
	Construction of WKB solutions
	Approximate solutions
	Exact solutions

	Weakly nonlinear geometric optics
	Asymptotic equations
	The structure of the profile equations I: the dispersive case
	The structure of the profile equation II: the non-dispersive case; the generic Burger's equation
	Approximate and exact solutions

	Strongly nonlinear expansions
	An example: two levels Maxwell--Bloch equations
	A class of semi-linear systems
	Field equations and relativity
	Linearly degenerate oscillations
	Fully nonlinear geometric optics

	Caustics
	Example: spherical waves
	Focusing before caustics
	Oscillations past caustics


	Diffractive optics
	The origin of the Schrödinger equation
	A linear example
	Formulating the Ansatz
	First equations for the profiles
	The operator  S  as a Schrödinger operator

	Construction of solutions
	The non-dispersive case with odd nonlinearities and odd profiles
	Dispersive equations; the Schrödinger equation as a generic model for diffractive optics
	Rectification

	Other diffractive regimes

	Wave interaction and multi-phase expansions
	Examples of phase generation
	Generation of harmonics
	Resonance and phase matching; weak vs. strong coherence
	Strong coherence and small divisors
	Periodic initial data may lead to almost periodic solutions
	A single initial phase can generate a space of phases of infinite dimension over  R 
	Multidimensional effects

	Description of oscillations
	Group of phases, group of frequencies
	The fast variables
	Profiles and oscillations
	Profiles in  Lp  and associated oscillating families
	Multi-scale weak convergence, weak profiles

	Formal multi-phases expansions
	Phases and profiles. Weak coherence
	Phases and profiles for the Cauchy problem
	Formal BKW expansions
	Determination of the main profiles
	Main profiles for the Cauchy problem
	Approximate solutions at order  o (1)  in  L2 
	Strong coherence
	Higher order profiles, approximate solutions at all order

	Exact oscillating solutions
	Oscillating solutions with complete expansions
	Prepared data, continuation of solutions
	Construction of solutions. General oscillating data
	The case of constant coefficients and planar phases

	Asymptotics of exact solutions
	The method of simultaneous approximations
	The filtering method

	Further examples
	One dimensional resonant expansions
	Generic phase interaction for dispersive equations
	A model for Raman interaction
	Maximal dissipative equations


	References


	Thermoelasticity
	Thermoelasticity
	Introduction
	Classical thermoelasticity
	Linear systems --- well-posedness
	Linear asymptotic behavior in one dimension
	Linear asymptotic behavior in several dimensions
	Nonlinear systems

	Thermoelasticity with Second Sound
	Linearized systems
	Nonlinear systems
	Remarks on dual-phase lag systems

	Acknowledgements
	References


	Unique Continuation Properties and Quantitative Estimates of Unique Continuation for Parabolic Equations
	Unique Continuation Properties and Quantitative Estimates of Unique Continuation for Parabolic Equations
	Introduction
	Main notations and definitions
	Uniqueness and stability estimate for the backward problem
	Spacelike unique continuation properties and their quantitative versions
	Parabolic equations with time independent coefficients
	Two-sphere one-cylinder inequalities and spacelike strong unique continuation
	Stability estimates from Cauchy data

	References


	Author Index
	Author Index

	Subject Index
	Subject Index


